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172. A Remark on Multiplicative Linear
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Department of Mathematics, Tokyo Institute of Technology

(Comm. by Kinjiré KUNUGI, M. J. A., Dec. 13, 1971)

1. Let G be a non-discrete locally compact abelian group with the
dual group I'. Let I'2 be the Bohr compactification of I". Let M(G) be
the Banach algebra consisting of all bounded regular Borel measures
on G under the convolution multiplication and 9t the maximal ideal
space of M(G). By ft we denote the Gelfand transform of e M(G).
We may suppose that I" is the open subset of . Let I" be the closure
of I" in IN.

In [1], E. Hewitt and S. Kakutani showed the following theorem.

Theorem O (E. Hewitt and S. Kakutani). If H is a compact sub-
group of G and A[H] is a subalgebra of M(G) consisting of all measures
which are absolutely continuous with respect to the Haar measure on
H, there is a multiplicative linear functional f in I'\I" such that f(f)
=pu(@) for all nc A[H].

Let 3 be a g-ring generated by cosets of H and M() a subalgebra
of M(G) of all measures which are concentrated on J, to prove Theorem
0, it is enough to show that there is a multiplicative linear functional
J such that A(f)=u(G) for all x e M(). Itisreasonable to conjecture
that this theorem is true under more weak hypothesis, that is, H is a
non-open closed subgroup of G. Since M(J)L, which is the subspace
consisting of all measures that are singular with respect to all measures
in M(), is an ideal, there is a multiplicative linear functional f, such
that A(f)=wp(G) if pe M(Y) and A(f)=0 if pe M(I)+L. Then, it is
natural to conjecture that f, is an element of I'\I".

In this paper, we shall show that these conjectures are true.

2. We may suppose that "2 is the compact subset of I as follows:

ﬂ<r>=jG(—x, NAA®) (e l®, pe M)

where £ is the discrete part of #. Throughout this section, for ¢ ¢ M(G)
let 2 be the discrete part of ¢ and 7 the continuous part of p.

At first, we shall show the following theorem.

Theorem 1. ' 1is contained in I'\T'.

Proof. Suppose that {V,} is a neighborhood base of 0 in G, for
each V, there is a continuous positive definite function f, whose com-
pact support lies in V, such that f,(0)=1, and define
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A= FOIAOFdr (e M@).
We say that lim A,(¢)=A if to every ¢>0 there is a neighborhood
V of 0 in G such t};at |A()—A|<e for all V,CV. We can have
im A(=2|p(zpF  for any pe M(G) (2D.

Define the canonical continuous injection ¢ of I' into I'? such that
2(o(r) =ﬁ(r) for e M(G) and y € I'. Then ¢(I') is the dense subgroup
of I'. Since I'\I" is closed, it is enough for our purpose to prove that
o(Hc\I'. Given yyel’,e>0and p,, -- -, tt, € M(G). Put

V=7 € D 2D~ falpr)]|<e:
If we can prove that VN I"+¢, this completes the proof. Let
V’=é {rerl: lﬁk(r)l—}—lﬁk(r)—-ik(ra)Ks}.
Clearly, VNI'DV’. We shall prove V'=¢. Assume V'=¢. Put
U= fn] {re "1 0u()— Lule(r) | <e/2}.
Obviously,
U=é {rer®: |ik(r)—ﬁk(ro)[<s/2}.

Then, since U is open in I'? and ¢(I) is the dense subgroup of /"2, there
is a finite subset {7,, - - -, 7.} of I" such that

(1) U (@G +=T".
Put W=¢-(U), then
W=kriﬁ1 {r € T |4up)— A7) | <e/2}.
Furthermore, by (1)
(2) r=U Gt W).

We put
Wi={rel:\j(p|>e/2) (k=1,2,.-.,m),

then since V'=¢, we have that O W,.2oW. Thus by (2) it follows that
k=1

(3) U UG+ wo=I.
On the other hand, from I fa(r)d7=1, f.=0 and (3) we can get that
r
2 1
4 dyr=——
( ) (7i(a)+wk(a))f (r) r= mn
for some choice (@) € {1, ---,n} and k(a) e {1, ---,m}. Put

73.o(E) = j (@, 1adn@)

for every Borel subset E of G. Clearly, 7, ; is a continuous measure for
each 7 and k, thus
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(5) lim zl kil A, )=0.

However, from (4) it follows that
i % Aa(m,k)=i % f«()’) |79, Edy
i=1 k=1 i=1k=1J 7T
_erfa(r) Iﬁi(a),k(cx)(r) |2 d]’

> j F)?/Ady = e/ 4mn = 0.
(ria) +Wi(a))

This is contradict to (5). Thus, V’s¢. This completes the proof.

Theorem 2. Let H be a non-open closed subgroup of G. Let I be
the o-ring generated by all cosets of H. We denote by M(S) the closed
subalgebra of M(G) consisting of measures that are concentrated on .
We denote by M(J)L the complementary ideal of M(J). Define the
linear functional f, on M(G) as follows:

_ (M@ i pe M),
A= {0 if pe M()*
Thenf, is an element of I'\I'.

Proof. It is evident that f, is a multiplicative linear functional on
M(G). Let A is the anihilator of H in I". As well known, 4 is the dual
group of G/H. Since G/H is non-discrete, A4 is non-compact. Let +
be the canonical homomorphism of G to G/H, then there is a homomor-
phism @ of M(G) onto M(G/H) such that O u(E)= p(y'(E)) for each
Borel set E of G/H ([2]). If IRy is the maximal ideal space of M(G/H),
then @ induces the continuous injection a of I;; into I such that

(6) p@f)=6()  (feDy, pe ME@).
Clearly, a(A)c . Easily, we can get that
(7) OME))=M,G/H) and OM(X)"H)=M(G/H),

where M,(G/H) and M ,(G/H) are the subalgebra consisting of all dis-
crete and continuous measures on G/H respectively. Define a multi-
plicative linear functional g, on M(G/H) such that
£(g0) = {#(G/H) if pe My(G/H),
0 if peM(G/H).
Then, from Theorem 1, let A be the closure of 4 in M, g, is contained
in 4/4. Thus, (6) and (7) show ag,=f,. Hence, from that « is con-
tinuous and that A is closed in I, we have that f, ¢ I'\I". This completes
the proof.
Let H be a non-open closed subgroup of G. Then there is the
weakest locally compact topology 7 on G such that H is an open sub-
group of a locally compact abelian group (G, 7). Let I'y; be the dual

group of (G,7). For ye 'y, define a multiplicative linear functional
on M(G) as follows:
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2= {ja(—x, du(x)  if pe M(),
0 if pe ML
Then, I'; may be considered a subset of M. Furthermore, if yel'y

and p¢ e M(J), then ydp e M(Y). Thus, it follows the next corollary to
Theorem 2.

Corollary. Iy is contained in I'\T'.
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