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56. An Inequality for 4.Dimensional Kdahlerian Manifolds

By Shiikichi TANNO

Mathematical Institute, Tohoku University, Sendai

(Comm. by Kinjiré KUNUGI, M. J. A., April 12, 1973)

1. Introduction. Let (M, g,J) be a Kiahlerian manifold with
almost complex structure J and Kihlerian metric tensor g. By
R=(Ri), (R;,)=(Rj,), and S we denote the Riemannian curvature
tensor, the Ricei curvature tensor, and the scalar curvature, respec-
tively. By dM we denote the volume element of (M, g,J). By x(M)
we denote the Euler-Poincaré characteristic of M. By Vol (M) we
denote the total volume of (M, g, J).

Main theorem. Let (M,g,J) be a (real) 4-dimensional compact
Kahlerian manifold. Then the following inequality holds :

1.1) x(M)25(;1—772USZdM—6(2—‘3)J‘[Ru—(S/4)9u][R”—(S/4)g“]dM],

where B is an arbitrary constant <1. The equality holds if and only
if (M, g,J) is of constant holomorphic sectional curvature.

Furthermore, if (M, g,J) is an Einstein space, then
1.2) 967% (M) >S* Vol (M)
holds. The equality holds, if and only if (M, g,J) is of constant holo-
morphic sectional curvature.

We give an outline of the proof. First we need to find out in-
equalities concerning (R;;, R¥*), (R;,R'*) and S?, such that the equality
implies constancy of holomorphic sectional curvature. For this pur-
pose we give a new characterization of the Weyl’s conformal curvature
tensor in § 3, and in the next section we give a characterization of the
Bochner curvature tensor. In this process we have the best inequality
(4.14).

2. DPreliminaries. Let (M, g) be a Riemannian manifold of di-
mension m. By FV we denote the Riemannian connection with respect
to 9. If Ryu=k(9;x9:—959:) holds on M (at x, resp.) for a real
number %, (M, g) is said to be of constant curvature (at x, resp.). We
put
@.D A(g):R”mR”“-—(Z/(m—1))Rijj",

2.2) B(9)=R;R*—(1/m)S".

Then A(g)>0 holds; the equality holds on M (at x, resp.) if and only if
(M, g) is of constant curvature (at «, resp.). B(g)>0 holds; the equal-
ity on M is equivalent to the fact that (M, ¢g) is an Einstein space (cf.
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for example, Barger [3]).

A (1,3)-tensor field D=(D3,,) is called curvature-like, if

[i] D§k1= —Dzlk’

[ii] Dijuu=Diu; (Where D,j=9:nDi),

liiill] Dyjui+Diprj+Dirji=0,

[ivl] VD +ViDijin+V i Dijnr=0.

The Riemannian curvature tensor R satisfies [i]~[iv]. If a tensor field
D satisfies [i], [ii] and [iii], then we call D a semi-curvature-like tensor
field. For brevity we treat Di,, in the covariant form D= 9:,D%.
If a tensor field D is expressed as a sum of tensor fields each of which
contains just one of R, (the Riemannian curvature tensor), R, (the
Ricei curvature tensor) and S, then we say that D is of curvature de-
gree 1.

Proposition 2.1. In a Riemannian manifold (M, g), every semi-
curvature-like tensor field D of curvature degree 1 which is constructed
DY (Ry s Busr Ss 9s4) 1S of the form:

2.3) Dju=0R; 5 +b(Ry9u—RpGu+95:Biu— 95 Rw)
+ (95190 —919:)S,
where a, b, ¢ are scalars on M.

3. A characterization of the Weyl’s conformal curvature tensor.

The Weyl’s conformal curvature tensor C=(C%.,), C;51=9:2C%:, is given

by

3.1) Cijri=Rijn+bRj9u—Ru9u+9uRu—95:R)
+ (95190 —919:)S,

where b= —1/(m—2) and ¢c=1/(m—1(m—2).

Proposition 3.1. Let D be a tensor field defined by (2.3). Then
the following conditions (P) and (Q) are equivalent.

(P) D=0 at z, if and only if (M, g) is of constant curvature at x,

Q a+2m—1b+mim—1ec=0, a0, a+(m—2)b+0 at x,

We notice that the Weyl’s conformal curvature tensor satisfies
a+(m—2)b=0. If D is a tensor field defined by (2.3) and satisfies (P)
or equivalently (Q), then the inner product (D, D)=(D,;;,,D¥*") is given
by

(D, D)=0&’R,;;,,RV*' 4 [8ab +4(m —2)V*] R ;, R'*
3.2) +[4ac+4b*+8(m —1)be+2m(m —1)c?]S?
=a’A(9) +[2a*/(m—1) +8ab +4(m —2)b*1B(g).
For a Riemannian manifold (M, g), we define 9 and 9, by

9D=I[the set of all semi-curvature-like tensor fields of curvature de-

gree 1 which are constructed by (R, x> Fssr S, 944) such that a=1].
,=[the subset of 9 composed of elements D such that D=0 is
equivalent to the fact that (M, g) is of constant curvature].

Then D e 9, is denoted by the parameter b. For any element D
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=D(b) € 9,, we have

3.3) (D, D)=A(9)+I[2/(m—1)+8b+4(m —2)b*]1B(g) >0.

The coefficient of B(g) satisfies

(3.4) 2/(m—1)+8b+4(m—2)b*> —2m [(m—1)(m—2).

In (3.4), (the left hand side)-(the right hand side)—0 as b——1/(m—2).
Theorem 3.2. In a Riemannian manifold (M, g), the Weyl’'s con-

formal curvature tensor C is characterized by C e 9 such that
C=the lir(rbl)it of {D(b) € D,} such that (D(b), D(b))—inf.

