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Abstract

In this paper, we compute the projective class rings of the tensor product
Hu(g) = An(q) ® Ay(g1) of Taft algebras A, (q) and A,(g7!), and its co-
cycle deformations H,(0,q) and H,(1,q), where n > 2 is a positive integer
and g is a primitive n-th root of unity. It is shown that the projective class
rings 7,(H.(q)), p(Hn(0,q)) and r,(H,(1,9)) are commutative rings gen-
erated by three elements, three elements and two elements subject to some
relations, respectively. It turns out that even H,(q), H,(0,q) and H,(1,q) are
cocycle twist-equivalent to each other, they are of different representation
types: wild, wild and tame, respectively.

1 Introduction

Let H be a Hopf algebra over a field K. Doi [18] introduced a cocycle twisted
Hopf algebra HY for a convolution invertible 2-cocycle ¢ on H. It is shown in
[19, 28] that the Drinfeld double D(H) is a cocycle twisting of the tensor product
Hopf algebra H**° @ H. The 2-cocycle twisting is extensively employed in vari-
ous researches. For instance, Andruskiewitsch et al. [1] considered the twists of
Nichols algebras associated to racks and cocycles. Guillot, Kassel and Masuoka
[21] obtained some examples by twisting comodule algebras by 2-cocycles. It is
well known that the monoidal category M of right H-comodules is equivalent
to the monoidal category M of right H’-comodules. On the other hand, we
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know that the braided monoidal category YD of Yetter-Drinfeld H-modules
is the center of the monoidal category M for any Hopf algebra H (e.g., see
[23]). Hence the monoidal equivalence from M* to M gives rise to a braided
monoidal equivalence from q YD to HayDH”. Chen and Zhang [14] described
a braided monoidal equivalent functor from uYDH to HayDHU. Benkart et al. [3]
used a result of Majid and Oeckl [30] to give a category equivalence between
Yetter-Drinfeld modules for a finite-dimensional pointed Hopf algebra H and
those for its cocycle twisting H?. However, the Yetter-Drinfeld module category
#YD! is also the center of the monoidal category g M of left H-modules. This
gives rise to a natural question:

Is there any relations between the two monoidal categories g M and ge M of
left modules over two cocycle twist-equivalent Hopf algebras H and H?? or how
to detect the two monoidal categories y M and po M?

This article seeks to address this question through investigating the represen-
tation types and projective class rings of a family of pointed Hopf algebras of rank
2, the tensor products of two Taft algebras, and their two cocycle deformations.

In the investigation of the monoidal category of modules over a Hopf algebra
H, the decomposition problem of tensor products of indecomposables is of most
importance and has received enormous attentions. Our approach is to explore
the representation type of H and the projective class ring of H, which is a subring
of the representation ring (or Green ring) of H. Originally, the concept of the
Green ring r(H ) stems from the modular representations of finite groups (see [20],
etc.) Since then, there have been plenty of works on the Green rings. For finite-
dimensional group algebras, one can refer to [2, 4, 5, 6, 22]. For Hopf algebras
and quantum groups, one can see [13, 15, 16, 25, 36, 37].

The n*-dimensional Hopf algebra Hy(p, q) was introduced in [8], where nn > 2
is an integer, g € K is a primitive n-th root of unity and p € K. If p # 0,
then Hy(p,q) is isomorphic to the Drinfeld double D(A,(g7!)) of the Taft alge-
bra A,;(q7!). In particular, we have H,(p,q) = Hu(1,9) = D(A,(q7!)) for any
p # 0. Moreover, H,(p,q) is a cocycle deformation of A,(q) ® An(g~!). For
the details, the reader is directed to [8, 9]. Whenn = 2 (g = —1), Ax(—1) is
exactly the Sweedler 4-dimensional Hopf algebra Hy. Chen studied the finite di-
mensional representations of H,(1,4) in [9, 10], and the Green ring r(D(Hy)) in
[11]. Using a different method, Li and Hu [24] also studied the finite dimensional
representations of the Drinfeld double D(H,), the Green ring r(D(H,)) and the
projective class ring p(D(Hy)). They also studied two Hopf algebras which are
cocycle deformations of D(Hy). By [10], one knows that D(Hy,) is of tame repre-
sentation type. By [24], the two cocycle deformations of D(Hy) are also of tame
representation type.

In this paper, we study the three cocycle twist-equivalent Hopf algebras
Hu(g) = An(q) @ An(g71), Ha(0,9) and Hy,(1,q) by investigating their represen-
tation types and projective class rings, where nn > 3. In Section 2, we introduce the
Taft algebras Ay (q), the tensor product H,(q) = An(q) ® An(g~!) and the Hopf
algebras H,(p,q). In Section 3, we first show that #,(g) is of wild representa-
tion type. With a complete set of orthogonal primitive idempotents, we classify
the simple modules and indecomposable projective modules over #,(g), and de-
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compose the tensor products of these modules. This leads the description of the
projective class ring r,(H(q)), the Jacobson radical J(R,(Hn(q))) of the projec-
tive class algebra R, (#H(q)) and the quotient algebra R, (H.(q))/](Ry(Hn(q))).
In Section 4, we first show that H, (0, q) is a symmetric algebra of wild representa-
tion type. Then we give a complete set of orthogonal primitive idempotents with
the Gabriel quiver, and classify the simple modules and indecomposable projec-
tive modules over H; (0, g). We also describe the projective class ring r,(H, (0,9)),
the Jacobson radical (R, (H,(0,9))) of the projective class algebra R,(H,(0,q))
and the quotient algebra R,(H,(0,9))/]J(Ry(Hx(0,9))). In Section 5, using the
decompositions of tensor products of indecomposables over Hy,(1,4) given in
[12], we describe the structure of the projective class ring r,(Hy(1,4)). It is in-
teresting to notice that even the Hopf algebras H,(q), Hn(0,q) and H,(1,q) are
cocycle twist-equivalent to each other, they own the different number of blocks
with 1, n and @, respectively (see [10, Corollary 2.7] for Hy,(1, q)). Hx(g) and
H,(0,q) are basic algebras of wild representation type, but H,(1,q) is not basic
and is of tame representation type. H,(0, ) and H,(1,q) are symmetric algebras,
but H,(q) is not.

