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57. Leséniewski’s Protothetics S1, S2. 1I

By Shotard TANAKA

(Comm. by Kinjird KUNUGI, M. J. A., April 12, 1969)

In this paper, finally we shall prove that every theorem of S2 is a

theorem of S1.

For further theorems we shall use the following abbreviations :

instead of [pl{p=p}
instead of [pl{»}

The abbreviation of Al has the form:

Al [f, a{fW)>(fF0)> f(a)}.

Lemma 5. The proposition

12) Ip, ¢, Y{p==((r==@p@=1))}

is a theorem of Sl1.

we shall write 1,
we shall write 0.

Proof. We shall prove further theorems of S1.

T27 151

T28 050

T29 1=1

T30 0=0

T31 O=1)>(1=0)

Proof. (1) (0=1>D
(2) ~(O0D1)>D~120)
(8) 120
(4) 001
(5) ~(@A20)>~(0>21)
(6) 1=0

T32 (1=0)>(0=1)

T33 O=1)=@1=0)

T34 (1A=0=(0=1)

T35 (A=1)=(0=1)

T36 (0=0)=(0=0)

T37 (A=1D=(0=1)=(1=0))

T8 (I=D=(@A=1)=0=1)

(T10; T27; def (2), i)
(T10; T28 ; def (2), ii)

(def (2),1;1)

(T9;2)

(T8;2)

(T10;3;4)

(def (2), ii; 5)

(likewise T31)

(T10; T31; T32; def (2), ii)
(T10; T32; T31; def (2), ii)
(T10; T29 ; def (2), ii)
(T10; T30 ; def (2), ii)
(T10; T29 ; T33 ; def (2), ii)
(T10; T29; T35 ; def (2), ii)

From the fact that Lemma 2 is true, we may introduce the follow-

ing definition.

D5 [l{em=A=D=((@=D=>0=p))}

T39 ,(0)
T40 ¢,(1)
T41  [r){p,()}

(T37; Db)
(T38; D5)
(A1’; T40; T39)
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T42 [r{A=D=(r=)=>0A=mn)} (D5; T41)
T43 (A=0>{(0=0)=(1=0))
Proof. (1) (1=0)>

(2) (0=00(1=0) (T2; 1)
(3) A1=0)>(0=0) (T2; T30)
(4) ~{((0=0)21=0)D~((1=0>(0=0))

(T10; 2; 3)
(5) (0=0=(01=0) (def (2), ii; 4)

T44 (0=0)=(1=0)D(1=0)
Proof. (1) ((0=0=1=0)>D
(2) ~{((0=0)2(1=0)D~((1=0)D(0=0)))
(def 2),1;1)

(3) (0=0>o1=0) (T8;2)

(4) 1=0 (3; T30)
T45 (A=0)=({(0=0=@1=0)) (T10; T43; T44)
T46 (1=0=((1=0=>1=1)) (likewise T45)
D6 [pl{e,@=((1=0=((p=0=1A=p)}
T47 ¢,0) (D6; T45)
T48 ¢,(1) (D6 ; T46)
T49  [rl{p,()} (A1’; TAT; T48)
T50 [{A=0)=(r=0=0A=r))} (D6 ; T49)
D7 Ip, r{eLrHp)=(A=p)=(r=p)=A=7))}
T51 @, (r>(1) (D7; T42)
T52 o, (r5(0) (D7; T50)
T53  [q, 7l{oxr>(@)} (A1; T52; T51)
T54 [q, r{(l=g)=(r=q)=1=1))} (D7; T53)

T55 (0=0)=((0=0)=(0=0))
T66 (0=0)=((1=0=(0=1))
D8 [pKe.»=(0=0=((p=0)=0=p)))}

T57 ¢,(0) (D8; T55)
T58 ¢,(1) (D8; T56)
T59 [} (A1’; T57; T58)
T60 [r{(0=0)=((r=0)=(0=1))} (D8; T59)

T61 [HO=D=((r=1)=0=7))}
D9 g, rHorX(@=((0=)=((r=9)=0=1))}

T62  [rl{px(r>(0)} (D9 ; T60)
T63  [rl{ei(r>(1)} (D9; T61)
T64 [q, rl{oxr (@)} (A1’; T62; T63)

T65 [q, r{0=q) =((r=q)=0=7))}

D10 [p, q, 7{pesq, r=@)=((p=9=(r=9=(p=1)))}

T66 [q, rl{ps&q, r=(0)} (D10 ; T56)
T67 [q, rl{ps&q, r=1)} (D10; T54)



