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88. An Example of Temporally Inhomogeneous Scattering

By Atsushi INOUE
Department of Mathematics, Faculty of Sciences, University of Tokyo

(Comm. by Kosaku Yo0SIDA, M. J. A., June 12, 1973)

§1. The result. Consider a system of linear partial differential
equations

1.1 o, ) _ s 4 @, 0% 0 L Ba, ute, t).
ot =1 ox;
Here u=(u,, - - -,uy) is an N-vector of unknown functions of x and

t; Az, t) and B(x,t) are N X N matrix functions, and 4 ,(x, t) are as-
sumed to be Hermitian symmetric.

In order to guarantee the existence and the uniqueness of the solu-
tion u(x, t) € E}(LAR™) NENH(RM)Y of (1.1) with Cauchy data w(zx, 0)
=u(x) € H'(R"), we assume the following (see [5], [6]):

(I) (a) The maps t—A,(.,t) are continuous on (—oo,co0) to
BY(R™),

(b) t—B(-,t)is continuous on (— oo, co) to B (R") and

B@Y o gy (—co,00)),  j=1,2,---,m.
0x,
Here B'(R™) is the set of all N X N-matrix valued functions A such that
A and D*A, |«|<! are continuous and bounded on R™.

We further consider two systems of linear partial differential
equations given by

N out(x,t) & ,.ou*(x,t) -

1.2) T_;;IAJ.T—}—B u*(z, t)

where A; are N XN constant Hermitian symmetric matrices and B*
are N X N constant matrices satisfying B* +(B*)*=0. (F* denotes the
Hermitian conjugate matrix of F.)

We assume that (1.2)* are close to (1.1) near |t|=co in the follow-
ing sense.

(II) There exists a function ¢(t) € L'(— oo, o) satisfying
1.3) |Ay®, ) —AF | gimn =6®), |B(x, ) —B*| gizm = $(t) for t=0.
We define an operator U(t;s) by U(t; s)u,=u(x,t) where wu(x,t)
e SHLARM)NENH(R™) is a solution of (1.1) with Cauchy data wu,(x)
e H'(R") at times. We define the operators U; (; s) analogously. By
the energy inequality, expressed in Lemma 1 and Lemma 2 below, the

1) w(x,t)e EHHR™) means that u(.,t) is a H*R") valued function of t,
l-times continuously differentiable with respect to ¢ in H*(R")-norm.
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operators U(t; s) and Ui(t; s) are well defined and are extended as the
bounded operators in L*(R"). Our Theorem 1 reads as follows:

Theorem 1. We assume (I) and (II). Then, there exist operators
W., *W. defined as follows:

1.4) W, =lim* W, (&), *W.O=U:0; UE;0),
1.5) Wo—lmW.),  W.()=UQ; OUs; 0),
1.6) W, =lim W, (), W.)=U0; HU; ¢; 0),
@ SW_lm AW, *W_(=Us0; HUE; 0),

to—oo

limits being taken in L*(R™).

In order to state our Theorem 2, we introduce another notion of
solutions.

Definition. A function %*(x, t) e EX(L*(R"™)) is said to be a weak
solution of (1.2)* if it satisfies

j a*(x, Dp*(x, t)dx — I a*=(x, S)p*(x, s)dx
R~ Rn

=j”d¢j a*(x, T)[ﬁﬁ"t_(x’f_)_f A% D pepu(y, ,)]dx
s Rn ot J=1 ax,

for any s, t € (— oo, 00) and ¢*(z, t) € SHLHR™) NENH(R)).

Then, we have

Theorem 2. We assume (I) and (II). Let wu(x,t) e ENLHR™Y)
NENH(R™)) be a solution of (1.1). If there exists a function u~(x,t)
€ EALXR™) which is a weak solution of (1.2)~ satisfying
1.9 lim ||u(x, ) —u~ (2, £) || L2n =0,

t——o0
then there exists a uniquely defined function u*(x,t) e EXL*(R™) which
18 @ weak solution of (1.2)* satisfying

(1.10) lim ||u(z, t) —u*(x, t)||L2n =0.
t—oo

1.8)=

§2. The sketch of the proofs. We prepare the following two
lemmas.