2 Preliminaries

Throughout, we work over an algebraically closed field K. Unless otherwise
stated, all algebras, Hopf algebras and modules are defined over K; all modules
are left modules and finite dimensional; all maps are K-linear; dim and ® stand
for dimg and ®x, respectively. Given an algebra A, A-mod denotes the category
of finite-dimensional A-modules. For any A-module M and nonnegative integer
[, let IM denote the direct sum of [ copies of M. For the theory of Hopf algebras
and quantum groups, we refer to [23, 29, 31, 34]. Let Z denote all integers, and
Zy,=2Z/nZ.

Let H be a Hopf algebra. The Green ring r(H) of H can be defined as fol-
lows. r(H) is the abelian group generated by the isomorphism classes [M] of M in
H-mod modulo the relations [M @& V| = [M] + [V]. The multiplication of »(H) is
given by the tensor product of H-modules, that is, [M][V]| = [M ® V]. Then r(H)
is an associative ring. The projective class ring r,(H) of H is the subring of r(H)
generated by projective modules and simple modules (see [17]). Then the Green
algebra R(H) and projective algebra R, (H) are associative K-algebras defined by
R(H) := K®zr(H) and Ry(H) := K®zr,(H), respectively. Note that 7(H) is a
free abelian group with a Z-basis {[V]|V € ind(H)}, where ind(H) denotes the
category of finite dimensional indecomposable H-modules.

The Grothendieck ring Go(H) of H is defined similarly. Gy(H) is the abelian
group generated by the isomorphism classes [M] of M in H-mod modulo the
relations [M] = [N] + [V] for any short exact sequence 0 - N - M — V — 0 in
H-mod. The multiplication of Gy(H) is given by the tensor product of H-modules,
thatis, [M][V] = [M ® V]. Then Gy(H) is also an associative ring. Moreover, there
is a canonical ring epimorphism from r(H) onto Go(H).

Let n > 2 be an integer and q € K a primitive n-th root of unity. Then the
n?-dimensional Taft Hopf algebra A,(q) is defined as follows (see [35]): as an
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algebra, A,(q) is generated by g and x with relations
g"=1,x"=0, xg = qgx.
The coalgebra structure and antipode are given by

Ag) =g®g Alx)=x8g+10x, eg) =1 e(x) =0,
S(g) =g t=g""1 S(x)=—xg7t=—q1¢g" .

Since ¢! is also a primitive n-th root of unity, one can define another Taft Hopf
algebra A, (g7 '), which is generated, as an algebra, by g; and x; with relations
g1 =1, xf =0and x191 = q_l g1x1. The coalgebra structure and antipode are
given similarly to A, (q). Then A,(g~1) = A,(q)°P as Hopf algebras.

The first author Chen introduced a Hopf algebra H,(p,q) in [8], where
p,q € K and g is a primitive n-th root of unity. It was shown there that H,(p, q)
is isomorphic to a cocycle deformation of the tensor product A,(q) ® A,(g71).

The tensor product A,(q) ® A, (g~ !) can be described as follows. Let H,(q)

be the algebra generated by a, b, c and d subject to the relations:

ba = qab, db=10bd, ca=ac, dc=gqcd, cb=bc,
a" =0, =1, =1, d"=0, da = ad.

Then H,(q) is a Hopf algebra with the coalgebra structure and antipode given by

AN@)=a®@b+1®a, e(a)=0, S(a) =—ab~! = —ab"!,
Ab) =b®D, e(b) =1, S(b) =b"1=0p""1,
A(c) =c®ec, e(c)=1, S(c)=c =",
Ad)=d®c+1®d, ed) =0, S(d)=—dc!=—dc" L

It is straightforward to verify that there is a Hopf algebra isomorphism from
Hu(g) to Ap(q) @ Ay(g ) viaa —» 1®x, b~ 1®g,c— g®landd — x® 1.
Obviously, H,(q) is n*-dimensional with a K-basis {a'bicld¥|0 <, j,Lk<n—1}.

Let p € K. Then one can define another n*-dimensional Hopf algebra Hy(p, q),
which is generated as an algebra by a4, b, c and d subject to the relations:

ba = qab, db =gqbd, ca =qac, dc=qcd, bc=cbh,
a*=0, V=1 "=1  d"'=0, da—qgad=p(l-—Dbc).

The coalgebra structure and antipode are defined in the same way as H,(q)
before. H,(p,q) has a K-basis {a'b/c'd*|0 < i,j,,k < n—1}. When p # 0,
Hu(p,q) = Hu(l,q9) = D(An(q7")) (see [8,9]). If n = 2 (3 = —1), then
Hy(1,—1) = D(Hy4), and H,(0, —1) is exactly the Hopf algebra A in [24].

By [8, Lemma 3.2], there is an invertible skew-pairing 7, : A,(q) ® A, (q7!) —
K given by 1,(g'x/, x5¢}) = 6;p/q" (j)!, 0 < i,j,k,I < n. Hence one can form a
double crossproduct A,(q) >, Au(g~1). Moreover, A,(q) Dz, Au(g™1) is iso-
morphic to H,(p,q) as a Hopf algebra (see [8, Theorem 3.3]). By [19], T, induces
an invertible 2-cocycle [7,] on A, (q) ® An(g~1) such that A,(q) ¢, Au(q7!) =

(An(g) @ An(g~1))[™]. Thus, there is a corresponding invertible 2-cocycle 0p on
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Hn(q) such that H,(9)’? = H,(p,q) as Hopf algebras. In particular, we have
Ha(q)? = Hy(0,q9) and H,(q)r = Hy(1,q). In general, if ¢ is a convolution
invertible 2-cocycle on a Hopf algebra H, then ¢! is an invertible 2-cocycle on
HY? and (H")‘f1 = H (see [7, Lemma 1.2]). More generally, if ¢ is an invertible
2-cocycle on H and 7 is an invertible 2-cocycle on HY, then T ¢ is an invertible
2-cocycle on H and H™7 = (H”)7 (see [7, Lemma 1.4]). Thus, the Hopf algebras
Hn(q), Hu(0,9) and H,(1,q) are cocycle twist-equivalent to each other.