4. A characterization of the Bochner curvature tensor., Let
(M, g,J) be a Kidhlerian manifold. J and g satisfy

4.1 9rsJiT5=0.5, JiJj=—0d}

and V/,J:=0. We need the following identities (cf. Yano [10]):
4.2) RijkLJ];ngRijrs’ RuksJ’ﬁ= —Rijrka,

4.3) RiJiJi=R.,  RuJj=—R,Ji,

(4.4 RijkLJkL=2J:Rrj,

4.5 ZRiJkLJﬂ:Rikleﬂ?

where J/*=Jig™ and J,,;=g9,,J!.

As a proposition similar to Proposition 2.1, after some complicated
calculations, we have

Proposition 4.1. In a Kihlerian manifold (M, g,J) every semi-
curvature-like tensor field D of curvature degree 1 which is constructed
bY (Rysnn> Busr Sy 9usr JE) 18 of the form:
Diju=0Rju+b(Rju0:—R 9+ 95Ru— 95 8:)

+ C(Rer£Jil —Rer{Juc +J 3 Rid ] '—JJLRer£
—2J Ry, —2J R, J7)
+d(J jud 51— 1l i1 —2J;3x)S+e(9 19— 9198,

where a, b, ¢, d, e are scalars on M.

The Bochner curvature tensor B=(Bi,,) is given by (cf. Tachibana
[7], Bochner [5])
Biy =R, — Q1 /(m+D)(R 0 — R 0%+ 9B — 9.5

+ Ry JiJi— Ry I3 T3+ J R — T BT
— 2R, J1]} — 2RI )
+1/(m4-2)(m+D)G110; — 9 1104 +J jud i —J 5T s — 2T 1, T%)S.

A Kéihlerian manifold (M, g, J), m>4, is of constant holomorphic sec-
tional curvature H at z if and only if
4.8 Rijuu=H D909 — 9930 +Tud s — T i 51— 2J 3 )]
holds at « for a real number H. Then E;, and S are given by
4.9) 4R, =(m+2)Hg ;, 4S=m(m+2)H.
Subtracting the right hand side from the left hand side of (4.8), apply-
ing (4.9),, and taking the inner product E(g,J) with itself, we have an
inequality :
(4.10) E(g,])=R,;;,,R**" —[8/m(m+2)]1S*>0.

(4.6)

4.7
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The equality holds (at «, resp.) if and only if (M, g,J) is of constant
holomorphic sectional curvature (at x, resp.).
Proposition 4.2. Let D be a tensor field defined by (4.6). Then
the following conditions (P*) and (Q*) are equivalent :
(P* D=0 at z, if and only if (M, g,J) is of constant holomorphic
sectional curvature at x,
Q* a+2(m—1)b+6¢+3md+m(m—1)e=0,
(m+2)(2b+me)= —a=(m+2)(2c+md),
a#0, a+(m—2)b+6¢+0 hold at .
Let D be a tensor field defined by (4.6) satisfying (P*) or equiva-
lently (Q*). Then we have
“4.11) (D, D)=aE(g,J)
’ +[8ab +24ac +4(m —2)b*+48bc +12(m +2)c*1B(g) > 0.
For a Kiahlerian manifold (M, g,J) we define 9* and 9F by
@*=[the set of all semi-curvature-like tensor fields of curvature
degree 1 constructed by (R yxx> FyxrSs 954> J5) such that a=1].
*=[the subset of 9* composed of elements D such that D=0 is
equivalent to the fact that (M, g, J) is of constant holomorphic sectional
curvature].
For a=1, the coefficient of B(g) of (4.11) satisfies
(4.12) 8b+424c+4(m—2)b*+48bc+12(m+2)c*> —16 /(m +4).
In (4.12), (the left hand side)-(the right hand side)—0 as b, ¢c——1/(m
+4) for m>6; as 2b+6¢c— —1 for m=4.
Theorem 4.3. The Bochner curvature tensor is characterized by
1) for m>6, B=the limit of {D(b, ¢) € D§} such that (D, D)—inf,

(b,¢)

(2) for m=4, B=the limit of {D(b, ¢) € D§} such that (D, D)—inf.

(b=c)

Theorem 4.4. In a Kdhlerian manifold (M, g,J) we have

(4.13) E(g,J)—1168/(m+4)1B(g9) >0, i.e.,

“.14) R RV —[168/(m+DIR,, R

+[(16(m +2)p—8(m +4)) /m(m +2)(m +4)]S* >0,

where B is a constant <1. The equality holds on M (at x, resp.), if
and only if (M, g,J) is of constant holomorphic sectional curvature (at
x, resp.).

5. Euler-Poincaré characteristics of 4.dimensional compact
Kihlerian manifolds. Let (M, g,J) be a (real) 4-dimensional compact
Ké&hlerian manifold. Every Kiahlerian manifold is orientable. Then
the Gauss-Bonnet formula is

B.1) I[Ri juRYE —4AR , R1* 4 S*1dM =327y (M)
(cf. for example, Berger [3]). Integrating (4.14) with m=4, we have
5.2) I[RmzR““ —2BR; RI*+((38—2) /6)S*1dM > 0.
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Eliminating R;;,,R¥* from (5.1) and (5.2) we have the main theorem.
6. Remarks. (I) The Riemannian case of (1.2) is (cf. Avez [2],
Bishop-Goldberg [4]): For a compact orientable Einstein space (M, ¢),
m= 4,
192z% (M) =S Vol (M),
where the equality holds if and only if (M, g) is of constant curvature.
(II) For the Riemannian case of (1.1), see Tanno [9].
(III) For the Bochner curvature tensor, see [5], [7], [8], etc.
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