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1. Introduction and the main results.

Let G and G be two locally compact abelian groups in Pontrjagin
duality. The integration with respect to a suitably normalized Haar
measure on G is indicated by the expressions such as

(1) SG f@) de

Let C.(G) denote the space of all continuous complex-valued funec-
tions on G each of which vanishes outside of some compact set, and
C,(G) the set of continuous functions each of which vanishes at infinity.
We shall denote A?(G) (1<p< o) the space of functions f in LY(G®)
whose Fourier transforms f belong to Lp(é) (p>1) and with the norm
defined by

(2) I £ =11£ i+ 1A
where | f||1:IG| F@)| dz and ||f]|,= (Ia' Fap d&) " 4 denotes the

integration with respect to Haar measure on G. Clearly, A?(G) is a
dense ideal in LY(@) and is a Banach algebra under convolution with
the norm ||-||? (see Larsen, Liu and Wang [6]).

We denote T, and T, the Fourier transforms on L'(G) and L(G)
respectively. That is

(3) T,f ()= j (=2, 8)f() da
and
(4) TS Nl < 11 ls

NTof =111 Il

If f e C(@®), the Fourier transform T is defined by the usual expres-
gion

(5) Tf@)=| (~, 9@ da,

and T, f=T,f =Tf for every f € C(G). Throughout this present note,

we suppose essentially that 1<p<2 and 1/p+1/q=1. A. Weil [9;
pp. 116-117] has shown, by using the convexity theorem of M. Riesz
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that the mapping T of (5) has the property that T f e LY(G) and

(6) ITfIP<fl,  for 1<p<2.

Thus T can be extended to a bounded linear transform T, with domain
L?»(G) and range contained in Lq(é) such that T,(L?(G)) is dense in
LA(G) and

(7) 1T S o< 1171l

for any fe L?(G) A1<p<2) (cf. E. Hewitt [2]). Furthermore one sees
that T', is a one-to-one mapping. Indeed, for fe L?(G), ¢ € LP(G), one
defines the bilinear form by

B(f, so)=jaf‘T‘ @) dx:jé T,(f)¢ di

where T,: L?(@)—LY(®) and T, : L*(G)—L%(G) are well defined bounded
linear mappings since C,(G) and C,(G) are dense in L?(G) and L»(G)
(cf. Weil 9 pp. 116-117), we see that if T,f=0, then B(f, ¢)=0 for
any ¢ and hence f=0. This shows the one to one property of T,.

For any locally compact abelian group G, the set 17(\G) of the
Fourier transforms of the group algebra L'(G) is dense in Co(B).
Furthermore E(\G) is either a dense set of the first category in CO(G)
or all of the space CO(G) according as G is infinite or finite (see I. E.
Segal [8]). In [8], Segal suggested a question that if G is a locally
compact abelian group and 1<p <2, then the Fourier transform maps
L?(G) into a dense subset of L) where 1 /p+1/q=1, which is a set
of first category only if G is infinite. The affirmative answer to this
question was given by E. Hewitt [2].

Recently, Larsen, Liu and Wang [6] investigated the algebra
Ar(@={fe L(G); f @) e LI’(@)}. They have shown that LY(G) N LA G)
=A%G) [6; Theorem 8] and stated a plausible conjecture that
(8) “LIMAONL(G=AYG) A<p<2, 1/p+1/q=1) is false”

Our purpose is to prove this conjecture. In fact we have the following
further result.

Theorem 1. Let G be a non-discrete locally compact abelian
group and 1<p<2, 1/p+1/q=1. Then the set L(G)NL*(G) is a
dense set of the first category in AUG) with respect to the A%-topology
(defined in (2)) and the set of functions in AYG) which are not in
LY(G@) N L*(G) is a dense set of the second category.

2. Some lemmas.

The proof of Theorem 1 is based on the construction in Hewitt
[2]. We need some lemmas for the proof. Now we start from the
following.

Lemma 2. Let G be any locally compact abelian group and 1< p
<2,1/p+1/q=1. Then the set L\G) N L*(G) is a dense set in AUG)
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with respect to the AYG)-topology (defined in (2)).

Proof. It sufficies to show that for any ¢ >0 and f e A%G), there
exists a function & ¢ L}(G) N L*(G) such that
(9) If—h|2<e.

Let fe A%G). Then there is a sequence {f,};-, in L'(G) N L»(G)
such that f,—f in L'-topology as n—oo. Suppose that {e,} is an approx-
imate identity in A9(G) (see Lai [6; Theorem 1]). Then for each e,

Soxe,—fxe, in L'-topology
when n—oo. The same argument can be carried over as the proof of
Theorem 2 in Lai [5], thus there exist indices n, and «, such that

[/ ng€ao—F1*<e.
Since e,, ¢ AY(G)c L(G) and f,, € L'G) N L»(G)C L*(G),

€o*fn, € LNG) N L2(G)
(see Hewitt [3] Corollary 3.3 or Hewitt and Ross [4] p. 298). There-
fore L'(G) N L?»(G) is dense in AYG). Q.E.D.