Throughout the following, fix an integer n > 2 and let g € K be a primitive
n-th root of unity. For any m € Z, denote still by m the image of m under the
canonical projection Z — Z, = Z/nZ.

3 The Projective Class Ring of 1, ()

In this section, we investigate the representations and the projective class ring of
Hn(q), or equivalently, of A,(q) ® An(g71).

Let A be the subalgebra of H,(g) generated by a and d. Then A is isomorphic
to the quotient algebra K[x,y|/(x",y") of the polynomial algebra K|x, y] mod-
ulo the ideal (x",y") generated by x” and y". Let G = G(Hx(q)) be the group
of group-like elements of H,(q). Then G = {b'c/|i,j € Z,} = Z, x Z,, and
KG = Hu(q)o, the coradical of H,(g). Clearly, A is a left KG-module algebra
with the action givenby b-a = gqa,b-d =d,c-a = aand c-d = g~ 'd. Hence
one can form a smash product algebra A#KG. It is easy to see that #,(q) is iso-
morphic to A#KG as an algebra. Since n > 3, it follows from [33, p.295(3.4)] that
A is of wild representation type. Since char(K) { |G|, KG is a semisimple and
cosemisimple Hopf algebra. It follows from [26, Theorem 4.5] that A#KG is of
wild representation type. As a consequence, we obtain the following result.

Proposition 3.1. H,(q) is of wild representation type.
H,(g) has n? orthogonal primitive idempotents
eij = 23 Ykiez, 4 * I = 5 ZZI:lo gk, Q€ Z,
Lemma 3.2. Leti,j € Z,. Then
beij = q'ei), ceij = qleij, aei; = eiya, dejj = ejj 1d.
Proof. It follows from a straightforward verification. m

For i,j € Zpy, let S;; be the one dimensional #,(q)-module defined by
bv = g'v,cv = glvand av = dv = 0, v € S;;. Let P;; = P(S;;) be the projec-
tive cover of S; ;. Let | = rad(#,(q)) be the Jacobson radical of H,(q).
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Lemma 3.3. The simple modules S;;, i,j € Zy, exhaust all simple modules of H,(q),
and consequently, the projective modules P ;, i,] € Zy, exhaust all indecomposable pro-
jective modules of H,(q). Moreover, P;; = H,(q)e; j for all i,j € Zy.

Proof. Obviously, atH,(q) = Hn(q)a and dH,(q) = Hu(q)d. Since a" = 0 and
d" =0, Hn(q)a+ H,(q)d is anilpotent ideal of H, (). Hence H,(q)a + H,(q)d C
J. On the other hand, it is easy to see that the quotient algebra H,(q)/(H(q)a +
H,(q)d) is isomorphic to the group algebra KG, where G = G(H,,(q)) = {b'c/|0 <
i,j < n—1}, the group of all group-like elements of H,(g). Since KG is semisim-
ple, | € Hu(q)a + Hn(q)d. Thus, ] = Hu(q)a + Hn(q)d. Therefore, the simple
modules S;; exhaust all simple modules of H,(q), and the projective modules
P; ; exhaust all indecomposable projective modules of H,(q), i,j € Z,. The last
statement of the lemma follows from Lemma 3.2. n

Corollary 3.4. H,(q) is a basic algebra. Moreover, | is a Hopf ideal of H,(q), and the
Loewy length of H,(q) is 2n — 1.

Proof. Tt follows from Lemma 3.3 that #,(q) is a basic algebra. By | = H,(q)a +
Hn(q)d, one can easily check that | is a coideal and S(J) C J. Hence ] is a Hopf
ideal. By a"~! # 0and d"~! # 0, one gets (H,(q)a + Hn(q)d)**~? # 0. By
a" = d" = 0, one gets (Hu(q)a + Hn(q)d)>"~1 = 0. It follows that the Loewy
length of H,(q) is 2n — 1. n

In the rest of this section, we regard that P; ; = H,(q)e; j for all i,j € Z,.

Corollary 3.5. P;; is n?-dimensional with a K-basis {akdle,-,]-|0 < k1 < n—1},
i,j € Zy. Consequently, H,(q) is an indecomposable algebra.

Proof. By Lemma 3.2, P;; = span{akdlei,]-|0 < k1 < n—1}, and hence
dimP; ; < n?. Now it follows from H,(q) = ®j jcz, Hn(q)e;j and dimH, (q) = n*
that P, ; is n®>-dimensional over K with a basis {a*d'¢; ;|0 < k,I < n—1}. Then
by Lemmas 3.2-3.3, one knows that every simple module is a simple factor of P ;
with the multiplicity one. Consequently, H,(g) is an indecomposable algebra. =

Given M € H,(q)-mod, for any « € K and u,v € M, we use u —+ v (resp.

o .
u --» v) to represent a - u = av (resp. d-u = av). Moreover, we omit the
decoration of the arrow if & = 1.

Fori,j € Z,, let ei-(”]-l = akdleilj inP;,0< k,1 < n — 1. Then the structure of P ;
can be described as follows:
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Proposition 3.6. Si’]‘ ® Sk = Si+k,j+l and Si,]' QP = P ® Si’]‘ = Pi+k,j+lfor all
ik 1€ Zy.

