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Abstract

We give a formula for a Frobenius vector of a Gorenstein simplicial affine
semigroup S, and when the semigroup is Cohen-Macaulay we give an algo-
rithm computing the set of minimal Frobenius vectors of S for a special class
of semigroups.

1 Introduction and basic notions

The set of nonnegative integers will be denoted by IN. An affine semigroup
is a finitely generated submonoid of IN" for some positive integer r. Let S =
(a1,...,ar1m) be an affine semigroup generated by A = {ay,...,a,4m} C N/,
thatis tosay, S = INaj +Nap + - - - +INa, ;. In such a case, A will be said to be a
system of generators of S. Moreover, if no proper subset of A generates S, the set
A is a minimal system of generators of S. Every affine semigroup has a unique
minimal system of generators (see [9, Chapter 3]). Let K be a field. The ring K|[S] is
defined as the subalgebra of Ky, . .., y,] generated by y*1, 4%, ... and y* = with
y* = y]'y,2 - - vy where & = (a1,...,a,) € IN". The semigroup S is said to be
Cohen-Macaulay (Gorenstein) if K[S] is. Let Ig, called the semigroup ideal of S,
be the kernel of K-algebra homomorphism from K[x1, ..., X;n] to K[S] defined
by x; — y%. For u = (uy,...,urtm) € N, we define the S-degree of the
monomial x* by Y"1 1;a; and denote by deg¢(x*). The semigroup S is said to be
complete intersection if Is is a complete intersection ideal. It is well-known that
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Is is a binomial prime ideal ([5, Proposition 1.4]). Whenr = 1and ay, ...,4,,4+1 are
relatively prime positive integers, the semigroup is called numerical semigroup.
In this case IN \ S is a finite set. For a numerical semigroup S the largest integer
£*(S) inIN'\ S is called the Frobenius number of S, and the problem of finding this
number is called the Frobenius problem. The Frobenius number occurs in many
branches of mathematics and is one of the most studied invariants in the theory
of numerical semigroups. This problem has attracted substantial attention in the
last 100+ years (see [4], [7], [8]). There is no general formula for the Frobenius
number for m greater than one. Sylvester in [14] proved that for m = 1, f*(S) =
ai1dp, —ap — dp.

The Frobenius problem is generalized to the higher dimensional cases (see [1],
[2], [15], [16]). The vector Frobenius problem of Cohen-Macaulay and Gorenstein
simplicial affine semigroup is studied in the next section. It is shown that every
simplicial affine semigroup has at least one minimal Frobenius vector and an
algorithm is presented for computing minimal Frobenius vectors of some Cohen-
Macaulay simplicial affine semigroup.

2 Frobenius vector

Let S be the affine semigroup generated by A = {ay,..., 4,1} inIN" and G(S)
be the group generated by S in Z’, that is, G(S) = {a—bla,b € S}. We use
G(a,...,a,) to denote the group generated by {ay,...,a,}.

Definition 1. The affine semigroup S is called simplicial if there exista; , ..., a; € A
such that

(1) a;,,...,a; arelinearly independent over Q and

(2) for every a € S, there exists 0 # n € N such that na € Na;, + - - - + Nag; .

If r is lesser than three, every affine semigroup is simplicial. From now on,
we will suppose that S is a simplicial affine semigroup. Assume without loss of
generality that {i1,...,i,} = {1,...,7}. The Apéry set of a # 0in S is defined as
Ap(S,a) = {x € S|x —a ¢ S}. Let k; be the smallest natural number such that
kia,.; € Y:_1Naj, fori =1,...m. By definition,

m
.61 Ap(S,al-) - {Z tid, ’0 <t <k } ,
= i=1

so NI_,Ap(S,a;) is finite. The set N!_,;Ap(S, 4;) is also called the Apéry set of S
relative to E := {ay,...,a,}. Observe that Ap(S,E) == {s € S |s—e & S,Ve
E} = NI_;Ap(S, a;). The set {x*|degg(x*) € Ap(S,E) } is a basis for Klxyewxren]

<15,X1,...,XV>
as a K—vector space.
The following proposition gives a useful criterion for determining whether or

not a simplicial affine semigroup is Cohen-Macaulay (see [11, Corollary 1.6]).