We need the following lemma which is analogous to S. Banach
[1; Theorem 2 pp. 197-199] in the case of L0, 1) on the real line.

Lemma 3. Let G be a locally compact abelian group and {g,}n_,
be any sequence in L*(G) which converges weakly to zero, then there
exists a subsequence {g,.}i-1 of {9x}n-1 Such that
_ (0(m*?) for 2<p
» {O(m‘/l’) for 1<p<2.

Proof. We can prove by the same argument, mutatis mutandis,
as that for Theorem 2 of [1; pp. 197-199] (cf. also [2]).

3. Proof of the main theorem.

In the following proof, we need only for p >2 in Lemma 3.

Proof of Theorem 1. Define a norm on LY(G) N L?(G) by
(10) 1A=+ 1A
for any fe L(G)NL»(G). Then E={L(G)NL*»(G); |-||} is a Banach
space. Let @ be an identity mapping of F into A4«G). Thus for fe E

127111 = [ S119= S+ 1Al < WA+ N A= 1S
proves that @ is a bounded linear mapping of E one to one into A4«G).
We want to prove that LY(G) N L*(G)xAYG). We proceed by contra-
diction, supposing that LY(G)NL»(G)=A%G). Then the transforma-
tion is a bicontinuous mapping of F onto A9(@), there exists a positive
constant C(>1) such that
1 /1I=1107 @O LClof|*

for all fe E. That is

171+ 1A, <CA2r 1L+ II‘I?}IIq)
=C|fl+Cllfll,

m

Z‘. 9nk

k=1

or
(11) 171, < Cll Al + (€ =1 f1e



580 H. C. Lar [Vol. 45,

the following construction is based on Hewitt [2] Lemma A.

If G is non discrete group, then the Haar measure p of every
open set U containing the identity is positive but it can be made
arbitrarily small for appropriately chosen U. It is then apparent
that there exists a sequence {4,};_, of pairwise disjoints measurable
sets in G such that p(4,)>0 (n=1,2, -..) and lim p(4,)=0. Write

H(A)=a, and define
;P rxecA,
(12) Fuw={ e d
then it is easy to see that f, e L(G)NL?(G). This sequence {f,}i-,
converges weakly to zero in L?(G). To show this fact, we consider an

arbitrary function ¢ ¢ C(G), then we have
Uafn(x)go(x) dx‘ <sup lo(@) | a5
and thus lim S JFrn@)e(x) de=0. Since C,(G) is dense in LYG), f, con-
n—o JG

verges weakly to zero.

As a,—0 for n—oo, we then can choose a subsequence {4,;};-.
of {A,}s_, such that

(19) <

2k/1——1—’
It follows that the subsequence {f,.}c., of {f.}s., converges weakly to
zero in L?(G) and
(14) | fres+Sreet * « + + Frigllp=m"?
for all subsets {fnkl’ f'ﬂkz’ tT fnkm} of {fnk}fﬂ (m:l, 2, c ) Hence
the sequence {T', f,,;}:., i.e. { fnk}f=1 converges weakly to zero in Lq(é).
By Lemma 3, there exists a subsequence { fnki}?=1 of {}nk},‘;‘;l and a con-
stant A such that

(15) | Fotst Frtat -+ - +Lanlle SAM (q>2).
Therefore, by (11),
}anki <c|$tl +c=v[3rl.
i=1 D i=1 q =1 1

It follows from (13)-(15) that
m» < ACmY*+(C—1) i ai.;ilp
=1

<ACW” 4 (C—D 3L

i=1 2k
or

w540+ €D L) mov

=1
This inequality holds only for 1/p—1/2<0, that is p>2 and so it is a
contradiction. This proves that LY(G)NL?(})xA%G). Therefore



No. 7] Category of L{(G)NLP(G) in AYG) 581

OFE xAYG). By open mapping theorem (cf. Kelley, - - -, [7] p. 99), E
is a set of the first category in A%G). It combines with Lemma 2 that
LG NL»(G) is a dense set of the first category in A4G); since AYG)
is complete, the set of functions in A% G) which are not in L'(G) N L?(G)
must be of the second category and accordingly dense. Q.E.D.

In Theorem 1 we assume that G is non discrete group, however if
G is discrete topological group, then we disprove the conjecture (8).
Hence we establish the following

Remark. If G isa discrete topological abelian group, then A%G)
=& NI*(G) for any p, ¢>1.

Proof. As G is discrete, G is compact. It follows from that
M@ =AYG) for any ¢>1. And IMG)cIl?(G) for any p>1, we then
have I'(G) N I»(G) =G =AYG). Q.E.D.
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