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62. A Generalization of Ostrowski’s Theorem on
“ Overconvergence ”’ of Power Series.

By Satoru TAKENAKA.
Shiomi Institute, Osaka.
(Comm. by M. FUIIWARA, M.LA., June 13, 1932.)

In my previous paper,” I have proved that a function f(2),
regular and analytic for |2| <<r(r=>1), can be expanded into the series
of the form

1) f(z)=§§, c.2 e
which converges absolutely and uniformly for |2| <1 provided that
li_mla,,}=L<%.
Let {7.(2)} be a sequence of polynomials defined by

p”(z)z_L[ "T‘n(C)ez? dCl ’ ('VL:O, 19 2! """ )
21 Jie=1

where D=1, p@)= j j ...... f”“dt,.dt,._l ...... dt,, (m=1).
%t %y %p—1

Since {7.(z)} and {z"¢>~"} are each other biorthogonal® on |z|=1,
we have, from (1),

L __Sz@eds, (<1, |z|<-1)
1-2z a0 ||
or
o) 1 _Sr@-lev, (z1<1 [¢]>]2)
C_x =0 Cn-l-l

the series on the right hand side of (2) being convergent absolutely
and uniformly for |¢|=>7">|z|.

Now let f(2) be a function, regular and analytic for |z|<<1, with
at least one singular point on |z|=1. Then the function defined by

Fe)=-1 | polevac
2m, Jixi<y 4

may easily be shown to be an integral transcendental function of type
1 and of the first order, and this ecan be uniquely determined if

1) S. Takenaka: On the expansion of an integral transcendental function of
the first order in generalized Taylor’s series, Proc., 8 (1932), 59.
2) See Takenaka loc. cit.
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n), — 1 J 1 "‘_,, —
Foe, 2n1 lt|<1f(C) e+ et dg, (n=0,1,2, ...... )

are given. (See my paper loc. cit.?).
Multiplying both sides of (2) by —2—}[_—ﬂz) and integrating term
)

by term we get (putting z in place of )
@) f=Sem@, @=F"@), @=0,12,...)

which converges absolutely and uniformly for |z|<»<<l.
Particularly if we put
a,=—a, r=0,1,2, ...... ),
it can easily be shown that (8) holds good for any finite value of |a|.

In this special case, we have

pn(Z)=%(z+ g,  (0=0,1,2, ......)
and T(2)=2" ﬁ} —L(—a-)v , n=0,1,2, ...... ).
=0 vl \ 2
Since lim —1;—(5)— =6+ , (z=0),
we have lim VI m@)] =z .

Moreover, by the definition of the type and the order of integral
transcendental functions, we have

lim [ FP(—a)| =1.

Therefore the series
@ fO=SFOC-on@), n@=r35-1(L), 0=012..)
n=0 v=0 VI \ 2

must absolutely converge for |2|<<1 and not converge for |z|>1.
By the use of (4) we can prove the following theorem :

THEOREM 1. If in f(z)=i}ayﬂ,v(z), Tim v |a.| =1, there are in-

finitely many suffixes such that
A=k, 01,  (0>0),

then the series gdk(z) where
MR)y=ay+ -+ +a”1”‘v1(z)’ ...... ,
v+l

dx(?) =y, +17T2 () +-eeeee + Ay, T2 ),
% k+1
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converges uniformly in the meighbourhood of every regular point on
the circle of convergence |z2|=1.
PROOF. Putting z=w¢®, a=p¢" and

F(z)=F(xe®)=9() ,
et S0 L(S) S 4 (2)

in which ¢(x) is also an integral transcendental function of type 1
and of the first order. Thus without any loss of generality we prove
the theorem for z=1.

As ysual we put

R =) -3} 4,(2)

and take three circles with centers at z=23 and radii 7, 7, 73 such

that ~1—~+rl<%+¢2<1<%+7‘3

2
and f(z) is regular in and on these circles.
Applying Hadamard’s theorem of three circles, we have

log 7% log M < log - log M{™+1log ™ log M{™
7 7y 71

where Mi®= max |R,(2)|, k=1, 2, 3).

[s=3]=rz

We introduce another circle with center at 3 and radius 7, such
that

Lim<lipr<a.
2 2

Furthermore let us put
34+n=1-80, 3+7r/=1-8, 3+n=1+¥, 3+r=1+38

where p is a fixed positive number.

: () _ =' 1 1 =
Since | F(—a)| ‘ o jmﬂ_éf(() ot © /4
e .1
< —52 <<
< Sei1-s sy S A5y
in which S= max | f(2)]

Ja|=1-62

and S is a positive constant depending only on 3, we have
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M® < ii.llpoy)(_a)mv(z)l< i I(F(Ay)(_a)zxyeli}‘l

n

S 1—38p \v 1—80 \v, +1
< 1-6 << | n
Se Pv=§+1( 1--8° ) S 1—-8 )

where S, is a positive constant depending only on 8.

If we put M= max|f(z)|, we have

-—él=f%
M < M+2 | FOX(—aym, ()] < M+ S¢S (A2 11+ fg;’
v=0
1+8p \
<s{;55)™

again S, being a positive constant which depends only on 8.
Therefore we have

log -2 log M <1 9+8P1 (1 LAY
P By Bl e

o 1+380 \!
+lo 3t lo "n4.S,
g 1 5p g( 1—& 3

from which, by a similar discussion as in Bieberbach’s Funktionen-
theorie Bd. II, 295, we can prove Theorem I.

From Theorem I, we can conclude that
THEOREM II. Let f(2) be regular and analytic for |z2|<<1 and let

1 2
F(z)__275 j _Jogea
be an integral tramscendental function of type 1 and of the first order.
If F™(—a)=0 for A =>n>> 14,
and F®™(—a)==0 for n=4,
where 2,(»=0, 1, 2...... ) are integers such that

Ayai— Ay = 04,, >0

Then |z|=1 is a natural cut for f(z). Here a is any complex
constant.
This is a generalization of a theorem of Hadamard’s.



