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Mathematical Institute, Nagoya Imperial University.
(Comm. by T. TAKAGI, M.LA., July 12, 1943.)

1. Imtroduction. The purpose of the present note is to show that
the simultaneous resolution of the identity for commutative ring of
normal operators may easily be deduced from the theory of normed
ring’ by making use of two elementary lemmas in operator theory
and of Baire’s category theorem. As in the preceding notes®, our
treatment is rather algebraical and integration-free.

2. Preliminaries. Let B denote the totality of bounded linear
operators in a general euclid space . Let a subset A of B satisfy

(1) the commutativity: 7S=ST for T SeAd
and
(2) the conjugated condition: if T e A, then its adjoint T also € A.

Let A’ denote the totality of operators e B that commute with every
operator of 4, then it is easy to see that R=A4"' '=(A’Y is a com-
mutative, conjugated ring with unit and with complex multipliers. R
is a normed ring® by the norm | T} =3}|1§1“ T-fl. Moreover it is easy

to see that R is closed in the sense of the strong convergence .
®) { let a sequence {T.}) < R be such that stronglim T, exist?,

nI o

then the operator T=stror;§, lim T, also belongs to R.

Lemma 1%. Let He B be hermitian, viz. H=H"*, then
4 1H] =|_sfl|1£!![H -fl =l§}15pll H-£,0)].

Lemma 2°. Let TeB and let I denote the identity operator,
then (I+TT?*) admits the inverse (I+TT*)'eB. It is easy to see
that {+TT*) e R in case Te R.

From lemma 1 we obtain

G) ITI=IT*), 1T*|=ITP for every TeR.
Proof. We have, by (4), since H=TT?* is hermitian (=(TT*)*),
ITP=sup(T-f,T-f)=sup [(T*T-£, ) [=IT"TI=ITT*|=|HI. Thus
| TIB=]T*|? and | T??=| T**T?|=)(T*T)*| by the commutativity of R.

1) L Gelfand: Rec. Math., 9 (1941).

2) K. Yosida and T. Nakayama: Proc., 18 (1942) and 19 (1943).

3) R is a Banach space by the norm || 7’| and satisfies | TS| < | T'}- S|

4) stm:golim T»=T means that li_r)n Fnf=T-f strongly for every fe H.
N o0

5) See, for example, F.J. Murray’s book : Princeton (1941), 41.
6) Murray s book, 42.
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Again, by (4), we have ||Hl|‘—sug (H-f, H- f)—supl(H2 L0 1=1H?.
Therefore | T2P=I(T*T)*|=(I T I)* and hence | TZII—“IIT P. Q.E.D.
From (5) we have

(6 llTIl=llT*||=ligV" 1T for TeR.

Proof. At first iITll—hmz’V 1T by (5). And since | T2+ <

117 Tz’”zlléll Tz"“ll IITII we must have (6). Q. E.D.
The ring R is, by (6), semz—szmple viz. R does not contain a

ring-isomorphic (with complex multlphers) to the function ring R(Em)
of complex-valued continuous functions T(M) on the bicompact Haus-
dorff space I which consists of the totality of the maximal ideals
of R:
@ { T T(M), IM)=1 on M, sup|T(M)|=lim VI T=ITI
(by (6)).

We next show that the above correspondence T <> T(M) satisfies
the following two conditions.

T(M) is real-valued on M if and only if T is hermitian.

®) i Thus, in particular, T*(M)=T(M) (bar indicates complex
conjugate).

©) { T(M) is non-negative on M if and only if T is non-negative

definite?.

P_'rggf of (8). Let Te R be hermitian and let T(My)=a-1b,

i=v'—1, with 53¢0. Then the hermitian operator S=(T—al)beR

satisfy (I+S?% (Mg)=1+4+%#=0. Thus the function (I+S? (M) and

hence, by the isomophism R <> R(I), the operator (I+S?% does not
have inverse, contrary to lemma 2. Next let Te R be not hermitian

and let it be decomposed into hermitian components: T= B—Z_'~+

2
7 T;/"T X T;zT 3 0. Then, by the isomorphism R <> R(TR), - 21;T
(M) is not identically zero on . Q.E.D.

For the proof of (9) we need the

Lemma 3. R(IR) is the totality of the complex-valued continuous
functions on IN.

