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Introduction. One of the useful tools for studying the structure of a locally compact group or Banach .-algebra A is the dual space
of all its equivalence classes of irreducible representations in Hilbert
space. In this paper, we deal with the Borel structure of a dual space
for a topological .-algebra. It will be shown that the dual space (G)
of the topological .-algebra .q)(G), where G is a a-compact Lie group,
coinsides with the dual space G of the a-compact Lie group G and that
if in addition G satisfies some conditions the dual space _(G) is an analytic Borel space.
From these results, we shall conclude that a connected semi-simple
Lie group and a connected nilpotent Lie group are type 1.
For locally convex spaces and their related notions, see [6] and for
Borel structures and their related notions, see [4]. The proofs are
omitted, and the details will appear elsewhere. The author would like
to express his thanks Prof. 0. Takenouchi for his helpful comments.
2. Topological algebra. A topological algebra is an algebra
and a topological vector space over the complex number field such that
ring multiplication is jointly continuous. A topological algebra E
with a mapping of E into itself is called a topological ,-algebra if the
following conditions are satisfied" (1) (x*)---x, (2) (xoy)*-x*oy*, (3)
(x + y)*-- x* + y*, (4) (2x)*-]x* for every x, y e E and scalar 2. By a
representation, we mean a mapping T of E into _L(H, H), the set of all
continuous linear mapping of a Hilbert space H into itself, which satisfies the following conditions" (1) T(x + y)--T(x)/ T(y), (2) T(2x)--2T(x),
(3) T(xoy)= T(x)T(y), (4) T(x*)= T(x)* for every x, y e E and scalar 2.
A representation is said to be cyclic if there exists an element h0 (which
is called a cyclic element for T) in the Hilbert space H such that the
set {T(x)holx e E} is dense in H. The continuity, the irreducibility and
the equivalency are defined similarly to the case of the unitary representations of a topological group. A unitary representation U, of a topological group G in a Hilbert space H, is said to be continuous at go if
U(g)h-oU(go)h as ggo in G for every h e H.
In what follows by a representation, we shall mean a continuous
representation.
1.
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Let G be a (non-compact) a-compact (i.e., G can be represented as
the union of countably many compact subsets G, n e N, such that G
is contained in the interior of G/ or all n) Lie group (for example,
connected locally compact Lie group is a a-compact Lie group). Let
(Gn) be the locally convex space o all complex-valued infinitely dierentiable unctions on G with support in G, is a Frchet-space under
the topology of uniform convergence in all derivaties. Let _q)(G) be the
locally convex space of all complex-valued infinitely differentiable
functions on G with compact supports, endowed with the strict inductive limit topology of the subspaces (G)’(G)=li_m(G). Then,
the locally convex space _q)(G) may be topological ,-algebra under the
following ring multiplication and ,-operation" for every
e _q)(G) and

,

geG,

(o)(g) --,(g)

j" (g)(gg)d/(g)

where / is a left invariant Haar measure on G, *(g)=z-(g)(g -)
where z(g) is a modular function on G. Moreover, (G) is separable
and a closed left ideal in _q)(G) is invariant under the left translations
by the elements g e G.
3. Relation between representations of the group G and those of
the topological ,.algebra (G). Proposition 1. Leg G be a (non-compact) a-compac Lie group with a lef invarian Haar measure [ and
)(G) be a topological ,-algebra which is defined above. To each representation T of the topological ,-algebra (G) in a Hilbert space H there
corresponds a unitary representation U of the a-compact Lie group G in
the Hilbert space H. Conversely, to each unitary representation U of
the a-compact Lie group G in a Hilbert space H there corresponds a
reprentation T of the topological ,-algebra )(G) in the Hilbert space H.
These representations are connected by the formula

T()

for every e )( G)

S

(g) U(g)d/(g)

4. The Borel structure of the dual space of a separable topolo.
gical ,.algebra. Let E be a separable topological ,-algebra. We
denote by E the set of all equivalence classes of representations of E
and by/ the set of all equivalence classes of irreducible representations
of E. We call E the dual of E. Let H n be a Hilbert space of dimension n, and let H be a infinite dimensional separable Hilbert space.
Let E denote the set of all representations T of E such that the repreH without identisentation space H(T) is one of the spaces H H
ficatio o equivalent representations. For each T e E let T denote
the equivalence class to which it belongs. Then T--,T is a map of E
onto E We denote by E , the subset of E consisting of all T with

, , ...,

.
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H(T)---H
Let us consider the smallest Borel structure on E having
the following two properties: (1) E , is a Borel subset of E for every
n, (2) for each n--I, 2,..., each h and k in H and each xeE, T
We shall consider the smallest
-.(T(x)h, k) is a Borel function on E
Borel structure on E such that TT is a Borel function. Finally we
define on/ the Borel structure which inherits as a subset of E When
we have the following.
Proposition 2. If E is a topological .-algebra which is the strict

,.

.

inductive limit of complete, metrizable and separable locally convex
spaces En" E=lim En, then E is a standard Borel space.
5. The main theorem. Proposition :. Let G be a (non-compact)
a-compact Lie group such that the corresponding representation

T()

--.[ (g) U(g)d/(g)

of the topological .-algebra O(G) in a Hilbert space H, where U is a
irreducible unitary representation of G in H, satisfies the following
conditions: (1) T() is of the trace class for every e )(G), that is
where {h}’__
functional on .q)(G), (3) two irreducible representations T and L are
equivalent representations if and only if Trace (T())=Trace (L()) for
every e (G). Then the dual (G) of (G) is an analytic Borel space.
Now we consider the Borel structure in the duals of groups. We
denote by G the set of all equivalence classes of unitary representations
of G and by
the set of all equivalence classes of irreducible unitary
representations of G. We call the dual of G. Let us define Borel
spaces G , and G analogously with E , and E
Further we define
U as the equivalence class to which U belongs and define Borel
structures on G and by regarding G as a quotient space of G and
If / (resp. ) is an analytic Borel space we
as a subspace of G
say that it is smooth or that E (resp. G) has a smooth dual.
Lemma ([1]) 1. Let G be separable locally compact group. Then
G is type 1 if and only if G has a smooth dual.
By Proposition 1, Proposition 3 and Lemma 1, we have the
2ollowing.
Theorem. Let G be a (non-compact) a-compact Lie group G. If
the topological .-algebra (G) satisfies the three conditions (1), (2) and
(3) of Proposition 3, then G is type 1.
Lemma 2. Let G be a connected semi-simple Lie group or a connected nilpotent Lie group. Let U be an irreducible unitary representation of G in a Hilbert space H and T the corresponding representation of the topological .-algebra (G) (see, Proposition 1). Then T

.
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satisfies the three conditions (1), (2) and (3) of Proposition 3.
Lemma 2 is well known, see [2] or a connected semi-simple Lie
group and see [3] and [5] for a connected nilpotent Lie group.
In virtue of Lemma 2 and Theorem, we have the following.
Corollary. A connected semi-simple Lie group and a connected
nilpotent Lie group are type 1.
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