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1. Let f(t) be a summable periodic function with period 27, and let
fit) ~ %+§]l(a,, cos nt+b, sin nt) ,

¢(t)=%{f(w+t) +fz—t)—2f@)} ,
and

Pa(t)= ﬁﬁ(t —u)* (u)du .

Then we have
Theorem A If a>0 and
(D) =0(t") , 1.1)
then the series
i a,, cos nt+b,, sin nt

n=1 nﬁ
18 convergent for t=x.

A summable function f(f) is said to belong to L, or simply,
f(t) € L, provided that its p-th power |f(f)|® is summable in (—=, 7).
The object of this paper is to prove some related theorems as Theorem A.

Theorem 1. If f(t)eL, (p>1), and

| pat=ott), 1.2)

then the series

a,, cos nt+b, sin nt

_1
np-l-l

n=1

18 convergent for t==x.
Lemma 1. If the conditions of Theorem 1 are satisfied, then

su(x)= % +k§]1 (ay, cos kx + by, sin kx)= o(n'f'%‘f) .

1) F.T. Wang: Tohoku Math. Journ. (under the press).
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Proof.
. 1‘6”_6 "
J:¢(t)—si“;'£dt=fo +Lsn—6="1+"2’ say. (1.31)

We have
sin nt 7on 0 d sinnt
Ji=| ey l [ 2 st g

—0(1)+o(nj " )=o) . 1.32)

We put —;‘)—+%=1 and use the Holder’s inequality, then we have

6-—6

(r” “_dt> (I 5, o900 l”dt)
qil (ﬁ> T(ﬁ (b I”dt)7
=5 2)5([[1goieaz)>

If we take 0= P | then 1-8= 1 , hence
p+1 p+1

IN

IA

1
8.(2) =o(n?}71) + 0[(%) ”“]= o(nTiT) ,
when r tends to infinity.
Lemma 2.Y If (1.2) holds, then
Sn() =so(x) +sy(x) + ------ +38,(x)=o0(nlog n) .
Proof of Theorem 1. From Abel’'s lemma, we have

a,,coskxﬁbksmkx —ZS(x)AZ 1 Y 1 .
o+ ko+1 p+l (’n — I)W

+ Spa@d— s @) s @)L
(m - ]_)T)Tl— (n — ]_)W m o+l

=:_2—20(Ic Tog k)o(k™* #T) + o(1) =o(1) .

Thus the theorem is proved.

1) M. Jacob: Proc. London Math. Soc. (2), vol. 26.
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We can construct an even function ¢(¢f) such that ¢(¢)eL, and
(1.2) holds, but the series

a, cos nt+ b, sin nt

n=1 'n's

1
p+1°
We have defined a function ¢(t), in my paper “On the convergence
factor of Fourier series at a point, I’ which depends on 0.

Now, if 8 <*—1——, then the series
p+1

is divergent at t=z, for 0 <6 <<

S (x-1 S o 2m(2k+1)*7%
"Z_z Lk | #(2) |Pdt < ’gch———iz;_z—s——
= (2n+1)F%
é 2 kz_; pi’!c-z(pﬂ)ﬁ

is convergent. And then ¢(f)eL,. The other part is the same as there.
2. Theorem 2V If f(t)eL, (n=1), then the series

a, cos nt+b, sin nt

n=1 _1_+5

ne

18 convergent for all t and &> 0.

Proof. Now

K sin nt K L/(? sinnt |7,\1

J oo ar < (oo par)o ([ S0 (), @.p
where L+1=1,

P q

) 1
j "/ _sinné "dt:mj " o(1)dt + j " ot-9)dt=o(neY). 2.2)
0 t 0 L

From (2.1) and (2.2), we have
su@)=o()+ L[ '9() S gt
wJo t

—o(1)+o(n T )=on7). @.3)
Therefore

1 1
1) The convergence factor in Theorem 2 is certainly replaced by =2 (log n)r+6
or more general L function.
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i a; cos kx + b, sin kx
k=n k%.m

m—1 a1
=Siaaar s En) __ ela)
m? (n—1)»

ml o1 1,
= kglo(k 2)o(k"2 1)+ o(1)=0(1) .

Thus the theorem is proved.
The positive number 8 can not be omitted in the theorem. For,
the series
S (1<¢X2)
79 (log )
is, by the Hausdorff’s theorem, a Fourier series of function belonging
to L, (p=2). But the series
cOoS N

1 1
n?(n? logn)
is divergent for xz=0.



