Uniform and pointwise Bernstein-Walsh-type
inequalities on a quasidisk in the complex plane

F.G. Abdullayev P. Ozkartepe

Abstract

In this present work, we continue studying the Bernstein-Walsh type esti-
mations for complex algebraic polynomials in the bounded and unbounded
regions with quasiconformal boundary.

1 Introduction and Definitions

In many areas of research in mathematics (in approximation theory, embedding
theory and etc.), one can be faced with two important problems given in the
following: a) Determining how to undergo a change of (semi)norm of the holo-
morphic function when the given region expands; b) Determining the relation-
ships between different (semi)norms of analytic functions in a given finite Jordan
region on the complex plane in the various (semi)normed space

We will consider this problems for algebraic polynomials of complex variables
in the well known Bergman space, and investigate the following problems: eval-
uating the increase of the modulus of polynomials in the exterior of the given
region with respect to the norm of the polynomial in the this region; determining
a change of (semi)norm of polynomials for the given region and, finally, combin-
ing obtained estimations for the modulus of polynomials, we will get the estima-
tion modulus of polynomials in whole complex plane.

The first classical results of the first type belongs to Bernstein [13], Faber [15]
and Walsh [28]. We will give this result in the right to our future arguments.
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Let G C C be a bounded region with 0 € G and the boundary L := dG being a
closed Jordan curve, 3 := C \ G, where C := CU {oo}; A := {w: |w| > 1}. Let
w = ®(z) be the univalent conformal mapping of () onto A such that ®(c0) =

oo, lim,_seo ©§Z) > 0and for R > 1, we've Lg := {z: |®(z)| = R}, Gr := intLg,
QR := extLy.

Let p,, denote the class of all complex algebraic polynomials P,(z) of degree
atmostn, n € N := {1,2,...} . According to Bernstein-Walsh lemma [28], for any

z € () we have

1Pull gy < 19! 1Pl (1)
where
1Pallece) = meaEX|Pn(Z)|, (1.2)

and consequently, for z € Gg:

IPallcicr) < R Pl - (1.3)

By taking R = 1+ 2L we fund that, the norm || P, || c(G) increases no more than

a constant, when the domain G is expanded to Gg.
Let 11 (z) be the weight function, which is defined in Gg, for some R > 1. For
any p > 0 we introduce:

1/p
IPullayne) ¢ = (// h(z)l%(z)%) <o, (14
G

1Palla,c) = = IPalla, .6/

where 0 is the two-dimensional Lebesgue measure and

1/p
1Pl gynry : = (/ h(z)&(z)*ﬂdz) <, (15)
L

||Pﬂ||)3p(L) : :Hprt“sp(l,L)f

if L is rectifiable. The same effect, analogously to (1.3), is observed for the || Py || 2,(L)
according to the following estimate [16]:

L1
IPalle,(Lq) < R IPalle, Ly, P> 0. (1.6)

Let the function ¢ maps G conformally and univalently onto B := {w :
|w| < 1} which is normalized by ¢(0) =0, ¢'(0) >0, and ¢ := ¢~ .

Definition 1. [22, p.286]A bounded Jordan region G is called a k -quasidisk, 0 < k <

1, if any conformal mapping ¢ can be extended to a K—quasiconformal, K %’i,

homeomorphism of the plane C on the C. In that case the curve L := 3G is called a
k-quasicircle. The region G (curve L ) is called a quasidisk (quasicircle), if it is
k-quasidisk ( k-quasicircle) with some 0 < k < 1.
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It is well known that quasicircle may not even be locally rectifiable [17, p.104].

The Bernstein-Walsh type estimation in the A,(h, G) for quasidisks and for
some weight function /(z), was proved in [3] (see: Part 2, Lemma 23). In particu-
lar, for h(z) =1,

n+%
IPall, o <1 LHc2R=1)] "R, o0 P >0, (17)

where ¢1 = ¢1(G, p,c2) > 0and (G, p) > 0 are constants independent of R and
n.