Proposition 1. If S is a simplicial affine semigroup, the following statements are equiv-
alent:

e K[S] is Cohen-Macaulay;

e Forall wy,wy € Ap(S,E), if w1 # wy, then wy —wyp & G (ay, ..., a,).
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By definition, every element a € S can be written asa = }_;_; a;a; + w, with
w € Ap(S,E)anda; € N,i = 1,...,r. Leta = Y/ " za; € G(S) and z < 0
for some k € {r+1,...,r+ m}. Since S is simplicial, there exists n; € IN such
that (np — zx)ay € Nay +--- + Na,. Soa = Zgﬁ-#ziﬂi + (zr — ng)ay + npag
and (zx — ng)ax € G(ay,...,a,). Repeating this process, we see that a can be
written as Y|, zia;+ Y/ mia;, n; € N. Without loss of generality one may
assume Z;iﬂl nia; € Ap(S,E). Hence every element a € G(S) can be written as
a =Y, qzia; +w where w € Ap(S,E). The next proposition, which is Corollary
1.7 from [11], assert that when S is Cohen-Macaulay, this expression is unique.

Proposition 2. If S is a Cohen-Macaulay simplicial affine semigroup, then

(1) Every element in G(S) is equal to an unique expression of the form zyay + ... +
2y + w with z; € Z and w € Ap(S,E).

(2) The element Y} zija; + w with z; € Z and w € Ap(S,E) is in S if and only if
z; > 0 for all i.

The cone spanned by S and interior of cone S, are denoted by:
r r
cone(S) = ria; |ri € Qg p ,intcone(S) = ria; |ri € Q=

1

1 i=1

respectively. From the definition it is easy to see that
G(S) Nintcone(S) = {2;1 zifl + w;j "7]1 > 21,0 > —Zp, ] = 1,...,t}.

Definition 2. Let S be an affine semigroup. The vector f* € G(S) \ S is called a
Frobenius vector for S if for all x € G(S) Nintcone(S), f*+ x € S.

aasz

x € G(S) Nintcone(S)

The set of Frobenius vectors of S will be denoted by F(S). We define a cone
ordering on F(S) by writing f;* < f5 if f5 + cone(S) C f{ + cone(S). We will
denote by MF(S) the set of minimal Frobenius vectors of S with respect to <.

Let Ap(S,E) = {w1=0,wy,...,wt}. Since S is simplicial, there exist non-
negative rational numbers 'yf, i=1,...,r,j=1,...,t such that wj = Y g 'yfai.

Let M and Mf are r X r matrices, with column vectors aq,ap,...,a, and
ay, a4z, ..., i, ..., 4, W;j, respectively, where 4; means that 4; is omitted. It is not
hard to see that ,
det Mf
detM

vl = . (2.1)
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Now, by Euclidean division, there exists a unique integer y? > —1 and a unique
rational number 0 < ,Bi < 1 such taht ’yf = yﬁ + ,Bz, foreachi =1,...,r. Define

r . r . r ) r )
=Y Blai=) (—u)ai+ ) viai =) (—u)a + wj.
i=1

Clearly ¢; € G(S) Nintcon (S). It is straightforward to see that

1= |—l] +1 22)

For example, let S C N3 and wy = 3a1 4+ 24, + a3 € Ap(S,E). Since 73 =
= 30 = Bwebavesd = | 3] + L2 = |3 +1pd= | 2| +1,and
so ¢ = —a1 — 3a3 + wy.

Lemma 1. Let S be a simplicial affine semigroup. Then f* € F(S) if and only if
f* 4+ €S, foreveryk=1,...,t

Proof. Let f* be a Frobenius vector for S. Since ¢ € G(S) Nintcone(S), f* + & €
S. Conversely let x = Y, zia; + w; € G(S) Nintcone(S). Since x € intcone(S),

Zi+’)’£>O:>Zi>—’)/£:>ZiZ L—’)’%J—l—l:—yﬁ.

Thus x —§ = Y/ (zi = (—pj))a; € Sandso f* +x=f"+&+x—§ €S m
€S €S

Theorem 2.1. Let S be a simplicial affine semigroup. Then MF(S) # @.

