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Finite Difference Approximation

By Yoshinori KAMETAKA
(Comm. by Kinjiro KUNUGI, M. J. A., Sept. 12, 1969)

In the preceding note [1] we announce the fact that the Cauchy
problem for the KdV equation has global smooth solution uniquely for
any sufficiently smooth initial data. Here we show the existence of
the computable approximate solutions of the Cauchy problem for the
KdV equation by the method of finite difference schemes.

To approximate the Cauchy problem for the KdV equation

(1) Dau=uDu+ D (z, t) e R*X (0, c0) u=u(x, t)
(2) w@, 0)=1(x) zeR D=9, p=0
ot ox

We propose following special implicit finite difference scheme
(8) D*ur=Eu*'Du%*'+ D, D> y»*! 7j=0, +1, +2, ...
n=0,1,2, ...

(4) w=f, j=0, 1, 2, ...
Here we use the following notations

ut=u(jh, ndt) h: mesh-width 4dt=Ah’: time-step

A=const. : mesh ratio
Druy= i—(u’;“—-uﬁ)

Dw’;:%(ugﬂ——u’;)

D_ui= %(u’;—u’}_l)

1
2h

Buj= £ gty )

Dot =—(u},,—uj_,)

To solve (1) with respect to u7%** we use following iteration
(5) W mr =)+ ARBw s Funt -+ 8AGun

m=1,2,8, .-
Here

Fw;=—;-(w;+1—w;_l)

Gur= %(u%l——?fu’;—l— 3un_,—ut_,)
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There exist following a priori estimate for the solutions u,=wu7 of
(3) and (4).
Proposition 1. [[u, < |u ™, < - - - <[|f]lx for Yn>1
Here
RS WAL

Proposition 2. For any non-negative integer k, if we take

t1=1/oss,?£°a(”f“h9 Ty “D f”h)
tlc:l/oss’}lslz A+BBUSAas - -+ DA flln)

Then there exist for i+ j7<k, a priori estimate
I D**D¥ulp < Pr(| fllns -« - 1 DESIIn)
for (n+k)4t<t, t,. Here «a, B and P, are polynomials with positive
coefficients.
Using Propositions 1 and 2 (in the case of k=1) we can show
Theorem 1. If

z<%, rs—— / sup 701, -+ D%

Here y is a polynomial Wlth positive coefficients. Then the iteration
scheme (5) converges for ndt<t,. Therefore the implicite scheme (3)
and (4) is uniquely solvable for any sufficiently smooth initial data f(x).

Next we show this computable solution u,=u} really approximates
the true solution of the Cauchy problem for the KdV equation cor-
responding the same initial data f(x). First we consider the smooth
interpolation of u, using the discrete Fourier transformation with
respect to ¢t and x. We modify «% by multiplying p(?) € 9 which is

182

equal to 1 for Ogtg%min(tl, t,) and equal to 0 for t>min(¢, t,).
Next we extend w7 for #<0 in such a way as the estimate
>, [ID*D¥u"|,<const. sup > ||D*:D%u™|,
i+J<k m20 i+ j<k
holds for Yn<0. This modified solution we also write u,=u%. The
estimate in Proposition 2 remaing true for any » for this modified u,.
Definition.
(6) e, = oo, @, dide

12¢n1<|
|2cdt1<1

ﬁh(f, ‘Z') :__jzz o2l ih+rn4£)u1;hAt
T

Here

It is obvious that
Un(Gh, ndt)=u"
Therefore we call %,(x, t) the smooth interpolation of u,=wu".
Lemma 1.

. T\ s
1D D4l oo < I DD e < (51D Dty o
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for any t,7. Here
lluhlli;<m>=jZ' kAt w3

By Lemma 1 and Proposition 2 we have following estimate for ,.
Proposition 3. For any non-negative integer k, there exist fol-
lowing estimate
| DiD*y| 1amey < cOnSE. P([| fllns « - 5 ID¥ESIIn)
for i+7<k.
From Proposition 3 using Sobolev’s lemma we have
| DiD%,| g < const. || DiD*,|| o
<const. Py s(|fllas - -+ 1D S (10)
for 1475 <k.
By Ascoli-Arzela’s theorem we conclude
Theorem 2. For any non-negative integer k, if we take

Tk=%min(t‘, )

Then for i+ j<k there exists a subsequence D:D%7,, of D:D%y, such
that D:D%%,, converges to D:D%u as h’—0 compact uniformly on
R'X[0, T,]. Where u is the true solution of the Cauchy problem for
the KdV equation.

Concerning error estimate we have the following result. In this
case we regard the approximate solution u,=wu} as a step function

which takes the constant value u7? on each interval <<y — —;_) h, <j 4 %) h)

=0, +1, 42, ... respectively.

Theorem 3. Let w(x, t) be the true solution of the Cauchy
problem for the KAV equations (1) and (2). Let u} be the solution of
the implicit scheme (3) and (4) corresponding the same initial data
J(@).

Then we have the following error estimate
lu(@, ©)—u}lLern <O E—ndt QU Sl - - -, 1DFID
+O(ER(| 11, -+, IDFID
for 0<t, ndt<t,, Here Q and R are polynomials with positive co-
efficients.
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