So, taking R = 1+ <L from (1.7) we see that ||Pn||Ap(GR) and ||Pn||Ap(G) are

n
equivalent.

N. Stylianopoulos [24] replaced the norm || P, || with norm [[Py| 4,(g) on
the right-hand side of (1.1) and, introduced a new version of the Bernstein-Walsh
lemma as following the type: Assume that L is quasicircle and rectifiable. Then there
exists a constant ¢ = ¢(L) = const. > 0 such that, for any n € N and P, € p,

n
P < g5 Pl |21 € 0 19)

where d(z,L) := dist(z,L) :=inf{|z— | : € L}.
Second problem which we will investigate in this work, is the following:

1Pullciy < vullPulla,(c) - (1.9)

where v, := 1,(G, p) — 00, n — o0, depending on the geometrical properties of
the region G. Inequalities analogously to (1.9) in the literature are often found
under the “Nikol’skii-type inequality”.

Examples of inequalities type of (1.8) and (1.9) for the polynomials we can
indicate the investigations by Nikol’skii [21], Mamedhanov [19], Milovanovic et
al.[20], Abdullayev et al. [3]-[7], Andrievskii [11], Stylianopoulos [24], [25] and
others.

2 Main Results

Throughout this paper, we will denote by c, co,c1, ¢y, ... which are positive con-
stants and by €, €1, €2, ... sufficiently which are small positive constants (in gen-
eral, different in different relations) that depends on G in general and on param-
eters inessential for the argument; otherwise, such dependence will be explicitly
stated.

First of all we note that, for any p > 0, according to mean value theorem, there
exists a constant ¢4 = c4(G) > 0, independent from #n and z, such that for any
Jordan region G and P, € gy, the following is true:

<IN

1
’Pn(z)’ <y (M) HP”HAP(G) , z € G. (2.1)
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Combining (1.8) and (2.1), we obtain an estimation on the growth of |P,(z)| in
G and Q) as the following: if L is quasicircle and rectifiable, then for any P, € py,, n €
N,
Cs 1, z € G,
P < ———||P 2.2
P < 25 Plae { ot -en @2)
It shows that, if we know the behavior of the |P,(z)| for z € L = 9G, then we
can find the estimation for the |P,(z)| in the whole complex plane. In particular,
according to [5], we have the following;:
Theorem A. Assume that G is a k—quasidisk. Then there exists a constant
c6 = c6(G,p) > 0such that, for any n € N and P, € g, the following is true:
2(14k) |

[Pu(z)] <c6n 7 [Pulla,c), 2z € G. (2.3)

Therefore, combining the estimation (2.3) with (1.8), we obtain an estimation
on the growth of |P,(z)| in the whole complex plane:

Corollary B. Let L be a k—quasicircle for some 0 < k < 1 and rectifiable. Then for
anyn € N and P, € gy

Pa(z)] < ¢ || Pul e €C 24)
Z)| s C 1 R
n ol o)™, zeq,

where c/6 = max{c,ce} .
In this work, we study a similar problem to (1.8), (2.2) and (2.4) with respect
to || Pyl Ay(G)y P > 0, for regions with quasiconformal boundary (not necessarily

rectifiable!).
Now, we start to formulate the new results.

Theorem 2. Assume that G is quasidisk; P, € o, n € N ,and Ry =1+ %1 Then, for
any p >0

2
n P
Pl <o (20 ) IPdlae) 121, ze0r,  @9)
’ 1

where c; = cy7(G, p) > 0.

If we use a similar estimation to (2.1), but rewriting for points z € Gg, then
according (2.5), we obtain:

Corollary 3. Let G be a quasidisk; P, € @u, n € N,and Ry =1+ %1 Then for any
p>0

1 ZGGRl,

p 1,
Pl < (7515) 1Mo | momr, ceor, @9

where cg = cg(G,p) > 0.

Now, combining (2.3) and Theorem 2, by (1.3) we have:
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Corollary 4. Let G be a k—quasidisk for some 0 < k < 1; P, € p,, n € N, and
Ry :=1+ L. Then, forp >0

nr , ZEGRl,

[Pu(2)] < c9 [IPull a,c) ( Y o@™, zeq (2.7)
’ Ry/

where cg = ¢9(G, p) > 0.

