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13. On a Sequence of Fourier Coefficients

By Hiroshi HIROKAWA and Tkuko KAYASHIMA
Department of Mathematics, Chiba University, Chiba

(Comm. by Kinjiré6 KUNUGI, M. J. A., Jan. 12, 1974)

§ 1. Let f(¢) be a periodic function with period 2= and integrable
(L) over (—mr,w). Let its Fourier series be

(1.1) %a0+f‘_‘ (a, cos nt+b, sin nt):f‘_, A, ().

n=1 n=0
Then the conjugate series of (1.1) is
(1.2) ij (b, cos nt—a, sin nt) =i} B, ().

n=1 n=1
Let {p,} be a sequence such that Pnzi' 0,70 for n=0,1,2,.... A
k=0
series Z”; a, with its partial sum s, is said to be summable (N,p,) to
n=0

sum s, if

1 n

-P-—n-k=0 Prn_xSeg—S as nN—co.

The (N, p,)(C,1) method is obtained by superimposing the method
(N, p,) on the Cesaro means of order one.

Throughout this paper, let {p,} be a sequence such that p,=0, v, |,
P,—o0, and we write

VO =F @+ — Fw—t)—1,
re=| [y )| du

and t=[1/t], where [4] is the integral part of A.
§ 2. Varshney [9] proved that if
2.1) T({t)=o(t/logt™) as t—+0,
then the sequence {nB,(x)} is summable (N,1/(»n+1)(C,1) to l/z. This

was generalized by Sharma [6], Singhal [8] and Dikshit [1], respe-
ctively, as follows.

Theorem A (Sharma [6]). If

2.2) Ut)=o(t) as t—+0,

and, for some fixed §,0<6<1,

(2.3) Ja )| log 1 du=o(logt™) as t—+0,
¢ U u

then the sequence {nB,(x)} ts summable (N,1/(n+1)(C,1) to l/x.
Remark 1. (2.3) implies (2.2), because
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vt)=| = [ 110 jog L4
0 o U % logu™?
=__[ U J“’ [y (2)] log ldx]
logu™?Ju 2 x
L Tk W TG TR
o (log u)? w X x
=o(t).
Therefore, we see that the assumption (2.2) is superfluous.

Theorem B (Singhal [8]). Let a(t) be a positive non-decreasing
function such that log n=0(x(P,)), as n—oco, and t/a(t) is non-de-
creasing. If
2.4 T@)=o(t/a(P)) as t—-+0,
then the sequence {nB,(x)} is summable (N, p,)(C,1) to l/x.

Remark 2. We see, from the proof of Theorem 2 in [3], that the
assumption on monotone of a(t) is superfluous.

Remark 3. Singhal has written his theorem with

U({#)=o(t/logt™") as t—+0,
instead of (2.4). But he has proved his theorem under the condition
2.4).

Theorem C (Dikshit [1]). Let g(t) be a non-negative non-decreas-
ing function such that p(n) log n=0(P,), as n—oo. If
2.5) T(t)=o(tpd/t)/P) as t—+0,
then the sequence {nB,(x)} is summable (N, ,)(C,1) to l/x.

Remark 4. If Theorem C holds, then Theorem B also holds and
conversely, when p(1/t)/p(z)=0(1) as t— +0, if Theorem B holds, then
Theorem C also holds. (See [3], Theorem 2.)

Theorem D (Dikshit [1]). Let y(t) be o non-negative function such
that (1) {y(®)/(t log t)} ts monotonic, (ii) y(t)=0(og t), t—co and (iii)

12
0

(2.6) > f(W)P,/(klog ()=0(P,), as n—oo.
If
2.7 T)=o(y@/t)/logt™) as t—+0,

then the sequence {nB,(x)} is summable (N, p,)C,1) to l/x.

Remark 5. After the proof of Theorem 2 below, we see that the
condition (ii) is superfluous. And Theorem in which y(¢)=1 is due to
Singh [7].

The main result of this paper is the following theorem which in-
cludes all the results mentioned above.

Theorem 1. Let p(t) be monotone non-increasing and positive for
t=>0. Let p,=pn) and let

@.8) P()= f ) du—co as t— -+ co.
0
If, for some fixed 6,0<6<1,
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©.9) j O d i (lt/ Y dt=oP,) as n—oo,

then the sequence {nB,,(m)} is summable (N, p,)(C, 1) to l/x.

Theorem 2. If Theorem 1 holds, then Theorems A, B, C and D
also hold.

Corollary 1. Let a(t) be a positive function such that

¢ P01,
Ln Ty #=0(),  0<a<L.
If
Tt)=o(t/a(P)) as t—+0,

then the sequence {nB,(x)} is summable (N,p,)(C,1) to l/x.
This is contained in the result of Theorem 1 (see [3], pp. 305-306),
but this includes Theorem B.

