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19. On Some Properties of Umbilical Points
of Hypersurfaces.

By Yosio MuTo.
Tokyo Imperial University.
(Comm. by S. KAKEYA, M.LA.,, March 12, 1940.)

(1) Let us consider in an n-1-dimensional Riemannian space V,,.;
a hypersurface V, denoted by

wl=x)(mi) {l,[l, v, ...=1,2 ...,n+1

ik ...=1,2,...,n.
Then we get the following relations:
Npat=0,  g,,N'N'=1,
Hj2 =000+ {4} oj0"0nw” — { .} 0’ = — NuN?,

where N* is the unit vector field normal to V, and {1} and {ji} are
the Christoffel symbols constructed from the fundamental tensors g,
and g5 of V.41 and V, respectively. From the second fundamental
tensor N we can construct the quantity

(1.1) My=Npp—-L 0 Niwg'™
which is only multiplied by p under the transformation g, — p%,..
A line of curvature is a curve z%(tf) which satisfies the equations
(1.2) Migi=ag.
When we differentiate (1.2) with respect to ¢t we get
(1.3) Méof + M0 = aa® + agt
(1.4) MY+ 2Mua’s*+ Miaia® + Mf @8 s = ab® + 2aa’ + agé
(1.5) M +3Miu b+ M ab%+ SMena’ak + 8 Mol s st
+2M? b ok i + M s al + M jp o ™
=ac*+3ab* 4 3aa’+ az’ ,
where
&=+ { i} B*
1.6) bi=a'+ {ji} a’s*
¢ =bi+ {5} bk
:gd M, M, etc. are the covariant derivatives of M?; with respect
Gite-

We call a point on the V, a perfectly umbilical point when there
8 a line of curvature passing through the point in each direction.
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Let us consider the equations satisfied by M* and its derivatives
at a perfgctly umbilical point.
As 4* are arbitrary at such a point, we get at first from (1.2)

Mi=ad;, Mp=agp.

hence

1.7 M;.=0, a=0,
because of (1.1) or

(1.8) M= M;¢*=0.

Then (1.3) becomes
Mot =i, o= Ml 2P
glmxl "
and as #* are arbitrary we obtain

Mar9oa)= GiaMpcar
or
(1.9) (Miop+ Mipo) goa+ (Mine+ Mica) gpa+ (Miga+ Miaa) 9o

+(Micat+ Miao) 9ap + (Mipa+ Mia) Gao+ (Miso+ Mict) 9aa
= 9ia(Mpea+ Meay+ Mase) + 9t Maca+ Moaa+ Maqc)
+ i Mapat+ Myga~t+ Maa) + Gia Mape+ Myoa+ Meay) -
Multiplying by ¢g* we get
(1.10)  (n+1) (Mape+ Myco+ Meog)+ Mo 1950+ Myhioo+ M 19
on account of (1.8). Multiplying (1.10) by g,. we get
(1.11) M5=0.
Then multiplying (1.9) by ¢°¢ we get
(n+2) (Mige+ Mipa) —2Mo3;=0.
From these equations, (1.10), and (1.11) we obtain
(1.12) M;=0.
(2) Now Codazzi’s equations in the conformal geometry of Rie-
mannian spaces are the following® :

21) Mjuy— Mg+ ;}T (M%o9:;— M%0gi) — N3C2,,,0:2°02°0,%° =0 .

As at a perfectly umbilical point (2.1) becomes
N,C*,,, 070" ” =0

we can state the following theorem:

Theorem: The Weyl conformal curvature of a Riemannian space
vanishes at a point if at this point in each direction there is a hyper-
surface with the point as a perfectly wmbilical point.

1) K. Yano: Proc. 15 (1939), 340.
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Therefore we consider in the next section the case where V,.; is
conformally flat.
(3) When V,., is conformally flat Codazzi’s equations become

(3.1) Moo= Mt L (Mg~ M) =0,
which give on differentiation

3.2) Mijia— M+ ;L%T (Liugi;— Laga) =0
where

(3.3) Lj.=M%q.

At a perfectly umbilical point (1.4) becomes
M ‘,-,,;a':i a':" d}l=&£ti
because of (1.12) and as & are arbitrary we get

(3.4) Miape9ae> = GicaMpcde: -

As M, is symmetric in k and ! because of Ricci identity and (1.7)
we get from (3.4)

(3.5)  gas(Lea+ Lac) +ga{ Lya+ Las) + gaa Lpe+ Lis)
+9ca(Lap+ Lia) + 9pi(Lac+ Lea) + 9y(Laa+ Laa)

hence

(8.6) n+2) Too=—1(Lop+ Lya) +2Lges ,
where

(8.7 Tii=Mug™ .

On the other hand we obtain from (3.2)

Ty~ Ly+——(Lgs—Li)=0,
n—1

Tei»— Lap~+ p :_l_ 1 (Lgi»— L) =0,
that is, )
Ti=Tep= 2a—1) {n(Li;+ L) —2Lg.;} .

These equations and (3.6) give
(3.8) Twx=0,

3.9) Lab+Lm=%Lgab.

Multiplying (3.4) by g* we get



82 Y. Muto. [Vol. 16,
(n+6) (Miase+ Mipoa+ Micas) +2(Liagso+ LisGea+ Lic§as)
=2{(Las+ Lia) 9ic+ (Lt Ley) 9iat+ (Lot Lac) 9in}
+2 (Mot Misea+ Micas+ Miyoia+ Mo+ M),
because of (8.8). Multiplying by ¢* again we get

(m+4) Ly =2(Lis+ Lai)+ Lgia
hence

(3.10) L,.,.=% Lgs

because of (3.9).
Therefore (3.5) becomes

Mabcd+ anbd"' Madbc+ Mcda,b + Mbdac+Mbcad

4L
= + Gacsat

and as the left side becomes
6 Mapeat+ (Macsa— Masea) +(Madse— Masac) + (Moaas — Meaas)
+ (Macsa— Mapea) + (Moo — Mpaae) + (Mpcas — Meaca)
we obtain, by using (3.2) and (3.10),

6Mopca— L (29052t 29adFsc— 49asgca)
nn—1)
4L
= ac, + C ’
nn+2) (9avGeat Gacba+ Jaddes)
that is,
(311) Myu= L {—29u9ca+1(gacba+ Gaadsc)} -

(n—1)n(n+2)

(8.2) and (8.4) are satisfied by (3.11).
At the point where (1.7), (1.12), and (8.11) are satisfied (1.5) takes
the form
Lai= ('n—l) (n+2) Mijklmﬁjﬁkﬁlﬁm
3 Jap"E

and from the equations obtained by differentiating (1.5) successively we
get the expressions of LbY, Lc?, ete. in terms of 4%, so that we can
solve the differential equations of the lines of curvature passing through
the point with an arbitrary initial values of &, if L3 0. Hence we
obtain the following theorem :

Theorem : At a perfectly umbilical point (1.7), (1.12), and (8.11)
are satisfied. Besides, when L 3c0 these relations are the sufficient con-
ditions for a perfectly wmbilical point.

Especially when V., is flat (3.11) becomes

(3.12) Nt = K(9:i91+ gangir + 9abin) -

+ 24