Thus, Corollaries 3 and 4 are provide an opportunity to observe the growth of
|P,(z)| on the whole complex plane. From the conditions of the theorem we see
that it holds for k—quasidisks with 0 < k < 1. But as we know, calculating the
coefficient of quasiconformality for some curves is not an easy task. Therefore,
we define a more general class of regions with another characteristics. One of
them is the following definition.

Definition 5. [4]We say that G € Q,, 0 < & <1, if
i) L = 0G is quasicircle,

ii) ® € H*(Q) for some 0 < o < 1.
For G € Q. we have the following result.

Theorem 6. Assume that G € Q, for some% <a<1L;P € py neIN,and
Ry :=1+ %L Then, forany p > 1

1

ne \7 ,
|Pu(2)] < c10 (m) 1Palla,c) 19(2)] L ze g, (2.8)
4 1

where c19 = ¢10(G, p) > 0.

Analogous to (2.3), for G € Q,, % < a < 1, we can find (see, for example,
[5, Th.5.2]) a constant ¢11 = ¢11(G, &, p) > Osuch that forany P, € p,, n € N and
p > 1, the following is true:
2 _
’PH(Z)’ < c11nre HPHHAP(G) , 2 € G. (29)

In this case, combining Theorem 6 and (2.9), we obtain an estimate for |P,(z)| on
the whole complex plane.

Corollary 7. Let G € Q, for some% <a<1,P, €9y neNand R : =1+ %1
Then, for any p > 1

nplx/ Z E ERl’
|Pu(z)| < c12[|Pull 4, (c) 1\ . (2.10)
p (d(zflLkl)) @@)", ze Oy,

where c1p = ¢12(G,a, p) > 0.
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Theorem 6 holds for all p > 1. If we exclude the case p = 1, then the right
hand side of (2.8) can be improved for % < a < 1land p > 1. For this reason, we
give the following definition.

Definition 8. We say that G € Qb if G € Qq for some0 < a < land ¥ € HF(|w| >
1) for some 0 < g < 1.

For G € QE we get :

Theorem 9. Assume that G € Qg for some% <a<1and0< B <1 P € pn,
n € N, and Ry := 1+ . Then, for any p > 1

1(2_1)

c13 [|Pall a,c) |D(z)|"Tt | ner 2—a< p<2,
|Pn(Z)| < d(zp LR ) \/ﬁ, . p= 2/ z € QRV
R N

4

(2.11)
where c13 = ¢13(G,a, B, p) > 0.

Clearly, we see that the estimate (2.11) is better than (2.8) forany 2 —a < p <
2+ g5

Remark 10. We note, that the class Qg is sufficiently large. For example,

a) If L =: 0G is a smooth curve having continuous tangent line, then G € Qf for
all 0 <w, B <1

b) If G is "L-shaped” region, then ® € Lip% and ¥ € Lip%.

c) If L is quasismooth (in the sense of Lavrentiev), that is, for every pair z1, zp € L, if
s(z1,zp) represents the smallest of the lengths of the arcs joining z1 to zp on L, there
exists a constant ¢ > 1 such that s(z1,z2) < ¢ |21 — 2|, then ® € Lip a for
a=3(1—Larcsinl)"land ¥ € Lip B for p = 1+ — [26], [27].

d) If L is "c-quasiconformal” (see, for example [18]) then ® € Lip a for
8 = ——and ¥ € Lip p for p = — 2arcsin ¢ )?

2(7r—arcsin < ) (rt—arcsin ¢ )

conformal curve, then ® € Lipx and ¥ € sz B for all 0< o, B <1[18].

Also, if L is an asymptotic

Therefore, we can calculate &« and B in the right parts of estimates (2.8)-(2.11)
for each case, respectively.
In case p = 2, for the quasidisks, we have the following general result.