Corollary 2. Let B(t) be a positive integrable function such that

j" w B du=0(P,) as n—oo, for any fized p>0.
If
U(t)=o(tpd/t)/P) as t—+0,

then the sequence {nB,(x)} is summable (N,p,)(C,1) to l/x.
This is also contained in the result of Theorem 1, but this includes
Theorem C (see [2], p. 450). Further we see that this includes Corollary
1 and conversely, when g(1/t)~p(z) as t—+0, Corollary 1 includes
Corollary 2.

§ 3. Proof of Theorem 1. From the method of Mohanty and
Nanda [4], we have

L3 kB L= [y SBRL _ S ig 1 o),

by Riemann-Lebesgue’s theorem. S1nce the (N, p,) method is regular,
in order to prove our theorem it is sufficient to show that

1 & 1 (¢ sin kt  cos kt
Ekglp""ﬁjo"’(t){ Kt ¢ }dt

3.1) .
=[ voN.®it=o,
where
k{sinkt . coslct}
= kt? t
3.2) ={O(n) 0<t<1/n)
3.3) O(P./tP,) 0<tgn)

(For these estimations, see Singh’s [7], p. 441 or Singhal’s [8], pp. 273-
274.) Now we write

[vonoa=(["+[ YoNOit=L+1, sy.
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From Rajagopal’s lemma ([5], Lemma (a)), (2.8) and (2.9) together
imply

T@)=o() as t—+0.
Hence, by (8.2), we have

11=0(n)(j:/"|«p(t); dt):o(l).
Next, by (8.3) and (2. 9), we have
n=o([ -k dt) off e £8Ya)

n

offr 20 ) (7, J 7o =)

tP,
=o0(1).
Therefore we have (8.1) and the proof of Theorem 1 is complete.

§ 4. Proof of Theorem 2. For the proof, since, by Remark 4,
Theorem C includes Theorem B, it is sufficient to prove that the con-
ditions of Theorems A, C and D, respectively, imply the one of Theo-
rem 1. We define a function p(t) by

pt)=p, fornt<n+l, n=0,1,2,....
Further define a function P(¢) as in (2.8). Then the function p(t) is
monotone non-increasing and positive for ¢=0. And P(f)—oo as t—oo.
Furthermore, we get, P.~P(1/t) and 1/tp(1/t)~P(1/t) as t—+0.
Here, we want to show that the condition (2.9) is satisfied under the
assumption.

Concerning Theorem A, since @PQA/D/)Y =0EFQA/1)/t)
=0((log t71)/t»), we have

[ v L PCID ar—o([ w2 ar)
of. 22 af o
o oo B8 [ oraf, 55" )

oq ()| log L duI 1 dt) + o(ﬂ’" ()| du(log 1) j :/n-tl.z-dt)

ol @l 1
_o(f Ol 1og = du) +O@1/n)n log n)

1/n
=o(log n)
=0(P n),
from (2.3) and (2.2). Thus the condition (2.9) is satisfied.
Next, concerning Theorem C, we have, from (2.5),

I re o d L (1/’” dt:O(f w(t)Mdt)

-], 210 7010
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"1 (1
=J,.78(5)%)
=o0(8(n) log n)
=0(P,),
since the function B(¢) is non-decreasing. Thus the condition (2.9) is
satisfied.

Lastly, concerning Theorem D, we have, from (2.7) and (2.6),
f' w2 PAD gy o(f mop—(;@_ dt)
n 1/n

v dt t
(.

(] e

s ulogu
_ o 1rR)P, )
o 0<Icz=2 klogk
=0(P n),
since the function y(¢)/(t log ) is monotone. Thus the condition (2.9)
is satisfied.
Therefore, the proof of Theorem 2 is complete.
§ 5. The proof of Theorem 2 together with known theorems ([5],
Theorem 1 and [3], Theorem 1) shows that the following theorems are
obtained. In the rest of this paper, we use the following notations.

g<t>=§{f(x+t)+f<x—t>—2f(x)}, G(t>=j:|g(u)|du,

h(t>=-;—{f<x+t>—f(x—t>}, H(t)= 1) du.

Theorem 3. Under the conditions of Theorem A, if we replace
() by gt) and () by G(t), then the series i} A,(x) is summable
n=0

(N,1/(n+1) to f(x).
Theorem 4. Under the conditions of Theorem A, if we replace

P(t) by h(t) and T(t) by H(L), then the series i} B, (x) is summable
n=1
(N,1/(n+1) to
3.1) Faw=L f " W) cot L du
wJo 2

provided that this integral exists as a Cauchy integral at origin.

Theorem 5. Under the conditions of Theorem D, if we replace
Tt by G(t), then the series f} A, (x) is summable (N, p,) to f(x).

n=0
Theorem 6. Under the conditions of Theorem D, if we replace ¥ (t)
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by H(t), then the series }"_, B,(x) is summable (N, p,) to f(x) provided
that the integral in (5. 1) emsts as a Cauchy integral at origin.
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