Proof. The first isomorphism is obvious. Note that Sy g is the trivial H,(g)-module.
Since | is a Hopf ideal, it follows from [27, Corollary 3.3] and the first isomor-
phism that P ® Si,]' = Poo ® S ® Si,]' = Poo® Si+k,j+l = Pi+k,j+l' Similarly,
one can show that S;; ® Py, = P i1, which also follows from the proof of
[17, Lemma 3.3]. [ |

Proposition 3.7. Let i,j,k,1 € Zy. Then P;j @ Py; = @y ez, Prt-

Proof. By Proposition 3.6, we only need to consider the case of i = j = k =
I = 0. For any short exact sequence 0 -+ N — M — L — 0 of modules, the
exact sequence 0 — Py @ N — Pjo® M — Pyp® L — 0 is always split since
Py o ® Lis projective for any module L. By Corollary 3.4 and the proof of Corollary
3.5, [Poo] = Srtez,[Srt] in Go(Hn(q)). Then it follows from Proposition 3.6 that
Poo ® Pop = @y tez,Poo ® Srt = @y ez, Pri, which is isomorphic to the regular
module H,(g). n

By Propositions 3.6 and 3.7, the projective class ring r,(#,(q)) is a commuta-
tive ring generated by [S1 0], [So1] and [Pyp] subject to the relations [S10]" = 1,
[So1]" = 1 and [Pyp]?> = foj_:lo[sl,o]i[so,ﬂj [Po]- Hence we have the following
proposition.

Theorem 3.8. r,(Hu(q)) = Z[x,y,z]/ (x" —1,y" — 1,2* — ZZ]'_:lo x'yz).

Proof. By Propositions 3.6 and 3.7, r,(H,(q)) is a commutative ring. Moreover,
rp(Hn(q)) is generated, as a Z-algebra, by [S1], [So1] and [Pyp]. Therefore, there
exists a ring epimorphism ¢ : Z[x,y,z] — r,(Hn(q)) such that ¢(x) = [S10],
¢(y) = [So1] and ¢(z) = [Pogl. Let I = (x" —1,y" —1,2% — X'} x'y/z) be the
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ideal of Z[x, v, z] generated by x" — 1, y" — 1 and z> — sz_:lo x'y/z. Then it follows
from Propositions 3.6 and 3.7 that I C Ker(¢). Hence ¢ induces a ring epimor-
phism ¢ : Z[x,y,z]/1 — r,(Hu(q)) such that ¢ o m = ¢, where 7 : Z[x,y,z] —
Z[x,y,z]/I is the canonical projection Let# = 7m(u) for any u € Z[x,y,z]. Then
¥ =17 =1land Z? = Zl] XYz in Z[x,y,z]/1. Hence Z[x,y,z]/1 is gen-
erated, as a Z-module, by {x'/,X'y/z|i,j € Z,}. Since rp(Hn(q)) is a free Z-
module with a Z-basis {[S; |, [P;;]|i,j € Zn}, one can define a Z-module map
Y ¢ 1(Hal0)) — Zlx,y,2]/1 by $([S;)]) = %7 and y([P,j]) — 7z for any
i,j € Zy. Now for any i,j € Z,, we have (¢(X'y/)) = ¥(¢(x)’ gb( )) =
P([S10]'[So1)) = ([Sij]) = ¥y and p(¢(xX'7Z)) = Y($(X)'P[H)$(2) =
W([S10)/[So1) [Pop]) = Lp([ i) = X iz, This shows that ¢ is injective, and so
¢ is a ring isomorphism. |

Now we consider the projective class algebra R,(#(q)). By Theorem 3.8, we
have

Ryp(Hu(9)) = Klx,y, 2]/ (x" = 1,y" = 1,22 = ] 7 x'yz).
Put [ = (x" —1,y" —1,2% — sz_:lo x'y/z) and let J(K[x,vy,z]/I) be the Jacobson

radical of K[x,y,z|/I. Forany u € K[x,y, z|, let # denote the image of 1 under the
canomcal projection ]K[x Y, z| —> lK[x y, z]/ L. Then by the proof of Theorem 3.8,

m = 1 " = land 22 = Zl,]: ¥z, one gets (1 —x)z2 = (1 —y)z = 0 and

o ((1-%)z)? = ((1 —y)z)*> = 0. Consequently, the ideal ((1 — %)z, (1 — ¥)z)
of K]x,y,z]/I generated by (1 — X)z and (1 — ¥)z is contained in J(K [x y,z]/1).
Moreover, dim((K[x,y,z]/I)/((1 — %)z, (1 — %)z) = n*> + 1 and

(Klx,y,2]/1)/((1 = %)z, (1—37))
=~ Klx,vy,z]/(x" —1,y" — 1,22 — nz, (1 — x)z, (1 — y)z).

Let 77 : K[x,y,z] — K[x,y,z]/(x" —1,y" — 1,22 — n?z,(1 — ) (1 — y)z) be the
canonical projection. For any integers k,I > 0, let fi; = n2 S = qu”rl]x y in
K[x,y, z]. Then a straightforward verification shows that

{7(fir), (fox)s m(foo — 3p2), M) <k <n—-1,0<1 <n—1}

is a set of orthogonal idempotents, and so it is a full set of orthogonal primitive
idempotents in K[x,y,z]/(x" —1,y" — 1,22 — nz, (1 — x)z, (1 — y)z). Therefore,

Kix,y,z]/(«" = 1,y" — 1,2% — n?z, (1—x)z,(1—y)z) = K"+,

Thus, J(K[x,y,z]/I) C (1 —=%)z,(1 —7)z), and so J(K[x,y,z]/I) = ((1 — %)z,
(1 —¥)z). This shows the following proposition.

Proposition 3.9. Let [(R,(H.(q))) be the Jacobson radical of Ry(Hn(q)). Then
J(Rp(Hn(q))) = (1 = [S1,0])[Po,0l, (1 = [So,1]) [Poo]) and

Ryp(Hn(q))/J(Rp (Hn(q)))
~ K[x,y,z]/(x" —1,y" — 1,22 — n?z, (1 — x)z, (1 — y)z) = K"+
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4 The Projective Class Ring of H,(0,9)

In this section, we investigate the projective class ring of H, (0, g).
Proposition 4.1. H,(0,q) is a symmetric algebra.