Theorem 11. Assume that G is quasidisk; P, € pn, n € IN. Then, there exists a
constant c14 = c14(G) > 0 such that for any R > 1 we have

Pu(2)] < mrf) 1Pull e [P, 2 € O, e12)

Now, combining estimation (1.3) and (2.3) with Theorem 11, we also get a
result in Corollary 4. B
Thus, to estimation the quantity |P,(z)| in Gy, ¢, we need to know a similar

estimate for |P,(z)| in G, and by using (1.3), we get the desired estimation. There-
fore, (2.12) is meaningful for z € Q) such that “not too close” to the boundary. In
this regard, we give the following result.
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Corollary 12. For any compact subset F € Q) and P, € @,, n € IN, we have

n
P < szl Pl [R@I zeFen, @)

where c15 = ¢15(G, F) > 0.

Theorems 2, 6, 9 and their corollaries can be formulated for the point
z € (). For this reasion we need the following notation.

Let L be a K—quasiconformal and y(.) be a regular quasiconformal reflection
across L (for details see Part 2). For any R > 1, we put L* := y(Lr), G* :=
intL*, (0" := extL*; denote by ®r the conformal mapping of (2* onto A with the

normalization ®g(o0) = oo, lim,_,« CDRZ(Z) > 0,and let Y := CI)El,
Now, we assume that the point z € () is arbitrarily close to the bound of L.
In this case, we will replace the function ®(z) with ®g(z), which is shown in the

following theorem.

Theorem 13. Assume that G is a quasidisk; R = 1+ % and P, € ©,, n € N. Then, for
anyp >0

2
p
|Pu(2)] < c16 (d(T\/EL)) 1Pl a,(c) [@r(z)]"", z€Q, (2.14)

where c16 = c16(G, p) > 0.
Using (2.3), analogously to Corollary 4, we have:

Corollary 14. Let G be a k—quasidisk for some 0 < k < 1, then for any P, € gy,
n € N, _
n(1+k) z € G,

< .
’PH(Z)’ = 017 ||PHHA2(G) { d(\z/z) |CDR(Z)|”+1/ zeQ, (2 15)

where c17 = ¢17(G) > 0.

Analogous, for the regions G € Q, and G € Qg we get:

Theorem 15. Assume that G € Q,xfor% <a<1l,R=1+ % and P, € pu, n € N.
Then, for any p > 1

1 [z
na ,
|Pu(2)] < c1s (m) 1Palla,c) 1PR(2)] zeq, (2.16)

where c1g = c18(G, a, p) > 0.

Theorem 16. Assume that G € Qf for some% <a<lamd0<pB<1, R=1+ %,
and P, € pn, n € N. Then, forany p > 1

c19 [|Pall g, ) [@R ()" | ner T, 2ma<p<2,
[Pu(z)] < dp((z )L) vV, ) p=2, z e,
’ n(l_ﬂ)(l_?), p>2,

2.17)
where c19 = ¢19(G, &, B, p) > 0.
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2.1 Sharpness of estimates

The sharpness of the estimations (2.3)-(2.17) can be discussed by comparing them
with the following result.

Theorem 17. a) For any n € IN there exist a polynomial Qj; € oy, region Gy C C and
constant cyy = c20(Gy) > 0 such that for all z € G,

Qn(2)] = ca0n [|Qull 4561 5 (2.18)

b) For any n € IN there exist a polynomial P; € ¢, region G5 C C compact
F* e Q\E; and constant cyy = cp1(G3, F*) > 0 such that

* n * 1 —%
Py (2)] = CZILL) 1Pl ayc2) |®(z)|"", z € F € Q\G,. (2.19)

d(z,

3 Some auxiliary results

The following definitions of quasiconformal curves are well known, see, for
example, [8], [17, p.97] and [23]:

Definition 18. The Jordan arc (or curve) L is called K—quasiconformal (K > 1), if there
is a K—quasiconformal mapping f of the region D O L such that f(L) is a line segment
(or circle).

We denote by F(L) the set of all sense preserving plane homeomorphisms f of the
region D D L such that f(L) is a line segment (or circle) and let

Kp :=inf{K(f): f € F(L)},

where K(f) is the maximal dilatation of a such mapping f L is a quasiconformal curve,
if Ki < oo, and L is a K—quasiconformal curve, if K < K.

