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By Kazo TsuJI
Kyushu Institute of Technology

(Comm. by Kinjiré KUNUGI, M. J. A., April 13, 1970)

1. In this paper we study certain algebras of operators termed
‘nest algebras’, which were introduced by J. R. Ringrose [3]. Our
main results (Theorems 4 and 5) are concerned with characterizations
of such algebras, and consequently it is proved that each weakly closed
maximal triangular operator algebra is hyperreducible.

Throughout this paper the terms Hilbert space, subspace,
operator, projection are used to mean complex Hilbert space, closed
linear subspace, bounded linear operator, orthogonal projection,
respectively. Given a subspace I of a Hilbert space §, we shall write
Pﬂ]2 for the projection from § onto M, and HOIN for the orthogonal
complement of M in §. If {IM,} is a collection of subspaces of H, then
the smallest subspace which contains each I, will be denoted by VIR,,
and the largest subspace contained in each I, will be denoted by
AM(=NIM,). Setinclusion in the wide sense will be denoted by the
symbol ‘C’, and we reserve ‘C’ for proper inclusion.

The class of all operators from a Hilbert space § into itself will
be denoted by _L(). By an algebra of operators on & we shall mean a
subset A of _($) such that, if 1 is a complex number and 4, B ¢ A,
then A+B,AB,AA ¢ 4. A self-adjoint algebra of operators will be
termed a x-algebra.

2. Following J. R. Ringrose, a family J1 of subspaces of a
Hilbert space © will be called a mest if it is totally ordered by the
inclusion relation C ; J1 will be called a complete nest if, further,

(i) 0),9ed;

(ii) given any subnest 7, of I, the subspaces A M, v M are

Medl, Medl,
both members of Jl.
Given a complete nest J1 and a non-zero subspace I in J1, we define
M_=V{N|NeIl, NI}
Clearly I%_ e J1.

If J1 is a complete nest of subspaces of a Hilbert space §, then the
nest algebra Jlm associated with J] is defined to be the class of all
operators on § which leave invariant each subspace in JI. Clearly A,

is a weakly closed subalgebra of _£(9).
The following lemma, included here for the sake of completeness,
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is restatement of ([3], Theorem 3.4).

Lemma 1. Let Jl be a complete nest of subspaces of a Hilbert
space 9, and let M be a subspace of H which is invariant under each
operator in Ag. Then M e Tl

Let R be a subalgebra of £(9), and let R*={A*|A e R}. Then
after terminologies for the triangular algebras of operators in [1], the
sub x-algebra Y= R N R* will be called the diagonal of R, and the core
of R is defined to be the von Neumann algebra generated by the
projections onto subspaces of § which are invariant under R.

Lemma 2. Let % be a von Neumann algebra on a Hilbert space
9, and let R be an algebra of operators such that its diagonal is U.
Let M be a subspace of $ which is invariant under R. Then Py, e A’

Proof. Suppose that A is a self-adjoint element of 2. Then we
have

APy, =Py APy =Py A*Poy = (P APp)* =(APgp)* =Py A.
Since x-algebra % is generated by the self-adjoint elements in itself,
we have Py, e %'.

Lemma 3. Let Jl be a complete nest of subspaces of a Hilbert
space 9, and let A be the diagonal of nest algebra Jl:n associated with
J1. Then the core of g is A’ (the commutant of A).

Proof. Let B be the core of A;. Then by definition and Lemma
1, B is the von Neumann algebra generated by the set of projections
{Pg|M e Jl}. And by Lemma 2 Py, € U’ for each MeJl. Hence we
have

BCU.

If Be & and B*=B, then B commutes with $ and, all the more,
with each Py (I e J)). Hence B e Ay and B e Ay N A$=2. Since &'
is generated by the self-adjoint operators in itself, we have #'C ¥ and
then

PDOU.
This completes the proof of the lemma.

The following result is a characterization of nest algebras in a
sense.

Theorem 4. Let U be a von Neumann algebra on a Hilbert space
9 such that its commutant A’ is abelian, and let R be an algebra of
operators such that its diagonal is %, i.e., RNR*=A. Then R is a
nest algebra if and only if the following conditions are satisfied :

1° QR is maximal with respect to the property of having U as its
diagonal ;

2° A’ is the core of R.

Proof. Suppose that R satisfies Conditions 1° and 2° and that
M is any subspace of  which is invariant under R. Then by Lemma
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2 we have clearly Py e W'CA'=ACR. Therefore by virtue of ([1],
Lemmas 2.8.2 and 2.8.83) and our Condition 1°, the family Jl of the
invariant subspaces under R is a complete nest. Let J:n be the nest
algebra associated with JI. Then clearly Rng. Suppose that
AedyN Ay and A¥*=A. Then we have for each 2 e J,
APy =Py APy =Py A*¥Pg = (P AP )* = (APg)* =Py A.

Hence by Condition 2°, A ¢ A”=%A. Since a x-algebra is generated
by the self-adjoint elements in itself, we have

Aqp N AFSU.
On the other hand, it follows from the above mentioned property
RS A, that we have

Aqp N AHDU.
Hence 5N A%="%, and by virtue of Condition 1°, R =g,

Suppose conversely that R is the nest algebra associated with a
complete nest JI. Then by Lemma 3, R satisfies Condition 2°.
Therefore it remains to prove that R satisfies also Condition 1°.
But the very same argument as one used by Kadison and Singer in
proof of ([1], Theorem 8.1.1) gives the following result: Let S be an
algebra which contains R and is maximal with respect to the property
of having % as its diagonal. Then we have for each Se S and each
Medl,

(I—Pg)SPg,=0.
We omit repeating of the argument. Hence S¢ R and then S=QR.
This completes the proof of the theorem.

In the next we give another characterization of nest algebras.

Theorem 5. Let U be a von Neumann algebra on a Hilbert space
O such that its commutant A’ is abelian, and let R be a weakly closed
subalgebra of _L(9) which is maximal with respect to the property of
having U as its diagonal. Then R is a nest algebra.

Proof. Let J1 be the family of the subspaces of £ which are
invariant under ®. Then we proved, in proof of Theorem 4, that 7l
is a complete nest. Hence by virtue of ([2], Theorem 2) it will suffice
to show that R contains a maximal abelian self-adjoint algebra. Since
A’ YU, there is a maximal abelian sub x-algebra B of % which contains
A’, by Zorn’s lemma. Let X be any operator in _£($) which commutes
with each member B in 4. Then clearly X commutes with each
member in %’. Hence X ¢ A”=9%U. By maximality in %, X ¢ $. Then
B is a maximal abelian self-adjoint algebra in £($). This completes
the proof of the theorem.

Corollary. Fach weakly closed maximal triangular algebra is
hyperreductible.

Remark. In the preparation of this paper we were informed by



340 K. TsuJ1 [Vol. 46,

‘Contents of Contemporary Mathematical Journals, Vol. 1, No. 25,
Dec. 12, (1969)’ appearance of P. Rosenthal’s paper which is entitled
“Weakly closed maximal triangular algebras are hyperreducible (Proc.
Amer. Math. Soc., Vol. 24, No. 1, Jan. 1970)” and does not still come
to hand.
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