4 [Vol. 10,

2. Theorems on Limits of Recurrent Sequences.

By Gen-ichir6 SUNOUCHI.
Mathematical Institute, Tohoku Imperial University, Sendai.
(Comm. by M. FUJIWARA, M.LA., Jan. 12, 1934.)

The object of this paper is to prove some theorems connected with
Mercer’s theorem® by applying Toeplitz’s theorem. In §1, we prove
a theorem due to Copson and Ferrar,? and in §2, a theorem due to
Walsh.® Although Mr. Walsh applies himself Toeplitz’s theorem, his
method is much complicated than mine, and is therefore unable to give
conditions for the general case

Yn= (1 + afg))tn - afr})tn—l - a;?)tn—z e - '(n,M)t'n—m ’

in such a simple form as in §3.
1. Theorem I. Let

(i) an>0 fO’r all n,
(i) i 1 diverge.
n=1 @,
Then if Yn=Q1+a)tn—autny, Y=0Q),
then t,=o(1).
Proof. If we put
t0=0 ’ an=_1‘ (n=1, 2, ...... )
Ay
h L S S =12, ......
we have 1+any T, 1 (n=1, 2 )
and then
a. [/} /4
= n 1wt n—-1 SEPE "ETPYP + 1
1 + an y (1 +an)(1 + an—l) Y (1 + an) """ (1 + al) u
- % w o SRR %
y1+ y2+ 1+’l:,,, Yn

ﬁl A+a) ﬁz(l+av)
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By (ii), we have

n
H1(1+a,,)—>°°, as m—> o,
v=

and

) % + % oeeeees +- % <K (a constant).

1+a,

0(+e)  T(1+a)
For, the left hand side of (1) is equal to
ﬁl(]-'*‘av)-l

—1, as n— %,

InII(1+ a,)
Since the conditions in Toeplitz’s theorem are satisfied, we can
conclude that t,.=o0().
2. Theorem II. Let

G a,>0 Sfor all n,
(ii) i 1 diverge,
n=1 @,
v =] by 1
(i) X3 (— 1+ converge.
n=2] Ay, Qp—1
Then 'b:f Yn= (1 + an)tn - antn—l - b'ntn-—Z ’ Yn= 0(1) ’
then =0(1) .
Proof. If we put
t0= t._1= 0
and aQ,= 71‘ ’ Bn= bn ° an(l + an—l) )
1 B
th h b=y + tys+ U S £
en we have 1 + a, y 1 + o, ! (1 + an)(l + an—l) 2
Solving this for ¢,, we can put
tha=A%Yn+ A:“-lyn—l RLIRTTEPR + ARyt + Aizyl .
Here
a, I (1+]B,])
i) | Ap| < —Temree :
ni+a,)
where the product in the numerator is supposed to be equal to 1, for
n=>r=>n—1.

For, (1) is obvious, when n=7, r+1.
Suppose that m = r and (1) be true when n <<m. Then
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1 B
An= A+ L Ar,_
140, " (Qte)ltany)
(m=2,38, ...... :or=1,2, ...... ,m—1),
m-1 m—2
, e, T (1+|B,]) @ |Bm| T (1+]B])
IA;’ng v=r+2 + V=r+2

m-1 m—
Q+a)TA+a) L+ a)(L+any) 11 (1L+a)

a T (11 B+ Bl T (1418,

fnl (1+a)

V=7

o 1 (1+]4,)

7& (1+a)

Thus, (1) is proved in general.
In virtue of (iii),

ﬁ2(1+|ﬂ,|)<M.

M being a constant, by (ii), we have
A,—0 as n— o, for a fixed 7,

and gl Ar| <K (a constant).
Thus we can apply Toeplitz’s theorem, which leads to
t,=o0(1).
3. Theorem III. Let
i) a>0 for all m,
(@ 3o diverge,
. ) a";r) r-1 1
(iii) n% 7(;;;17— iy <1 +7¢—i§1; ) (r=2,3, ...... ,m)  converge.
Then if Yn=1—aP)t,—aPt, 1 —aPt, 3— " —a 0 m
and Yn=0(1),
then t,=o(1).
Proof. If we put
ty=t =t _g= - =t =0
and M= L. eP=aD L) (Ll
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then we have
a® 1 : a®
1+aD Ynt 1400 ™ -1t (1+a<1))(1+,,(1>1)
a('m) t
TR A D) o )
Eliminating ¢’s, we can put
tnzAzyn'l-A:_lyn—l deeeeee +A;yr oo +A1Lyl .

n=

Here

al 11{ i (1+|a‘“>l)}
o)) |4 | < —2

I (1 + o)
v=r

where, for n=r_>n—p+1, the product in the numerator including
these suffixes is supposed to be equal to 1.

For, (1) is obvious, when n=r, r+1.

Suppose that k=7 and (1) be true when » <<k. Then

r=_____1 r ?51,4 r P
A; 1+ap At (1+a(1’)(1+a‘1’ § Abzt
- i o
(1+aP) - 1+ aP 1)
k=238, ...... s r=1,2, ...... , k=1),

where A7 for negative k& is supposed to be 0.
1 Ie—
| Ap < (T o2 D3 | LT (1 23+
=2 v=riit

R=2 v=r

k—m
okl TLCTT (1 42)})
=2 v=r+p

m
AT { T (1+]a])}
n=2 v=rtu

= %
mQA+al)
Thus (1) is proved in general.
Therefore AL, —0 as n—x, for a fixed 7,
and vﬁ |AL | <K (a constant).

Thus the theorem is proved.

Remark. If conditions (i) and (iii) in the Theorem III still hold
and a’ >0, then (ii) is mecessary for t,=o(l), for any sequence (y,),
as defined above.