Remark 19. It is well known that when we are not interested in the coefficients of qua-
siconformality of the curve L, then the definition of "quasicircle” and ”quasiconformal
curve” are equivalent. When we are interested with coefficients of quasiconformality of
the given curve, then we will consider that if the curve L is K—quasiconformal, then L is

N .. . o K21
k—quasicircle with k = 1577

According to Remark 19, we will use both terms, depending on the situation.

Throughout this paper, for 2 > 0 and b > 0, we use the expression “a < b”
(order inequality), if a < cb. The expression “a < b” means that “a < b” and
“b < a” simultaneously.

We give some facts from the theory of quasi-conformal mapping, which will
be used throughout of all proof below.

Let L be a K—quasiconformal curve, then [8], there exists a quasiconformal
reflection y(.) across L such that y(G) = Q, y(Q) = G and y(.) is fixed the points
of L. The quasiconformal reflection of y(.) satisfies the following condition [8],
[10, p.26]:



Uniform and pointwise Bernstein-Walsh-type inequalities 293

1
y(Q) —z[ = gz, ze€L e<|f] <, (3.1)
1
)}/z‘ = }}/dA1,€<|€|<E,

il = WOP 2 <& v =172 10> ¢,

2
and for the Jacobian |, = ly2|* — |yz|* of y(.) the relation ‘ yz‘ < ﬁ Jy is hold,

_ K1
where k = FOE

For any R > 1 and t > 1, we set L* := y(Lgr), L} := {z:|Pr(z)| =t},
G} = intL}, Qf := extL;. According to [9], for all z € L* and t € L such that
|z —t| = d(z,L), we have

d(z,L) = d(t,Lg) <d(z,Lg). (3.2)
@r(z)| < |PR(E)] <1+c(R—1).
Lemma 20. [1] Let L be a K—quasiconformal curve, z1 € L,z,z3 € QN{z : |z —z1| <
d(z1,Lyy) }; wj = D(zj),j = 1,2,3. Then
a) The statements |zq — zp| < |21 — z3| and |wy — wy| = |w1 — ws| are equivalent.
So are |z1 — zp| X |21 — z3| and |wy — wy| < |w1 — w3 .
b) If |z1 — zp| = |z1 — z3]|, then
€

Z1—2Z
< 1 3
21 — 23

c

w1 — W3
w1 — Ws

w1 — W
< 1 3
w1 — W

wheree <1, ¢ > 1; Ly, :={C: |@(0)| =10, 0 <rg <1} and rg :=ro(G) isa
constant, depending on G.

Lemma 21. Let G be a k -quasidisk for some 0 < k < 1. Then
[ (1) = ¥(w2)| = w1 = wa] 7,

forall wy,wy € QY|

This fact is derived to appropriate the results for the estimation |¥'(7)]| (see,
[22, p. 287, Lemma 9.9] and [10, Th.2.8]).
The following two Lemmas 22 and 24 we use to prove Theorems 13-16.

Lemma 22. Let L be a K-quasiconformal curve. For arbitrary R > 1, there exist a
numbers p1, p2 : p1 < p2,and p3, ps: p3 < p4 such that the following conditions are
satisfied:
—* = = — =% —k = = —k
1)G, € G, GC Gy and G,, € Gr, Gr € Gy,
2)p1—1xpz—lxp3—1xp4—1xR—1.
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Proof. We consider the four numbers p1, 2, p3, 04 Where p1 < p2, p3 < ps such
that

Epl g E/ ER g Ep4/ (33)
Cc, G, <O, 69

and we show that the numbers p1, p, p3, p4 can be chosen to satisfy the following
conditions:
p1—1=<ps—1=<R-1; (3.5)

pp—1=p3—1=<R—1. (3.6)