Proof. By [8, Proposition 3.4] and its proof, H,(0,q) is unimodular. Moreover,
S%(a) = qa, S*(b) = b, S?*(c) = c and S?(d) = g~ 'd, where S is the antipode
of H,(0,q9). Hence S?(x) = bxb~! = cxc™! for all x € Hy,(0,q). That is, S
is an inner automorphism of H,(0, g). It follows from [27, 32] that H,(0,q) is a
symmetric algebra. m

Note that #,(g) is not symmetric since it is not unimodular.
Proposition 4.2. H,(0, q) is of wild representation type.

Proof. Tt is similar to Proposition 3.1. Let A be the subalgebra of H,(0,q) gen-
erated by 4 and d. Then A is a KG-module algebra with the action given by
b-a=gqa,b-d=q'dc-a=gqgaandc-d = g 'd, where G = G(H,(0,9)) =
{bidlli,j € Zn} = Z, x Z,. Moreover, A = K(x,y)/(x",y",yx — gxy) and
H,(0,q9) = A#KG, as K-algebras. Since n > 3, it follows from [33, p.295(3.4)]
that A is of wild representation type. Since KG is a semisimple and cosemisim-
ple Hopf algebra by char(K) 1 |G|, it follows from [26, Theorem 4.5] that A#KG
is of wild representation type. m

H, (0, q) has n? orthogonal primitive idempotents
e = & Shicz, g %k = 1 ZZ,Z_:lo g k=ilvkl, i, € Z,.
Lemma4.3. Leti,j € Z,. Then
beij = q'eij, ceij = qleij, ae;j = eii1j11a, dejj = ei_1j 1d.
Proof. It follows from a straightforward verification. m

Fori,j € Zy, let S;  be the one dimensional H,(0,q)-module defined by bv =
g'v,co =glvandav =do =0,v € Si;- Let P ; = P(S; ;) be the projective cover of
Sij- Let ] = rad(H,(0,q)) be the Jacobson radical of Hy, (0, g).

Lemma 4.4. The simple modules S;j, i,j € Zy, exhaust all simple modules of H,(0,q),
and consequently, the projective modules P;j, i,] € Zy, exhaust all indecomposable pro-
jective modules of Hy(0,q). Moreover, P;j = Hy(0,q)e;j foralli,j € Zy.

Proof. It is similar to Lemma 3.3. n

Corollary 4.5. H, (0, q) is a basic algebra. Moreover, | is a Hopf ideal of H, (0, q), and
the Loewy length of H,(0,q) is 2n — 1.

Proof. 1t is similar to Corollary 3.4. n
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Let ¢; = 27 1el+],] = %27;01 g~ bic7i, i € Z,. Then by Lemmas 4.3 and
4.4, {ej|li € Z,} is a full set of central primitive idempotents of H,(0,4). Hence
H,(0,q) decomposes into n blocks H,(0,9)e;, i € Zy.

In the rest of this section, we regard that P;; = Hy(0,q)e; ; for all i, j € Z,.

Corollary 4.6. D;; is n*-dimensional with a K-basis {a*d'e; ;|0 < k,I < n—1},
i,j €z,

Proof. 1t is similar to Corollary 3.5. n

Fori,j € Z,, let ef'].l = akdle; jin P; ;. Using the same symbols as in the last
section, the structure of P; ; can be descrlbed as follows:

0,0
el"]‘
"4 N
10 0,1
e’
z] g i,j
1’4 \‘J
el
v g q
\/ AY -
e:z] 2,0qn_2 . [] e?]n 2
v . M
n—1,0 n—2,1 : 1,n—2 on—1
€ij q" 1 Gij qn_z - € L]
k ' P v b
n—1,1 ) 1,n—1
e .
i,j n—1 .oon—2 L
q a7, )
en—2,n—2
qﬂ*l 1/] qn_z
v v
n—1,n-—2 n—2n—1
€ij g €ij
eﬁfl,nfl

i,j

Proposition 4.7. The n blocks H,(0,q)e;, i € Z,, are isomorphic to each other.

Proof. Let i € Z,. Since ¢; = Z;’:_Ol eivjj Hu(0,q)ei = &/, 1H,(0, q)eiyj; as
H, (0, q)-modules Then by Corollary 4.6, dim(H,(0,q)e;) = n. By Lemma 4.3,
one gets be; = g'ce;. Tt follows that H,(0,q)e; = span{a/d*ble;|0 < j,k,1}, and so
{ald*be;|0 < j,k, 1} is a K-basis of H,(0,q)e;. Let B be the subalgebra of H,(q)
generated by a, b and d. Then one can easily check that the block H,(0,q)e; is
isomorphic, as an algebra, to the subalgebra B of H, (0, g). Thus, the proposition
follows. u
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Leti € Z, be fixed. For any j € Z,, let € = eirj;- Then the Gabriel quiver
Q = (Qo, Q1) of the block H, (0, q)e; is given by

where for j € Z,, the arrows a;, B; correspond to ae;, de;, 1, respectively. The
admissible ideal I has the following relations:

Biaj —qaj-1Bj-1 =0, aj 1) &jp1a; = 0, Bj_(n_1y - Bj-1Pj = 0, j € Zn.

Proposition 4.8. Si’]‘ ® Sk = Si+k,j+l and Si,]' QP = P ® Si’]‘ = Pi+k,j+lfor all
i k1€ Zy.

