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58. Lesniewski’s Protothetics S1, S2.

By Shotardé TANAKA
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(Comm. by Kinjird KUNUGI, M. J. A., April 12, 1969)

In this paper, we shall prove that every theorem of S2 is a theorem

of S1.
Lemma 8. The proposition

16) [FHrO=(O=l{rO=r(@h}

is a theorem of S1.

Proof. We add to S1 the following definitions:

D12 [f, pX{v /> @)=(f(0)D f(0))},
D18 [f, pl{v{ @)= (f(p) D f(0))}.
T84 [fI{f(0)- f)Del{f0)Df(@}
Proof. (1) f(0)

(2) f)>

(3) fO>Df@

(4) rO)>f(0)

(5) . H@

(6) . (0

(7)) [y <H (@}

(8) [dl{r(0)D f()}
T85 [f1{f(0)- f(1)>lel{f(9) D f(0)}
Proof. (1) f(0)

(2) fM>

(3) f@>r(0)

(4) 10)>f(0)

(58) ¥/HM)

(6) ¥ fH0)

(7)) [al{v (@)}

(8) [ol{f(e)D f(0)}
T86 [fH{f(0)- fM)Dlel{f(0)=f()}
T87 [fHf(0)D(f()Dl{f(0)=f(®}}
T88 [fIf(0)-lgl{fO0)=rf(@}D (D}
Proof. (1) f(0)

(2) [{fO)=r@}>

(3) fO=rQ

(4) FO)>fQ

(5) s
T89 [FHS0)D[el{f(O)=f(@}Df(1)}
T90 [fH{f(0)D(fD)=[l{f(0)=f(}}

(T2;1)
(T2;2)
(D125 3)
(D12;4)
(A1';6;5)
D12;7)

(T2;1)
(T2;2)
(D13, 3)
D13;4
(A1;5;6)
D13;7)

(T84 ; T85 ; T10 ; def (2), ii)

(T86)

(2; rule(a))
(def (2); T8; 3)
4;1

(T88)

(def (2), ii ; T87; 'T89)
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T91 [ =Igl{f0)=f(@}h D0}
Proof. (1) f=hLKfO0)=s(@}>D

(2) [g{rO=s(@}>r(Q) (def (2),1; T9)
(3) (SO=70N>D/M) (2; rule (a))
(4) 5@ (6))

(5) [gl{yf(0)=r(g)} 1;4)

(6) fO=s1D )

(1) >0 (def (2), ii ; T9)
(8) f(O) (7;4)

T92 [fHfO)=M=0l{f0)=r(@}} (def (2),1; T90; TI1)

T92 is equiform to the proposition (16), and thus Lemma 8 is true.
We have used terms ‘0’ and ‘1’ instead of abbreviations of the
propositions ‘[pl{p} and ‘[pl{p Dp}, respectively. Now we add to S1
the following definitions:

def 3) 1=[pl{p>p},

def (4) O0=[plp}.

We shall prove further theorems of S1.

TI3 [pl{p}=I[pl{p} (T10; def (2), ii)
T94 (Ipl{p}=[pHph>O1
Proof. (1) (pl{p}=I[pi{p})>prl{pOp} (T2)

(2) [plpopiol (def (3))

(3) (plpi=lpl{iph o1 (T1;1;2)
T95 1=(pl{p}=[pHp}
Proof. (1) 1>(plp}=I[pl{p) (T2 ; T93)

(2) (Iplp}=Ilplph>O1 (T94)

(3) 1=(pl{p}=[ri{p) (T10;1;2; def (2), ii)

Lemma 9. The proposition

A7 S IplpD = (plp}=plp) = [ql{f(p{p}) = F(@D}
18 o theorem of Sl.

Proof. We shall prove further theorems.

T96 [fI{f(pXph=(D=ll{fpp})=rs(@D}

Proof. (1) 0=[pl{p} (def (4))
(2) [FHSO)=f(pNph} (rule (d); 1)
(3) FO=0O=l{rO= @)= r)p)

=(fO=ld{frKph=r(@}D) (2)

(4) fpXpp=O=hLl{yO=r(@) @;T92)

To obtain (3) we use functional substitution :

F): f=FD=hl{ifn=r@h.

This substitution is possible on the strength of auxiliary

definitions.
T97 [ f(pKpD) = (pl{p}=pHp})=lqdl{f(p}pD = (@D}
Proof. (1) 1=(pl{p}=Ilpl{p) (T95)
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(2) [FHrDO=rfApKp}=[plph} (rule (d); 1)
(3) (FpNph=UO=l{fp}ph =S @) =(f(prH{pD)
= (f(Ipl{p}=[pHp) =[l{f(p){pD=F(DD)
(2)
(4) splpp=IpHp}=lplp) =ld{f(pl{ph=r(D}
(3; T96)

To obtain (3), we have used functional substitution:

S : fAplpH =) =g f(p)p) = f(@).

Such a substitution is possible on the strength of auxiliary definition.

T97 is equiform to (17), and thus Lemma 9 is true. T97 is
equiform to axiom S2A4.

Theorem 4. FEvery theorem of S2 is a theorem of Sl.

Proof. It follows from Lemmata 4, 5, 7, 9 and T26 that axioms
of 82 are theorems of S1. It follows from Lemmata 1, 2, 3, 4 that
the rule of S2 may be derived from the rules and the axiom of Sl.
Therefore, Theorem 4 is true.
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