The validity of the relation (3.3) with (3.5) was proved in [3]. We verify the
validity of the relation (3.4) with (3.6). Let p, be an arbitrary number satisfying
(34)andletz € L*,Z = y(z). For p; > 1, p3 > 1 and R > 1, define points z; € L,
Zy € L;Z, z3 € L;3 and zgr € Ly as follows: d(z,L) = |z — z1|, d(z, L;Z) = |z — 23|,
d(z,L;,) = |z —z3| and d(z, Lr) = |z — zg|, respectively. According to (3.2), there
exists c1, ¢, independent from z and R, such that

Cld(Zl,LR) S d(Z,L) §C2d(Zl,LR); (37)
ad(z, Ly,) < d(z, L) <cod(z, L, ).

Since L* is a quasiconformal, applying Lemma 20 to the function ®r we
obtain:

z—12p Dr(z) — Dr(z2) | ( o2 —1 )81
> c >c 7
z—z1| = 7| @r(z) — @r(z)| T \[@r(z) - Pr(22)
and we get:
_ €1
p-nl <ot (RSB ey, 69
-

On the other hand, we can extend the function ®y to a quasiconformal mapping
®r of the whole complex plane onto itself. Then, using the D—property of the
®r [12, p.18] and (3.7) we have:

|z—2z2| < 5]z —z1| < ¢5-c2|z —2zR|, 2R € LR.
According to Lemma 20 (written for ®r ), we get:
|Pr(2) — Pr(z2)| < 6 [Pr(2) — Pr(zr)| < c7(R —1).

Then, from (3.8), we obtain:

1 (c7(R=1)\*"
!Z-ﬁ!éal(%%til)|z—bk

By taking;:
P2 = 1—|—C8(R—1) (3.9)

-1
with cg = 2¢7 - ¢, 1" which leads to (3.4) and (3.6).
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Now, we will define p3. Applying Lemma 20 to $r we get:

Z —ZR CI)R(Z) —CI)R(ZR) el CI)R(Z) —CI)R(ZR) f
> C9 > €10 ,
Z— Z3 CI)R(Z) —CI)R(Z3 p3—1
and we obtain:
-1 €1
zZ—2z §c_1< P3 ) zZ—2Zr|. 3.10
SN NEET ey 10

Since |z —zg| > d(L,Lg) =: d(Z,Lgr), where z € L, then |Pgr(z) — Pr(zr)| >
c11 | Pr(Z) — Pr(zr)| > c12(R — 1), and from (3.10) we have:

-1 ps—1 \*
’Z—Zg’ﬁclo (m) ’Z—ZR’.

By choosing
p3=1+c3(R—1) (3.11)

-1
with ¢i3 = %Clz : ci}) , we see the second part of (3.4) and (3.6) are also satisfied. =

Let {zj}]r.nzl be a fixed system of the points on L and the weight function / (z)
is defined as the following:

m
hiz)=]]lz—zl|", vj> -2 j=1,m, z € Gg. (3.12)
j=1
Lemma 23. [3] Let L be a K—quasiconformal curve; h(z) is defined as in (3.12). Then,
for arbitrary P,(z) € on, any R > 1and n € N, we have

41
1Pl Ay Gy = 1+ c(R— e 1Pl a1y, P> O (3.13)
Lemma 24. Let L be a K—quasiconformal curve; L* = y(Lg), R = 1+ 1;
p :=1+c1(R—1). Then, for any fixed e € (0,1) there exists level curve L;‘Jrg(p_l) such
that for P,(z) € on, n € IN, we have
1
1Pall 7 oy =n? |Pull4,c), P> 0. (3.14)
" sp(ch ,L;ﬂ(p_l)) mAp(G)

Proof. Case 1.
For arbitrary fixed R > 1, let p; := sup {p =14+c¢1(R-1) :E; - G} , and,

without loss of generality, we may take e =  ant Ry := 1+ plz—_l. Let us set:

fu () = Py (¥ (w)) - (Fg(w))7 .
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Then,
p — [ 1P, (2) |/dz| 3.15
Th L;{/| O o) .15)
= [ |PuFr(@)(Fr(@)? | e
[w|=R4
= [ |fup@)]? ldu,
[w|=Rq

N

/

where f,, ,(w) := P,(Yr(w))(¥r(w))? , |[w| = Ry. Now, we separate the circle
27TR1
n

|t| = Ry to n equal parts J,, with mes §,, =
theorem to the integral A}, we get:

and by applying the mean value

oy = [ Vfo @)1 e

|t|=Rq

N IACEESS
k=1 5 k=1

N\ |P
fu (tk>’ meséy, ty € .

