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98. Omn Distributive Sublattices of a Lattice®

By Saburo TAMURA
Yamaguchi University

(Comm. by Kenjiro SHODA, M. J.A., May 12, 1971)

In his note [1], B. Jonsson gave a necessary and sufficient condition
that the sublattice generated by a subset H of a modular lattice should
be distributive. This condition can be proved to be equivalent to the
statement that (aNe)UBNe)=(aUDb)Nc for any a, b, ¢ in H,, where H,
consists of all elements which can be written as a finite join or a finite
meet of elements in H. The main purpose of this paper is to prove
that in order for the sublattice generated by a subset H of a lattice to
be distributive it is a necessary and sufficient condition that (aNec)U(dNe¢)
=(aUb)Ncfor any a, b, ¢ in H,, where H, consists of all elements which
can be written as a finite join or a finite meet of elements in H,.

Let (H> be a sublattice generated by a nonempty subset H of a lat-
tice L. The finite join ™, «; of elements «,, x,, - - -, ,, in H is called
a U-element in {(H)». The set of all U-elements in (H) is denoted by
H and dually the set of all N-elements in (H> by H,. One of U- or
N-elements in (H) is said to be a 1st-element in (H >, and the set of all
1st-elements in (H) is denoted by H,. The finite join U™, z; of N-
elements z,, %, - - -, ¥, in <H) is called a UN-element in (H>. The set
of all UN-elements in (A is denoted by H,, and dually the set of all
NU-elements in (H) by H,,. One of UN-or NU-elements in (H) is
said to be a 2nd-element in (H)», and the set of all 2nd-elements in <H)
is denoted by H,.

Two modular laws will be denoted by

p: (@nou®ne=(aneouUdb)ne, and
p*r (@UenNduUe)=(aUc)Nd)Uec.
Four distributive laws will be denoted by
0: (@NoU®Ne)=@Udb)Ne,
0*: (@Ue)N®Ue)=(@Nb)Uec,
4: Ur,@,Nny=Ur.2z) Ny, and
4 N @U=(Nkz)Uy.

Theorem 1. Let <H) be the sublattice generated by a nonempty
subset H of a lattice L. In order that {H) be distributive it is neces-
sary and sufficient that 4 holds for any x;¢ H (i=1,2, - .-, m) and any
ye Hy (or briefly 4 holds for H), and p and p* hold for any a, b, cc H,

# Dedicated to Professor K. Asano on his sixtieth birthday.
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(or briefly u and p* hold for H)).

Proof. This condition is obviously necessary. To prove that it
is also sufficient, we first show that whenever X is any subset of L and
p and g* hold for X,, 4 holds for X if and only if 4* holds for X. 4*
clearly holds for m=1. Assuming that it holds for m=Fk, we consider
the case in which m=k+1. Let y=\J7,¥y,, where y,€ H. Then

m

) @Uy)

=(x1Uy)ﬂ:ﬂZ(x¢Uy)

=(z,UyN ((Fﬁz #)Uy)-+-  (by the hypothesis
=((xlugyj)ﬂéxi)wm (by p* for X))

——(xlﬂéxi)UjL:Jl(yjﬂéxi)Uy-~- (by 4 for X)
=(A=)uynfe)uy-- Gy 27 for )

=(éx)Uy

Thus 4* is implied by 4. By dualizing the proof we obtain that
4 is implied by 4*.

Now suppose H satisfies the condition of the theorem. Let S be
the family of all subsets X of L satisfying the following three con-
ditions:

(a) X2H,

(b) 4 and 4* hold for X, and

(e p and p* hold for X,.

S is, obviously, partly ordered by the set inclusion. Then it is
easily verified that the set union of any chain of sets belonging to S
also has the properties (a),(b) and (c). From this, by applying the
Zorn’s lemma, S has at least one maximal element Z. Thus ZDH, 4
and 4* hold for Z and ¢ and g* hold for Z,.

Suppose u,veZ and let Y=Z\V{uNv}. (V is the set union.)
Clearly, Y2 H. Inorder to show that ¢ and y¢* hold for any a,b,cc Y,,
we shall prove that a ¢ Y, implies a ¢ Z,.

(1) The case in whichae Y ,:

Y =Zy,800eY 1 =Z,,C2Z,.