Proof. Let f = Y[ ;za; +wj € G(S) \ S. First of all, we observe that there exist
Ni, ..., Nt € N large enough such that

t r t r
f+ZNk§k:Zziai—l—wj—l—ZNkZ,B;‘al Zzaz+W]+ZZNkﬁz“z
k=1 i=1 i=1

i=1k=
7 t
:Z( Z )a,—l—w]ES
i=1

Now, if f ¢ F(S), there exists k; € {1,...,r} such that f; = f 4+ &, € G(S) \S.
If fi ¢ F(S), there exists k; € {1,...,r} such that fi = f 4 Gk, + Gk, € G(S) \ S.
Since this process can be repeated only finitely many times, by Lemma 1,
we conclude that F(S) # @. Now we prove that MF(S) # ©. Let
f= Z _1zi0i +w; € F(S), f' = Y, zia; + wy € E(S) and f € f' 4 cone(S). Then

zi + ’y < zi + ’y{ foralli=1,...,r,and so z} < z; + 'y{ — ’y{l. On the other hand,
since Y, a; € G(S) Nintcone(S), we have f' + Y 14, =YI_, (z}+ 7 +1) €5,

and thus —fy{l —1 < z[. Hence _'71‘ -1<z <z + '71‘ — 7{/. The finiteness of
Ap(S,E) implies that {f* € F(S) | f € f*+cone(S)} is a finite set, which proves
that MF(S) # @. ]
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Definition 3. The simplicial affine semigroup S is called pure simplicial if for each
i=1,...,m,a,.; € intcone(S). We abbreviate pure simplicial as P-simplicial.

We can define the following relation on G(S): for any a,b € G(S),a<gsb <
b—a € S. Let max(Ap(S,E)) = {#1,12,...,1s} be the set of maximal elements

of Ap(S, E) with respect to <g and let /" = Lmax]('y')J + 1, where max]('yl)

max{7y;,v%, ..., v}

Theorem 2.2. Let S be a simplicial affine semigroup.
(1) If S is Cohen-Macaulay, then

ME(S) {Zzlal+w|—1<zlgfymaxwEAp(S,E)}.
i=1

(2) If S is Cohen-Macaulay and P-simplicial, then

MEF(S {Zz,al-l—iﬂ—l <z <"y Emax(Ap(S,E))}.
i=1

Proof. (1) Let f = Y; ziai+w € F(S). As Y ,a; € G(S)Nintcone(S), so

f+Yiqai =Y 4(zi+1)+w € S. Hence by Proposition 2, z; > —1. Now let

z; > 'yl max for some I € {1,...,r}. We show that f ¢ MF(S). Set

fi = Xiiqz2ia + 7" a; +w. Since f € f1 + cone(S), it suffices to prove that

fr €F(S). Letx =Y/, zla; + w' € G(S) Nintcone(S).

T r
fitx= Y zai+ g +w+ Y, ziai+za+ &
i=1,i#l i=1,i#l

r
= ) (z+z)a+ (P +z)a + (W),
1:11#1

Since f € F(S), we have f +x = Y| (zi + z})aj+w + w’ € S. So by Proposi-
tion2, Y ;. (zi +z})a; + w+w' € S. Clearly 7" +z; > 0,50 f; + xisalso in
S and therefore f; € F(S).

(2) Let f = Y/ ;ziai+w € F(S). If w ¢ max(Ap(S,E)), then there exists
7 € max (Ap(S,E)) such that y —w € S. Clearly 7 —w € Ap(S,E), which
implies that it belongs to intcone(S), because S is P-simplicial. Since f ¢ S, by
Proposition 2, f + 4 —w = Y}, zja;+n ¢ S. This contradicts f € F(S). ]

By the previous theorem and Proposition 2, if f* = Y, z;a; + 17 is a minimal
Frobenius vector of the Cohen-Macaulay P-simplicial semigroup S, then there ex-
istsk € {1,...,r} such that zx = —1 and therefore fi = —ay + Y[, 7" a; + 1
is a Frobenius vector for S, because f;* € f*+cone(S).

Remark 1 (Numerical case). Every numerical semigroup S =<ay, ..., 4,4+1> is a
P-simplicial and Cohen-Macaulay semigroup. As a consequence of the above
theorem f*(S) = —a; + max (Ap(S, ay)) (see [10, Proposition 2.12]).

As a consequence of the Theorem 2.2 and Lemma 1, we can compute the
elements of MF(S) for Cohen-Macaulay simplicial semigroup, because we only
have to check if a finite number of elements of G(S) \ S belongs to ME(S).
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Theorem 2.3. Let S be a simplicial affine semigroup and |max (Ap(S,E))| = 1. Then
f* =n —Y_qa;isa Frobenius vector for S, where § = max (Ap(S, E)).