Proof. It is similar to Proposition 3.6. ]
Proposition 4.9. Leti,j, k,I € Z,. Then Pi’]‘ ® Py = @teZ,1nPi+k+t,j+l+t-

Proof. Ttis similar to Proposition 3.7. Note that [Pog] = 31— n[St ] in Go(H,(0,9))
by Corollaries 4.5 and 4.6. m

Theorem 4.10. 7,(H,(0,9)) = Z[x,y,z]/(x" = L y" — 1,22 —n 3", | x'z).

Proof. It is similar to Theorem 3.8. Note that r,(H,(0,q)) is a commutative ring
generated by [S11], [So1] and [Py ]

Now we consider the projective class algebra R,(H,(0,4q)). By Theorem 4.10,
we have

Ry(Hu(0,9)) 2 K[x,y,z]/(x" — Ly" — 1,22 — n Y1)} x'z).

Put I = (x" — 1Ly" — 1,22 — n " x'z) and let J(K[x,y,z]/I) be the Jacob-
son radical of K]x,y,z]/I. For any u € K|x,y,z|, let # denote the image of u
under the canonical projection K|x,y,z] — K]x,y,z]/I. Then by Theorem 4.10,
K|[x,vy,z]/I is of dimension 2n? with a K-basis {¥'y/, Xj/Z|i,j € Z,}. Since ¥" = 1
and z> = nY."" ) x'z, one gets (1 — ¥)z2 = 0, and so ((1 — ¥)z)?> = 0. Conse-
quently, the ideal ((1 — X)z) of K[x, y,z]/I generated by (1 — X)Z is contained in
J(K[x,y,z]/I). Moreover, dim((K[x,y,z|/I)/((1 —%)z)) = n(n+1) and

(K[x,y,2]/1)/((1 —=%)Z) 2 K[x,y,z]/(x" —1,y" —1,2* —n’z, (1 — x)z).
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Let 7 : K[x,y,z] — K|x,y,z]/(x" — 1, y" —1 z2 —n z,(1—x)z) bethecanonical
projection. For any integer k > 0, let f; = - Zl o ghixt and g = Zl” 3 "yt in

K[x,y, z]. Then a straightforward verification shows that

{7 (frgr), 1((fo— 52)1), m(Hzg) 1 <k <n—1,0<1<n—1}

is a set of orthogonal idempotents, and so it is a full set of orthogonal primitive
idempotents in K[x,y,z]/(x" —1,y" — 1,z% — n?z, (1 — x)z). Therefore,

K[x,y,z]/(x" —1,y" — 1,22 — n?z, (1 — x)z) = K"+,
It follows that J(K]x,y,z]/I) C ((1 —%)z), and so J(K[x,y,z]/I) = ((1 — X)Z).

This shows the following proposition.

Proposition 4.11. Let J(R,(H,(0,q))) be the Jacobson radical of R,(Hy(0,q)). Then
J(Rp(Hn(0,9))) = ((1 = [S11])[Po,]) and

Ry (Hn(0,9))/J(Rp(Hn(0,9)))
~ Klx,y,z]/(x" —1,y" — 1,22 — n?z, (1 — x)z) = K"(+1),

5 The Projective Class Ring of H,(1,9)

In this section, we will study the projective class ring of H,(1,4). The finite
dimensional indecomposable H, (1, g)-modules are classified in [9, 10]. There are
n? simple modules V (I, 7) over H,(1,q), where 1 <! < nand r € Z,. The sim-
ple modules V(n,r) are both projective and injective. Let P(,r) be the projective
cover of V(I,r). Then P(l,r) is the injective envelope of V(I,r) as well. Moreover,
P(n,r) 2 V(n,r).

Note that M ® N = N ® M for any modules M and N since H,(1,4) is a
quasitriangular Hopf algebra. For any t € Z, let c(t) := [55] be the integer
part of 1. That is, c(t) is the maximal integer with respect to c(t) < &1 Then
c(t)+c(t—1) =

Convention: If @©;<;<,,M; is a term in a decomposition of a module, then it
disappears when | > m.

Lemmab5.1. Let 1 < L' <nandr, v € Z,.

(1) V(l,r)@V(l,r) (l r+1').

2)V(1,r)@P(,r) =2 P(Lr+7).

Bl <Vandl+1' < n+1,then V(L)@ V({I,r) 2 &'ZvI+1 —1-2i,

r+r' 41).

@ Ifi<landt =141 — (n+
(

( ) > 0, then
ViLryeVvl,r) =

1

Di_oyPU+1 =1 =2i,r+1" +1))
S(Prrr<icta VI A+ =1 =2i,r+ 1 +1)).

B)IfFI <V <nand 1 +1' < n, then V(L,r) @ P(I',r') = @!ZP(I+ 1" —1-2i,

r—+r1 +1).

O)IfI<!I <nandt=141"—(n+1) >0, then

S(@IL P+ —1-2i,r+7 +1)).
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() IfFI' <l <nandl+1" < n, then

V()@ P, 1) = (@ P+ —1-2i,r+7 +i))
(B 2P(n + 1+ 1 =1 =2i,r +1' +1)).

1=c
B)IfI' <l <nandt=1+1"—(n+1) >0, then

ViLryoPl,r) = (D, (s p2P(I+1'—1=2i,r+7 +1))
S(@ L P+ —1—2i,r+1 +i))

@(@f:g(m/—nzp(” I+ =1=2i,r+7" +1)).

(9) Ifl < n, then

V(n,r)®@P(l,7) = (@5;}( 12 Pn+1—1-2i,r+7 +1))
c(n—1I

1—
®(or] 2 )P(l—1—|—21r—|—r —1)).
(10) IfI < V' <nand 141" < n, then

P(LLry@ P(I',7)= (& 5 éZP(Z+Z/—1—2ir+r +i)
O (D f*ﬂ DPm+1+1 —1-2i,r+7 +1i))
®(@Cl/+l 1)<i<l/'— AP(n+141—1-2i,r+71 +1))

(@1< <i<e(n—1- l’)4p(l+l —142i,r+1 —1)).