(2) The case in whichac Y, :

In this case o is represented as a=\%, x,;, where x;,=\ -1 ¥;45,€ Yy
and ¥, € Y. If none of the elements y, ., equal uNv, then a e Z,. If
some ¥, equals uNv, then there exists x; such that z;=@Nv) U},
=% ¥ € Yy and none of ¥}, equal uNv. Thus z}e Z,.
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z,=wNv)Ux]
=(mUz)N@U)-- (by 4* for Z)
Since uU x},vUx;ec Z,, each x,¢ Z,. Thereforea=\",0,€ Z,y,ZZ,.
Now we shall prove that # and g#* hold whenever a,b,cc Y, If
a,b,ce Y, thena,b,ce Z,. Hence pand p* hold for a, b, c e Z,, so also
for a,b,cec Y,.
Next, in order to show that 4 holds whenever z;,¢Y and ye Y,

we need only consider the essential case in which z,, - - -, 2, € Z, ,=uNv
andyeZ,,since Z,=Y,. Lety=(\}.,¥,, wherey,c Z. Then we have
CnJ (@:Ny)
i=1
=mmwu%ymnw
—@NYU ((g”i) Ny)---  (by 4 for 2)
=((unvnﬁy,) ngi> Ny---  (by p for Zy)
=(uUiCszi) N ('vug)zxi) ﬂjnq Yy, U CJ ) Ny-.- (by 4* for Z)
((uﬂv)UU xi> n ( U] Ny oy 4 for 2)
=2
(U xt) Ny.
i=1

Thus 4 is true for Y. By our preliminary remark, so is 4*.

Therefore Y € §. On the other hand, since ZCY and Z is a maximal
elementin §,Z=Y. Thus uNv e Z for any element 4, v € Z. Similarly
uUwv e Z for any element u, v ¢ Z, so that Z is a sublattice of L. Fur-
thermore Z is distributive, because

@,NyYU@,Ny)
=@ Ux)Ny--- (by 4 for Z)

(H) is therefore a sublattice of the distributive lattice Z, so that (H)
is distributive.

Theorem 2. Let {H) be the sublattice generated by a nonempty
subset H of a lattice L. The following five statements are equivalent:

1) <H) is distributive.

(2) 0 holds for any a,b,cc H,.

3 4 holds for any ;¢ H, (1=1,2, ..., m) and any y € H,.

@) 0 and 0* hold for any a, b, cc H,.

(5) 4 holds for any x,c H (1=1,2, ..., m)and any yc H,, and p
and p* hold for any a,b, cc H,.

Proof. (1)=(2): This implication is evident.
(2=>@3): We use induction on the number m. For any x;c H, and
any ye H,,
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(g)l xi) Ny
m—1
i=1
1
Z( =1 )ﬂy)U(xmny)... (by 6 for H,)
=:t:)1( NPU@E.NY):- - (by the hypothesis)
26 (x:;NY).
i=1

3)=(4): By applying (3) twice, we prove that for any «;,y; ¢ H (i=1,
2, s, M j=1’2’ . ',/n)’

o
=0 (=0 (Y y,)) ... (by 4 in the condition (3))
=0 J@ny)---  (by 4in the condition (3).

Hence, by induction on number 7,

iﬁ ( t(j) “’Jm) = t(j) T nk(j) (ﬂ xtm))

=1 \j(9)=1 Jj=1 j(r)=1
for any z;4, ¢ H (1=1,2,---,7: j())=1,2, .. -, n(7)). Thus we have the
following lemma.

Lemma. (3) implies H,=H .

Now we shall show that 0 holds for any a,b,ce H,, By Lemma,
there exists 2, ¢=1,2, ..., m+n) in H, such that a=J, ; and b
= Ui’i’%‘u Lo

(@ud)ne
= ("C)n xi> Ne
i=1
m+n

= (@Ne)--- (by 4in the condition (3))

'i=1

—U (xmc)U Q (@;Ne)

=(@Ncudn c) (by 4 in the condition (3))
Next, we shall show that 5* holds for any a,b,ce H,, By Lemma,
there exists z;, i=1,2,...,m+n) in H, such that b= J7,x; and ¢
=M% Thus d=bUce= " 2, € H,, and

(aUc)N(®UC)
=(@Uc)Nd
=(nNdUnd--- (by 6 for H,)
=(@N®Ue)UCN@®Uc)
=(@Nd)U(@Nc)Uec--- (by o for H,)

=(@Nnb)Uec.
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@D=>B): (4) implies (2) and (2) implies (3). (3) implies 4 for any
2, e H (t=1,2,...,m) and any ye H,. Next, we shall show that g
holds for any a, b, cc H,.

((eUe)nNd)Uc
=(@Nb)U(ecndb)Uc--- (by 6 for H,)
=(@Nb)Uc
=(@Ue)NGBUC)--- (by 6* for H,).

In a similar way we can prove that u* holds for any a,b, ce H,.
(5)=@1): This implication is proved in Theorem 1.

Theorem 3. Let (H) be the sublattice generated by a nonempty
subset H of a modular lattice M. The following three statements are
equivalent.

1) <H> is distributive.

(2) 0 holds for any a,b,ce H,.

() 4 holds for any x,e H (1=1,2,---,m) and any y € H,.

Proof. The implication (1)=>(2) is evident.

The implication (2)=>(3) can be proved similarly to the proof (2)
=(8) in Theorem 2.

The implication (3)=>(1) is the original form of Jénsson’s theorem
in [1].
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