Proof. The function ring R(IM) satisfies i) for any pair M,
M, e M there exists T(M) € R(M) such that T(M,) % T(M,), ii) for any
T(M)e R(M) there exists complex-conjugated function T*(M)=T(M)
e R(?) (by (8)). Thus, by Gelfand-Silov’s abstraction of Weierstrass’
polynomial approximation theorem®, every continuous function on I

1) by Gelfand’s theorem, loc. cit.
2) viz (T'-f,f) = 0 for every fe &.
3) Rec. Math,, 9 (1941). Cf. also H. Nakano: 4 [E#t LRSI, 218 (1941).
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may be uniformly approximated by functions € R(M). Since R is
complete by the norm | T'| which satisfies (7) we have the lemma.
Q.E.D.

Proof of (9). Let T(M)=0 on IR, then the function S(M)=
vV'T(M) belongs to R(IM) by the lemma 3. Hence, by the isomor-
phism R <> R(M) and (8), we have T=S? S=S*e R. Thus (T-f,f)=
(S2-£,/)=(S-f,S-f)=0. Conversely let T be hermitian. We have,
by (8), lemma 3, the isomorphism R <> B(I) and the result just
above obtained, I'=T,— T3, T:- T:=0, T:=non-negative definite, =1, 2.
For the proof we have only to put Ty(M)=sup (T(M ), 0), TAM)=
T(M)—T(M). Let, moreover, T be non-negative defiite, then we
have, by the above, 0 < (TT; f, T:-f)=(—=T%-f, To-N)=(—T3-£.1),
0= (TeT:-f, T2-/)=(T3-f,f) for fe9. Thus (T3-f,f)=0 for feH
and hence T3=0 by (4). Since R is semi-simple, we have T:=0.
Therefore T(M)=Ty(M)=0 on M, as was to be proved. Q.E.D.

Summing up we have the

Theorem. R is ring-isomorphic (with complex multipliers) to the
function ring R(IM) of all the complex-valued continuous functions on
a bicompact Hausdorff space I such that (7), (8) and (9) hold good.

3. The spectral resolution. The simultareous resolution of the
identity of R may now be obtained by essentially the same idea as
in the preceding notes referred to above. For the sake of completeness
we will repeat it.

Lemma 4°. Let a sequence { T} of hermitian operators € R be
such that ' << - < T. <X - < Se B, then the strongwlim T.=T

exists. We have TeR by (3). Here T,<S means that (S—T,) is
non-negative definite.

From lemma 4, theorem and Baire’s category theorem we obtain
the

Lemma, 5”. Let a sequence {T.(M)} of real-valued functions
€ R(M) be such that Ty(M) < To(M) < --- < T.(M) < --- < a constants
all over M. Then, if we put T=strong hm T.. (its existence is assured

by lemma 4 and theorem), we have T(M )= hm T.(M) on I except

possibly on a set of first category.

Now consider the set R'(IR) of all the complex-valued bounded
functions X'(M) on IR such that X’(M) is different from a continuous
function X(M) only on a set of first category. We identify two
functions from R'(MM) if they differ on a set of first category, then
R'(IM) is divided into classes. Since the complementary to a set of
first category is dense on a bicompact Hausdorff space, each class X’
contains exactly one continuous function X(M) which corresponds, by
the isomorphism R <> R(IN), to an element Xe R.

For any TeR and for any complex number z=21-1ix, we put
E.=the elemente R which corresponds to the class E, containing the

1) Yosida and Nakayama: Proc., 18, loc. cit., 560.
2) Yosida and Nakayama : Proc. 18, loc. cit., 559.
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character isticfunction E{(M) of the set gﬁ{fﬁT(M )< 4, FT(M) < p)v.
We have then

| D) =35 i) (B0 M)+ B,

-1t i/lj_l

an-
By yvin M) =B iy (M) < €

on M, if h=—a——==<1H< - <2l,=a=sup | RTM)|, m=—p—
vV 2 M
1%-2—§ S e Spa=p=sup |IJTM)), (sgp (=231 +sup (15— i)
<e. Thus, by the definition of X'(M) and lemma 5, we have
| T =25 A+t (Byvin (M) + By s (M)~

Eyy_pvin(M)—Eyrin,_(MD)| < e

on M, since the complementary to a set of first category is dense on
a bicompact Hausforff space. Therefore, by theorem, we obtain

| 7= 33 Gt i) (Eyin By _yviny = By yring=Bgoin ) | S e

We have thus arrived at the desired resolution of the identity
T=jsz,.

1) Ra and Ja denote respectively the real and imaginary part of a.