D

A IfI<!U <nandt =141 —(n+1) >0, then

P(LT)@P(Z’/;*’)% ( 4P(l—|—l 1247 +i))
@( i= t+12P(l+l'—1—21 r4r 1))
B! 2P(n+1+1' —1— 20,7+ +1))
D(De(ryi-1)<i<r—14P(n + 1 +1" =1 =2i,r + 1 +1)).

Proof. It follows from [9, 12]. [ |

By Lemma 5.1 or [12, Corollary 3.2], the category consisting of semisimple
modules and projective modules in Hy(1,g)-mod is a monoidal subcategory of
H,(1,q)-mod. Therefore, we have the following corollary.

Corollary 5.2. r,(Hy(1,q)) is a free Z-module with a Z-basis {[V (k,7)], [P(I,7)]|1 <
k<n1<Il<n—-1,r€Z,}

Lemmab5.3. Let2 <m <n—1. Then

V(2,0)%m = @2l m2il (M (4 41 — 24, ).

Proof. By Lemma 5.1(3), one can easily check that the isomorphism in the lemma

holds for m =2 and m = 3. Now let 3 < m < n — 1 and assume

V(2,0020m) 2= @z mi -ty gy o )

m— 1
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If m = 2l is even, then by the induction hypothesis and Lemma 5.1(3), we have
V(2,0)®™ V(2,0) ® V(2,0)®(m-1

G 1)V(z,o) ® V(21 —2i,i)

L2202y (Y (2] 41— 2i,i) @ V(2] — 1 —2i,i + 1))

2 (21 1)V(1 l)

Eﬁifm@
Y+ 2222 v (21 + 1 - 2i,1))
GEHv

(&; @ﬁ%i

@2+1,0)8 2,

(G132 GV (@ +1-2i,))
) ..

o (Vv (2l +1-2i,0)

] .
B, 2Bt L=2L (" V (m 4+ 1 — 2i,1).

69

1121 1l

<69

12
< EB

69

I
ﬁ@

112

If m = 2] 4 1 is odd, then by the same reason as above, we have

V(2,0)®m
= (2 0) ® V(2,0)%!
= 121 2hy (o, 0)®V(21—|—1—21 )

z 02[4+1—7 \i

= (@ A V@I +2 - 2i) @ V(2 - 20,i+1)) @ 5 ()V(2,1)
= (@ f 0T %Z(ZII)V(2Z+2—21/1))@(@5 VIRV (2l = 2ii+ 1))
> (@l 02211111 %l(zzl)v(zhrz 2i,1)) ® (Bl 12211+32 211(1311) (21 +2 —2i,i))
>~ V(2 +2,0)® (@ (T + 252 (2)) V(21 +2 - 2i,0))
= Sﬂii% illﬁg?eﬁw(m+z 2i,1))
= 1 0 2[4+2— 1( i )V(21+2 21 l)
= 1[20’;‘;11 211( YW(m—+1-—2i,i). -

Throughout the following, let x = [V/(1,1)] and y = [V(2,0)] inr,(Hx(1,9)).
Corollary 5.4. The following equations hold in r,(H,(1,q)) (or r(Hu(1,4))):

(1) x" = 1and [V(m,i)] = x'[V(m,0)] forall 1 <m < nandi € Z;

(2) [P(m,i)] = x'[P(m,0)] forall1 <m < nand i € Z;

(3) y[V(n,0)] = x[P(n —1,0)},

(4) y[P(1,0)] = [P(2,0)] +2x[V(n,0)];

(5) y[P(n —1,0)] =2[V(n,0)] +x[P(n —2,0)];

(6) y[P(m,0)] = [P(m+1,0)] + x[P(m —1,0)] forall2 <m <n—2;

(7) [V(m+1,0)] = y™ Zlml M2 (M) x [V (m + 1 —21,0)]f0ra112 <m < n.

Proof. 1t follows from Lemmas 5.1 and 5.3. |
Proposition 5.5. The commutative ring r,(Hy(1,q)) is generated by x and y.

Proof. Let R be the subring of r(H,(1,q)) generated by x and y. Then
R € rp(Hu(1,q)). By Corollary 5.4(1), one gets that [V(1,i)] = xi € R and
V(2,i)] = xy € Rforalli € Z,. Now let2 < m < n and assume [V (1,i)] €

for all 1 < m and i € Z,. Then by Corollary 5.4(1) and (7), one gets that

I <
V(m+1,0)] = [@wmon=M/—iﬂ%ﬂjQWme+1—m>1
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R for alli € Z,. Thus, we have proven that [V (m,i)] € Rforall 1 < m < n and
i € Zy. Inparticular, [V (n,i)] € Rforalli € Z,.

By Corollary 5.4(2) and (3), [P(n — 1,i)] = x/[P(n —1,0)] = x'~1y[V(n,0)] € R
for all i € Z,. Then by Corollary 5.4(2) and (5), [P(n — 2,i)] = x'[P(n —2,0)] =
xi=1(y[P(n —1,0)] — 2[V(n,0)]) € Rforanyi € Z,. Nowlet1 < m < n—2
and assume that [P(,i)] € Rforallm < I < nand i € Z,. Then by Corollary
5.4(2) and (6), we have [P(m —1,i)] = x'[P(m —1,0)] = x'~Y(y[P(m,0)] — [P(m +
1,0)]) € R. Thus, we have shown that [P(m,i)] € Rforall1 < m < n and
i € Zy. Then it follows from Corollary 5.2 that R = r,(H,(1,q)). This completes
the proof. m

Lemma 5.6. (1) [V(m,0)] = Zl[mTol]( DI )iy 12 forall 1 < m <
(2) Let 1 <m <n—1. Then

[P(m,0)] = (543 | (—1) g ("= xmiyn=m=2) [ (1, 0)].
Proof. (1) It is similar to [38, Lemma 3.2].

