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In this paper, we shall show that a von Neumann algebra 9 is
isomorphic to the crossed product GQ A of a von Neumann subalgebra
A of M by a group G of automorphisms of .4 implemented by a
unitary group in 9 under certain conditions. This result is a gener-
alization of two theorems of Golodets [3].

1. Let ./ be a von Neumann algebra on a Hilbert space §, and
let G be a discrete group of (*-) automorphisms of 4.

On the Hilbert space $YRUI(G), the tensor product of  and (@),
define a representation I of _7 by

I(A)( bl sg®sg)= 3 07

for each A in ] and &, in §, where ¢, is an orthonormal basis in *(G)
such that
1 (9=h)
e, () ={ 9,heG.
! 0 (g+h),
Letting G act as a permutation group in HRIG), we obtain a
unitary representation V, of G such that

V,,( 5 s,,®eh)= 3 8@ 9EGr e D
heEG he@

One can then verify that I is a faithful normal representation

with the covariance formula
V IA)VF=I(9(4)), geG,Ae .

Then the von Neumann algebra acting on HRI(G) generated by
I(_7) and V, is called the crossed product GR of A by G.

Theorem 1. Let S} be a von Neumann algebre acting on «
Hilbert space 9, A a von Neumann subalgebra of M and G a discrete
group of automorphisms of A. Assume that (M, A, G) satisfies the
following three conditions;

(1) there is a unitary representation U, of G into M with g(A)
=U,AU¥ for g in G and A in A,

(2) M admits a cyclic vector & with (U,A¢, &) =0 for g(#1) in G
and A in A,
and

@) M is generated by A and Usg.



No. 9] Crossed Products 739

Then M is spatially isomorphic to the crossed product GRA of A by
G on HRIUG) for some subspace H, of D.
For the proof of Theorem 1, we need the following lemma.
Lemma 2. Under the same assumption as in Theorem 1, the
Hilbert space © equals to the direct sum ;}}@Ug«@o, where ©, is the
g

subspace of § generated by the set {A&; A e J}.

Proof. By the assumptions (1) and (2),

(U,B¢, A8)=(U,97"(A*)B¢, §) =0, 1#£9eG,A,Be .

It implies that §, is orthogonal to U,$, for every g(+1) in G. Let x
be an element in § which is orthogonal to U,9, for every g in G. Since
M is generated by ] and U,, then we have, by the definition of §,,
that (z, T€)=0 for every T in H. On the other hand, & is a cyclic
vector for . Hence we have that x=0. Thus, $ is represented to
the direct sum of {U,%,; g € G}.

Now, we shall prove Theorem 1.

By Lemma 2, every element z in § is represented by the form

x:q;:; U,x,, 24 € 9y

Define a mapping W of § to Q&) by

W(,,;, U,,x,,) =,,§; 2,Qe,, %, € Do
then W is an isomorphism of  onto H,RH(G).

By the definition of ©,, we can regard ./ as a von Neumann algebra
acting on ©,. Then the crossed product GQ. A of A by G is the von
Neumann algebra on the Hilbert space HQUP(G).

Let @ be a mapping of ¥ to L (H Q@) by

o(T)=WTwW*
for T in M, then @ satisfies that
O(A)=I(4), Ae
and that
oU)y=Vv, ge@G.
In fact,

@(A)(qé xg®eg) — WAW* (g;} x,,@eg) —WA (g%;} ngg)
=W 04; (Ugg_l(A-)xg)=g£e:“ 97 (A)x,Re,
—1)( 3 %®e,),
for all A in 4 and 2, in ©,, and
Q(U,,)( = xh®eh) - WUg( = Uhx,,) - W( = Ughxh>

=W<Z Uhxg-ln)= 2 Lg-12Qen,
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for all g in G and 2, in ,.

On the other hand, % is generated by .4 and Ug, and GQA is
generated by I(_1) and V.

Thus @ is an spatial isomorphism of ¥ onto GR .

Let 5% be a von Neumann algebra and .4 a von Neumann sub-
algebra of . A positive linear mapping ¢ of .9 onto ./ is called an
expectation of M onto 1 if e satisfies that e(l)=I and e(AB)=Ae(B)
for all Ain 4 and B in 9. An expectation e of .9 onto .1 is called
faithful if e(T)=0 for a positive operator T in .5 implies that T=0.
An expectation e of ¥ onto ./ is called normal if A,1 A implies
e(4,) 1 e(4) for A, and A in .

As a corollary of Lemma 2, we shall obtain the following :

Corollary 3. Under the same assumption as in Theorem 1, there
exists a faithful normal expectation e of M onto A such that e(U,)=0
for all g(£1) in G.