On the other hand, by applying mean value estimation

fu(t)] s ——— ‘t"‘_ll // 1 (@)1 de,

we obtain:

& )
2y —% [ @ b ee

By taking into account, at most two of the discs with origin at the points t; are
intersecting, we have:

mesél
b= s [ @ e zne [[ 1@ der.
(1t2] = 1<\§\<p1 1<[g|<py

According to (23), for | Izl, we get:

b= [[ 1P doe <R (3.16)

||AP(G) )
G o
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Case 2. Let usnow take Ry :=1+ pzz—_l,where p2:=sup{p=1+4c(R-1)):
G, C© GR}, similarly to the previous case, we obtain:
|4z]
|@k(2)]

b o= [ RGP
Ly,

< n/ P, (2)|F dos < 1| P
GEZ\G*

”Z\p(GR)'

Setting R = 1+ 1 and applying Lemma 23 for (z) = 1, we have:
p P
Jr, 31 HP”HAP(G)‘ (3.17)
Combining (3.15)-(3.17), we have proved the estimation (3.14):

Py

P

S

< [[Pull (g - .

Ep(LT+£(p171>)

4 Proof of Theorems

4.1 Proof of Theorem A

Proof. For the arbitrary polynomials P, € g, and in particular, for Bergman poly-
nomials (i.e. orthonormal polynomials over the region K, (z) : ||Ky|| AnG) = 1
in [5, Th.2.1 and Th.5.1] the following is proved:

Theorem. Let G be bounded by k—quasidisk for some 0 < k < 1 and let the weight
function h(z) be defined by (3.12). Then, for any P, € ©,, n € IN, and every point
zj € L j=12,.,m,

() (18)
Pazp)| =7 Palla, ) -

Putting h(z) =1, i.e. v =0,j=12,.,m we obtain the proof. [ ]

4.2 Proof of Theorem 2

Proof. Let R = 1+ % For the sufficiently small e; > 0, let us set: Ry := 1+ ¢;
(R—1). Let {Q} , 1 <j<m <n,zeros of P,(z) lying on () and let

denote a Blashke function with respect of zeros of P,(z). For any p > 0 and

z € () let us set: ,
= o Py (2) z
Fup(z) = (B(z) q>n+1(z)) . 4.1)
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Cauchy integral representation for a region () is given as:

~ 1 — dg
Fn,P (Z) = _ﬁ / Fn,p (C) ﬁl A QR1~
LR1

Since |B({)| = 1, for { € L, then, for arbitrary ¢, 0 < ¢ < ¢, there exists a circle
|w| =1+ £, such that for any j = 1,2, ..., m the following is satisfied:

|Bi(Yr(w)| >1—e.

Then, |B()| > (1 —¢)™ = 1. On the other hand, |®({)| = Ry > 1, for { € Lg,.
Therefore, for any z € (g, we have:

~ 1
Fup (2)] = E/
L

Ry

~ d

0 —z| — d(z,L)L/ P (D)2 1dC] . (42)

Ry

By applying the Holder inequality from Lemma 24, we get:

[1P@1f1del = [ 1P (¥ @) ¥ ()] o]

LR1 |w|=R4

NJ—

< VorRy | [ IR (E@) ¥ () |dul
[w|=R,

= (” ||Pn||ip((;)> .