(2) Note that 2= ("~"~1) js a positive integer for any 1 < m < n —1 and
0 < i < [55"]. We prove the equality by induction on n —m. If m = n —1,
then by Corollary 5.4(1) and (3), [P(n — 1,0)] = x~y[V(n,0)] = x""1y[V(n,0)],
as desired. If m = n — 2, then by Corollary 5.4(1) and (5), we have [P(n — 2,0)] =
x y[P(n —1,0)] —2x71[V(n,0)] = (x"2y?> —2x" " 1)[V(n,0)], as desired. Now
let1 < m < n—2. Thenby Corollary 5.4(1) and (6), and the induction hypotheses,
we have
Pn0) = P 10) - PG +2,0)
n—m—1 4 . Y

(g (- 1 e (- 1,

NS (D R (a1 (1, )
m— } B

Y
= (Sisg LRy 2 v (n,0))
)

m}(_l)z n—m—2 (n m_ll ')xm+z n—m—2i [V( )]

—1] nml [

n

n—m—1—1i

], and hence

Zizoiim(_l)i%(rt ml 1- l)xm+iyn—m—2i
+ Zz[:yi ](_1[);nr;]—nfi—lzi(n—1l11—11—1)xm+zyn—’m—2z
— xm]/n_m+2':T1 (_1)1'( n—m—1 (n—ml—l—z)
n—m—2 (nl—m—ll l)) mﬁz% 1mIZz l
i

n—m—i\ m—+i, n—m—2i
i )x y ¢

—_
—_
N—
S
e
3|
|§
—

”_’;_2 [%5™] — 1, and hence

Zi:oz ](_1)1' n—m—1 (n ml 1- l)xm+iyn—m—2i

+Zi—21 ](_1)1 n—m— 2'(n_?1__11_1)xm+iyn_m_2i
_ n_mj_q . o L
= xmyn m_i_zl[:zl ] (_1)l(nnmm111(n ml 1 z)

n—m n+m

n—m—zl(n—r.n—l 1))xm+zyn m— 21-|—( 1)z 2x 2

= v 2 ](_1)1' n—m.(n m— l)xm+zyn—m—21.

1
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[Tl*m

Therefore, [P(m,0)] = (Zi:TO](—l)i nom_ (=i ytiyn—m=20[y/ (5 ()], ]

n—m—i

i
Proposition 5.7. In r,(Hy(1,q)) (or r(H,(1,q))), we have

(7]

(SiZo(=1) R ("T)aly 2 = 2)(5;
Proof. By Lemma 5.6(2), we have

y[P(L0)] = (5,55 (—) L (" )xy ) [V (n,0))

On the other hand, by Corollary 5.4(4) and Lemma 5.6(2), we have

x~ly[P(1,0)] = «x 1P22 0)] +2[V(n,0)]
(D (1 (T Dy 2 )V, 0)]

n—2—i
2 (m1)i 12 (A iy =24 9)[Y (1, 0)].

(1) (T iy 2) [V (n, 0)]
2 (Ll iyn=2i 4 9)[V(n,0)],

(£ (DL a2
~ o ()RR Dy~ )V, 0)] = 0.

n-1 . . n T N
Zz[fz() }(_1)17171;11(71 11 l)x yn 2i _Zz[i]l( 1)1 1nn lzz(ni—ll z)xzyn 2i )
— 21[1}0(_1)1'”711'(11 l)x ]/n 2 _ o
Thus, the proposition follows from Lemma 5.6(1). n
Corollary 5.8. {x'y™|0 <1< n—1,0<m < 2n—2}isaZ-basis of rp(Hu(1,9)).

Proof. By Corollary 5.4(1), x* = 1. By Proposition 5.7, we have

yPrl= ZE](—1>"(”_3 ) iy 212
LY O ) L L PV i e W
(b (1) Ty =2 (3D iy,
Then it follows from Proposition 5.5 thatr,(H,(1,q)) is generated, as a Z-module,
by {x'y™|0 < —1,0 < m < 2n—2}. By Corollary 5.2,7,(Hu(1,9)) is a free

Z-module of rank n(2n —1), and hence {x'y"|0 <1 <n—1,0<m<2n—2}is
a Z-basis of r,(Hy(1,9)). n



The Projective Class Rings of a family of pointed Hopf algebras 709

Theorem 5.9. Let Z[x,y] be the polynomial ring in two variables x and y, and I the
ideal of Z|x,y| generated by x" — 1 and

[3]

(i1 35 (" )ty = 25,5 (1) )y 1),
Then r,(Hy, (1, q)) is isomorphic to the quotient ring Z[x,y|/1.

Proof. By Proposition 5.5, there is a ring epimorphism ¢ : Z[x,y] — r,(Hu(1,9))
given by ¢(x) = [V(1,1)] and ¢(y) = [V(2,0)]. By Corollary 5.4(1) and Propo-
sition 5.7, ¢(I) = 0. Hence ¢ induces a ring epimorphism ¢ : Z[x,y]/I —
rp(Hu(1,q)) such that ¢ = ¢ o 7r, where 7 : Z[x,y] — Z[x,y]/I is the canonical
projection. Let 7 = 7 (u) for any u € Z[x,y]. Then by the definition of I and the
proof of Corollary 5.8, one knows that Z[x, y|/I is generated, as a Z-module, by
Fy"o<I<n—1,0<m<2n—2}. Forany0 </ <n—1land0 < m<2n—2,
we have p(E'7") — $()'F(H)" — p(x)'p(y)" — [V(1, DI[V(2,0)]". By Corol-
lary 5.8, {[V(1, 1)]'[V(2,0)]"|0 < I < n—1,0 < m < 2n — 2} is a linearly inde-
pendent set over Z, which implies that {Elym]O <I<n-1,0<m<2n—-2}
is also a linearly independent set over Z. It follows that {¥'3™|0 < I < n —1,
0 < m < 2n—2} is a Z-basis of Z[x,y|/I. Consequently, ¢ is a Z-module iso-
morphism, and so it is a ring isomorphism. n
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