Proof. Let E be the projection of § on §, (the subspace in
Lemma 2), then F is contained in the commutant .4’ of .4, and
{9(E) ; g € G} is an orthogonal family of projections in 4’ with ;, g(E)

g

=1 because $ is the direct sum of {U,9,; g € G} by Lemma 2. That
is, G is a shift of 1’ in the sense of [2] if we define an action of g in
G by
9AN=U,A'U}
for every A’ in 7'.
Put
G(T)=g§; 9(ENT9(E)

for every T in ), then it is clear that e(U,)=0 if g1 and that e(A4)
=A for all A in J. Since 9 is generated by 4 and Uy, it follows
that e is a mapping of .5 onto 4. So, e is a normal expectation of .
onto 4. Take T in 9 such that e(T*T)=0. By the property of
{9(E); g € G}, it follows that g(E)T*Tg(E)=0 for every ¢ in G, so that
T9(E)=0, for every g in G. It implies that T=0, [1].

Thus e is a faithful normal expectation of . onto 4 with e(U,)
=0 for g=+1.

The following theorem shows that the existence of such an ex-
pectation e is also a sufficient condition that .9 is isomorphic to GR .

Theorem 4. Let M be a von Neumann algebra acting on a
separable Hilbert space 9, A a von Neumann subalgebra of H and G
a discrete group of automorphisms of A. Assume that (M, A, @)
satisfies the following three conditions;

(1) there exists a unitary representation U, of G into M with
g(A)=U,AU¥ for g in G and A in J,

(2") there exists a faithful normal expectation e of M onto A with
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e(U)=01f g+#1, and

3) M is generated by A and Ug.

Then M is isomorphic to the crossed product GRA of A by G.

Proof. Let « be a faithful normal state on 4. Put

$(T)=+(e(T))
for all T in (M, then ¢ is a faithful normal state on .

Let & be the representation space of 9 by ¢ and _L(R) the algebra
of all bounded operators on & Denote by = the isomorphism of .
into _L(R) defined by ¢, and by & the eyclic vector for z(H) in & Then
(=, &) satisfies that ¢(T) == (T)¢, &) for every T in M.

Letting G act as an automorphism group of n(_4) such that

9@ (A) =n(U)n(A)x(U,)*, Ac /] and geG,
we obtain a unitary representation #(U,) of G into z(H) which satisfies
the condition (1) in Theorem 1.

By the property of ¢, we have that

(@(U)n(A)E, &) =p(UA) = (e(U,A)) = (e(U)A)=0,
for all A in 4 and ¢g(=1) in G. Hence the condition (2) in Theorem 1
is satisfied. It is clear that z(.%¥) is generated by z( ) and =(Uyg).
Thus by Theorem 1 =(.9) is isomorphic to the crossed product G&z(_4)
of n(_) by G.

On the other hand, by the definition of the action of G on #n( 1),
we have that g(z(4))=z(g(4)) for every g in G and A in 4. Hence
G®n(A) is isomorphic to GR, (see for instance [7, Proposition 3.4]).
Therefore . is isomorphic to GR .

Let / be a von Neumann algebra and g an automorphism of _Jj.
g is called freely acting on i if for B in ]

BA=g(A)B, for all A in 1
implies B=0. A group G of automorphisms of .1 is called freely act-
ing on J if every g(+#£1) in G is freely acting on .4, [4].

Corollary 5. Let M be a von Neumann algebre, A a von
Neumann subalgebra of M and G a discrete group of automorphisms
of A. Assume that (M, A, G) satisfies the following three conditions;

(1) there exists a unitary representation U, of G into M with
9(A)=U,AU¥ for g in G and A in J,

(2”) there exists a faithful normal expectation e of M onto A
and G is freely acting on A, and

B M is generated by A and Usg.

Then M is isomorphic to the crossed product GRA of A by G.

Proof. Take a g(s1) in G. By the assumption (1),

U,A=9A)U,
for all A in 4. It implies that
e(UpA=g(A)e(U,)
for all A in . Since ¢ is freely acting on 4, it follows that e(U,)=0.
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Thus (M, A, @) satisfies the conditions (1), (2’) and (8) in Theorem 4.
Hence, by Theorem 4, % is isomorphic to GR_A.

This corollary is a generalization of [3, Theorem 1.5.2] and [3,
Theorem 1.7.2].

Theorem 1.5.2 in [3] is that for (9, A, G) with the properties (1)
and (3) in Corollary 5, where ¥ is a II,-factor, .1 is a II,-subfactor of
M and G is an outer automorphism group of 4. Theorem 1.7.2 in
[3] is that for (M, A, G) with the properties (1) and (8) in Corollary 5,
where ¥ is a von Neumann algebra with a finite trace, .1 is a von
Neumann subalgebra of % and G is an automorphism group of .1
freely acting on the center of /1.
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