Proof. Let x € G(S) Nintcone(S) and f* +x = Y ;zia;+w € G(S). So
N—w+x =Y ,(zi+1)a;. Since n —w € cone(S) and x € intcone(S), so
n—w+x € G(S) Nintcone(S). Hence foralli = 1,...,r,z;+1 > 0, and so
z; > 0, consequently, f* +x € S. ]

Proposition 3. Let S be a simplicial affine semigroup. The following statements are
equivalent.

e S is a Gorenstein semigroup;

e S is a Cohen-Macaulay semigroup and the set Ap(S, E) has a unique maximal element.

Proof. Combining Theorem 4.6 with Theorem 2.8 in [11]. [ |

Corollary 1. Let S be a Gorenstein simplicial affine semigroup. Then f* =15 —Y;_; a;
is a Frobenius vector for S where 1 = max (Ap(S, E)). Moreover, if S is P-simplicial,
then it is a minimal Frobenius vector for S and it is unique.

In [1] (resp. [2]) it is shown that when S is a complete intersection simplicial
semigroup (resp. free semigroup) the vector f* =y — Y_I_; a; is the only minimal
Frobenius vector for S. We recall that a simplicial affine semigroup is said to be
free if |Ap(S,E)| = nyiny - - - nyy, where n; = min{k € N\ 0| ka,4; € (aj,ap, ...,
arti-1) },i = 1,...m. Clearly every simplicial affine semigroup with m = 1 is
free. Free semigoups are complete intersection and so they are Gorenstein. If S
be a free semigoup, then I5 is generated by the set

r+1 r+m—1

{r—!—l thh fiz thh e X — 1—[ xfmi}

i=1

where n;a,, ;= Zk i=14. a, (for more details, please see [12]).

Let S be a Cohen—Macaulay P-simplicial semigroup. By Theorem 2.1, there
exists at least one minimal Frobenius vector for S. Using the following algorithm
we can compute minimal Frobenius vectors of S.

Algoritm : Computing minimal Frobenius vectors of a P-simplicial Cohen-Mac-
aulay semigroup.

Inpute: A P-simplicial Cohen-Macaulay semigroup S = (ay,...,ar4m) C IN".
Output: The set of minimal Frobenius vectors of S.

Steps of the Algorithm:
1. Compute Is = ker ¢ for ¢ : K[x1,...,xr4m] — K[S], x; — y* ([6, Theorem
12.24]), ([13, Chapter 12]).

2. Compute a monomial K-basis {M; |i } of

K[x1/'~'1xr+m}
<Is,x1,...,xy>

Ap(S,E) = {w1,wy, ..., wi} = {degs(M;) |i }.

3. Using (2.1) and (2.2), compute ¢; = Zle(—y{:)ai +wp,j=1,...,t
4. Choose 7 € max (Ap(S,E)) andset Ay = {—a; —ay —--- —a, + 1}, MF,(S)=0.

and set
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5. Using Lemma 1, compute T = {t € A, |t € F(S) }. Set MF, (S) = MF,(S) UT.
Note thatif f + ¢ € S,k € {1,...,t},and f<gsf’, then f' 4+ {; € S.

6. Set Ay = U_, (a;+ (A;\T)) \ S. We see that every element of A, is of the
torm cyay + - - - + crar 411

7.Set Ay = Ay \{cra1 + - +car+1 € Ayle; > "™, for some i} and repeat
step 5.

8. The set of minimal Frobenius vectors of S is equal to min< UMF, (S).

Example 1. Let S = (a1 = (1,5),a0 = (5,1),a3 = (2,2),a4 = (3,3)). By Theorem
2.1, S has at least one minimal Frobenius vector. Performing the steps of the above
algorithm we compute the set of minimal Frobenius vectors of S.

Step 1. Using CoCoA [3], K[S] ~ w, where Is = (2% — w?, —xy + w?).

K(xy,z,w]

xS Hence

Step 2. The set {1,2,22, @, zw, z>@} is a monomial K-basis of
Ap(S,E) = {w1 =0,wy = a3, w3 = 243, w4 = a4, ws = a3 + a4, We = 2a3 + ay } .

By Proposition 1, the semigroup S is Cohen-Macaulay, because for every
x,y € Ap(S,E), x —y or y — x is in intcone(S) and since a; and a; are linearly
independent, x — y ¢ G(ay,az).