No. 4] Le$niewski’s Protothetics S1, S2. II 261
T68 [p, 9, {ps&q, r=(p)} (A1’; T66; T67)
T69 [p, ¢, r{p=9=((r=)=(p=n)} (D10; T68)
T69 is equiform to the proposition (12), and thus Lemma 5 is true.
T69 is also equiform to the axiom S2A1.
T70 [p, d{p=)=(g=p)} (T69; rule (a), (b))
We shall prove further theorems of S1. We add to S1 the
following definition, which contains terms other than primitive terms.
This definition is considered as an abbreviation of D3.
D11 [p, ¢di{p-a=~{@>~ ()}

T71 [p, ¢, Y{(p=(@>D7)-(r>q)-p>D(g=7)}

Proof. (1)
(2)
(3)
(4)

p=(gD7)

r>oOq

)
~((pD(g>D7r)D~WUgD7r)DP)

(def (2),1; 1)

(5) »>D(g>om) (T8;4)

(6) gor 5;3)

(7)) ~W(@>rN>~@>29) (T10;6; 2)
(8) q=7r (def (2),ii; 7)

T72

[p, ¢, rT{p=(@>D7)-r D) D(PD(g=1))}

T73 [p, q, r{p=(g>7)-(g=7)Dp}

(T39)

Proof. (1) p=(g>D7)
(2) (g=7m>
(3) ~((@2(@>mM)>D~UgDr)DP) (def (2),1;1)
(4) (@>n)>p (T9; 3)
(5) ~W(g>r>~(rDq) (def (2),1; 2)
(6) gor (T8; 5)
(7) » 4;6)

T4 [p, q, r{(p=(@>D7)-(rD9)D{(q=7r)Dp)} (T72)

T75 [p, ¢, ri{(p=(@>7)-rD>Y}D(p=(g=m)} (T72; T74)

Lemma 6.

If the proposition

13 Ip, ---Ho}

18 a theorem of S1, then the proposition
1) [p, -, rlir=(@=7r)}

18 also a theorem of the system, where w is a propositional expression.

Proof. The following propositions are theorems of S1.
T76 [p, -, rl{r>(w>r)} (T2)
T77 [p, - -, ri{ro>(rDw)} (T2; (13))

T78

T80

o, -+, ri{irD(w=m)}
T79 I[p, -, r{lw=r)Dr}
o, -+, ri{ir=(@=m}

(T10; T76; T77; def (2), ii)
(def (2),i; T8; (13))
(T10; T78; T79; def (2), ii)

T80 is equiform to the proposition (14), and thus Lemma 6 is true.

Lemma 7.

The proposition
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is a theorem of Sl.

S1.
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15) [p, d{r==[fHU®=rf(@)=@=)}}

T8l [p, d{w=) D/ H®=rf@)=w=}}

Proof. (1)
(2)
(3)
(4)

(5)
(6)

(r=9>D
==l {rm=r()} (T25)
LFHf = f(g)} (2;1; Lemma 3)
r=0=l{r®= (@Y1 = f(}

(T2; 3)
i/ =r@o(=9=lf{f®=r@h

(T2;2)
~((p==l/{/@=r( P2l {f®=r(@}

D~IHf=r@>((p=)=LrNf=r(@hH)
(T10; 4; 5)

(7)) (p=o=lfl{i/f/@=r@H=lr{fv=r@}
(def (2), ii; 6)
(8) [r{r=((p=gp=n)} (Lemma 6; 1)
(9) KU@=r@)==9= =)}
®
10 [FKrm=r@i=lflo=9=(m=r(@)}
(9; Lemma 1)
an == =r@)} 10; 3)
12) [fHU@=r@)=m=9)} (T70; 11)
We add to S1 the following definition :
D11 [pl{vr(@)=®@>p)}
T82 [p, g/ U =rf@)=w=9}D@=9)}
Proof. (1) [F{U=f@)=p=9}D
(2) (rip=vr(@)=®=9) (1; rule (a))
(3) vr(@=vr(Q) (D11; T10; def (2), ii)
(4) »=gq 2;3)

T8 [p, d{e==lHU@=r(@)=@=0}}

(T10; T81; def (2), ii; T82)

T83 is equiform to the proposition (15); and thus Lemma 7 is true.
This proposition is also equiform to S2A3, which is one of axioms of