Lemma 1. Let u(x,t) e EXLARM) NENH(R™)) be a solution of
1.1). Then we have,

@.1) Jute, )<exp ([ $(e)ds) |utz, 0)|
@2 |uw )+ lu, b

<exp ((2+n)J‘:¢(S)ds) . [||u(x, O)II-Fki=1 || ui(2, 0) ll]
au(x, t) , “vllzz(/v, Q)):I Q)(x)’l;—(—ig)dx
oy, e

Proof. We have

where u,(x, t)=
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1d .
2.3)

=|Re (,Zl (A,(@, ) — AP)u,, u)

+Re (B, t) — B*)u, w)+ Re (jz Asu, + B*u, u)l

=@ -flul-, DIP
Thus, since the inequality y'(t)<¢(t)7(t) for non-negative integrable

functions implies 7()<7(0) exp (I’gs(s)ds), we obtain (2.1).
0

Assume further that w(z,t) e E}H'(RM)NENHR™). Then, we
have

(-, D)

=|Re (iz; (A,(x, ) —ADuy,, uk)
+Re ((B(x, t) —B*)uy, Uy)
+Re (]ilA;tukj“l'Btuk’ uk)

1d
2 dt
2.4

+Re (i} AP (x, u;+ B®(x, t)u, uk>

Jj=1

Combining this with (2.3) and (1.3), we have

d n
L uc, 011+ 3 luac-, 1]

(2.5) n
S+2)- 9040, 01+ 3 el D]

Asg in the case of (2.1), we obtain (2.2) from (2.5). Using the Friedrich
mollifier with respect to #, we can remove the additional regularity for
u(z, t). Q.E.D.

Lemma 2 ([1], [8D. Let u*(x, t) be a weak solution of (1.2)*. Then
we have

(2.6) lu=(a, t) || =||u*(x, )| for any s, t.
Moreover, if u*(x,t) e E{(LAR™) NENHY(R™)), we have
@0 Ju, Dl,=|u* (@, 9,  for any s, t, where | - |,.=| - |z zn-

Proof. Let {uZ(x)} be a sequence in H'(R™) converging to u*(x, s)
in LA(R™)-norm. Define ¢;(x, t)=U; (¢, s)uz(x). Putting ¢z(x,t) in 1.8)*
in place of ¢*(x, t), we obtain

j w (@, i, Ddao= f w*(, SYuE@)da.
R™ R™

Tending m to oo, and using the Schwarz inequality, we have
lu*(x, s)|=|u*(x, |
As t and s are taken arbitrary, we have (2.6). Similarly as in the
proof of (2.2), we obtain (2.7) immediately. Q.E.D.
Proof of Theorem 1. For u,x) e H'(R"), we can differentiate
*W . (u, given by (1.4) and we obtain
*W () ug—uq

=[us0; 93 @, 9—A47)2 4 B9 —B")|UGs; Opuds
0 =1 ;
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Since u, ¢ H'(R™), we have (i) U(t; 0)u, e H(R"), (ii) [---1U{; 0)u, is
continuous in ¢ and (iii) ||[- - - 1U(# ; 0)u,|| is integrable on (0, o) by (1.3),
(2.2) and (2.6). Therefore applying Theorem X.3.7 of T. Kato [4], we
can prove that there exists *W , =*W (o).

Analogously, we prove the existence of the operators W,, W_ and
*W_

Poof of Theorem 2. By Lemma 2, we obtain the following re-
presentation for the weak solution u*(x, t) of (1.2)*

(2.8) u*(x, )=Uz(t; s)u*(x, s).
We also have
2.9) w(x, )=U(t; s)ulx, s).

Therefore, by (1.7), (1.9) and (2.1), we obtain u(x, 0)=W_u(x, 0), be-
cause we have
U ; 0wz, 0)—Us (¢ ; 0)u(x, 0)|
=|Ut; Olu(xz, 0)—U©; HU; (t; 0)u(x, 0]
>exp (— j :¢(s)ds> [ux,0)—TU; Uy (t; 0)u(x, 0)|.

Thus, by defining u*(x, t)=U; (t; OCW )W _u~(x, 0), we prove immedi-
ately that u*(x, t) satisfies (1.2)* and (1.1). Q.E.D.
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