Step 3. Using CoCoA, we see that

wy =0ay +0ay = & = a1 +ap = (6,6), ws = 3a1 + 3ap = & = ag = (3,3)
wr=%a1+ 1 = &H =a3=(2,2), ws = 2a1 + 24y = & = a3+ as = (5,5)
w3 = a1 + 50y = &3 = 203 = (4,4),

W = %al —1—%012 = 66 = —m —az+2ﬂ3+ﬂ4 = (1/1)-

Step 4. Set Appyia, = {f" = —a1 —ap+2a3+a4 = (1,1)}.
Step5. Sincef*—l—gfl = 2a3+a4 € S,f*—F(:z =44 € S,f*-l-gg, =a3+4a4 € S,
f*+8s=2a3€S, f*+5 =2a4 € Sand f*+ ¢ = a3 € S,s0 f* € F(S). Set
r-{ry.
Step 6. Aogyya, = Ui 1(a;i + Azgyga, \T) = @.
@
It follows that f* = (1,1) is the only minimal Frobenius vector for S. The semi-
group S is free, because |Ap(S, E)| = 6 (see Fig 1).
Example 2. LetS = (a1 = (2,1),a2 = (1,5),a3 = (1,1),a4 = (4,5)).
Step 1. Using CoCoA, K[S| =~ %SZM, where I = (—z°%+ xw, x%y — 2w,
x?yz® — w?).
Step 2. The set {1,z, 72 73 74 75w, zw, 72 D} is a monomial K-basis of 712[;65%62;5
Hence
Ap(S,E) = {wy =0, wy = a3, w3 = 2a3, wy = 3a3, ws = 4as,
we = 5a3, w7 = a4, ws = a3 + a4, w9 = 2a3 +ay}.

Since a1 and a; are linearly independent, one obtains that if x,y € Ap(S, E) and
x # y, then x —y ¢ G(ay,a2). Hence by Proposition 1, S is a Cohen-Macaulay
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semigroup but not Gorenstein, because max(Ap(S,E)) = {#1 = 2a3 + as, 17, = 5a3}
(see Proposition 3 ).
Step 3. Using CoCoA, we see that

w1 =0a1 +0a, = & = a1 +ap = (3,6),wyr = a1 + §ap = & = a3 = (1,1)

w3 = g1 + 302 = &3 = 203 = (2,2),ws = Gm + 50 = {4 = —a1 + 303 = (1,2)
wWs = %al + §a2 = (5 = —ay +4a3 = (2,3),

W = @611 + ga2 = C6 = —2a1 +5a3 = (1,3)

w7 =341+ 30y = & = —ay + a4 = (2,4),

wg = %611 + gaz = (g = —2a1 +az +as = (1,4)

Wy = %ﬂl + ga2 = {9 = —2a1+2a3+aq4 = (2/5)'

Step 4. Set Appyia, = {fi = —a1 —ay +2a3+ a4 = (3,1) }.

Step5. Wehave f1 +¢1 =2a3+a1 €S, f1+¢ =211 €S, f1+ 83 =2a; +a3 €S,
fit8a=a+2a3 €S, f1+ {5 =a1+3a3 €5,
fi+Gs=4a3€S,fi+¢7=513€S,f1+Cs=as € Sand f1 + 9 =2ay +ap € S.
So f1 € F(S) and like in the example above MFz,, 1o, ={f1}.

Now we use the algorithm for 7, = 5a3. Set As,;, = {fo = —a1 —ay +5a3 =
(2,-1)}. As fr,+& = (3,0) ¢ S, fo & F(S). Step 6 yields As,, = {f3 = —a1 +
2 = (3,4),fs = —ax+1m = (4,0)}. Since f3+ &4 = (4,6) ¢ Sand fy + 4 =
(5,2) ¢ S, fzand f4 are notin F(S). Using the algorithm, As,, = {f5s = —a1 +a, +
2 =(4,9),fo = a1 —ax+n2 = (6,1)}. As 9" = 3 and 77" = 1, we go back
to Step 5. The vectors f5 and fg are not in F(S) because f5 + 4 = (5,11) ¢ S and
fo+Cs = (7,3) ¢ S. Using steps 6 and 7, As,, = {f7 = 2a; —a, +1120 = (8,2)}.
As f7—|— C4 = (9,4) ¢S, s0 f7 ¢ F(S) Set A5u3 = {fg =3y —ax+1mp = (10,3)}.
Since fg + &4 = (11,5) ¢ S, so fg ¢ F(S). Finally, As., = @ (steps 6 and 7). Hence
f1 is the only minimal Frobenius vector for S (see Fig 2).
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