Then,
2
p
p 1
[ 1P @151l | =7 1Pl gy 6 (43)
LRl
From (4.2) and (4.3), we obtain:
1
nr n+1
Pa(2)] = ————[B@)| @) [[Pull 4, (c)
dp(Z,LRl)
2
n P
- (7)) BRI 2@, 2 <

The function B(z) is analytic in ), continuous on Q and |B(z)| = 1 on L. Then,
according to the maximum modulus principle, we get

|B(Z)| <1l ze€ Qer

and, then the proof is complete. n
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4.3 Proof of Theorem 6

Proof. Let Ry =1+ 5. Forany p > 1 and z € Qg, let us set:

_ ( Pu(z) \F
Gup(z) = <q>”+1(z)) . (4.4)
The Cauchy integral representation for unbounded region g, gives
1 ag
Gan (Z) = o / Gn,p (C) —C—Zl zZ € QRl'
Lg,
Then
ua / )7
Gup (2)] = 5 / G O 225 < smaey ] PO 4 @9
LR1
By applying the Holder inequality, we get:
1
< — P ,
Gur (D = gy [ I @P 1 (*6)
Ry
1 2|1V |dw|
= Py (Y (w)) - (Y (w))?
T6.T) [ B @) (¥ @) gy
|[w|=Ry
1 1 /
—— su dw|,
d(ZILRl) |w|:€{1 |T/( ) }fnp ‘ | |

|w|=Ry

where fy, ,(w) := Py (‘I’(w))(‘lf(w))% Thus, taking into account that the estima-
tion for the [¥’| (see, for instance, [10, Th.2.8]) and by applying Lemma 24, we
get

Gnypl(z su n||P,||F .
}M(”—ﬂ;mgh%idﬁ()i) 1Pull, )
Now, since G € Q,, we get
1
4(¥ (w), L) = (Jw] —1)F . (47)
Hence, we have:
1 1
G z <X ———-sup ——— -nl||P
[Gnp (2)] d(z,LR,) || I;l (Jw| _1) | ”“Ap(G)
1
na
=<

By (4.4), we obtain:

1

Nnua

1
P
P2 (2)] 2 (—d(z - )> 1Pl 4,6y [ (2)]
S|

z€Qg, p=1L n
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4.4 Proof of Theorem 9

Proof. The proof of the Theorem 9 is identical to the proof of the Theorem 6. In
this case, we consider the following:

Py (z)

Gn,l (Z) = 7(1)”+1(Z) . (48)
The Cauchy integral representation is given as
1 ag
Gn,l (Z) = —% / G?Z,l (C) ﬁ, z € QRl'
Lg,

Then, analogously to (4.5) and (4.7), we have:

1
G ()| 2 gy [ 1P @11ae] (49)
LRl
1 2 |dw|
= —— P, (¥ ¥ (w)) P | —
d(z,Lg,) / () (¥ () ¥ (w)[7 !
|w|=Ry
y q
1 1_2)
< — P d . g/ ( q d
S i R I RO
‘w‘:Rl |ZU|:R1
where fy,p () := Py(¥ () (¥())» and L + 1 = 1. Since (1 2)g = 2~ g, then,
for any p > 1, we get:
» 3
1 _
|Gn,1 (z)|] = W / }fn,p(w)’p|dw| / }\}f’(w)F ‘1|dZU|
o [w|=Rq |w|=R,
— ¢ Aup - Bug. (4.10)

For the integral A, ,, from the Lemma 24, we obtain:

1

For the integral B, by taking into account of the estimation for the [¥|
([10, Th.2.8]), we get:

_ d 21
Bl = / ¥ () > |dew| = / (%) dw|.  (412)
|w|=Ry |w|=R,

Let1l < g < 2.Since G € Qg, for z* € L such that d(¥ (w),L) = |¥ (w) — z*|
and w* = ¥ (z*), we have:

d(¥ (w),L) = |w—w*|P < (jw]—1)P.
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Then, according to Lemma 20, from (4.12), we obtain:

AN
7 (wl =1)7 |dw|
Bug 2 / ( lw| —1 jdw] = / (o] — 1)1-P)2=9)

|w|:R1 ‘ZU|:R1

1

= ®Ronopea

Since R :=1+ %, in this case, from Lemma 22 we have:

(1-p)(2-q)
Bug=n 1 . (4.13)

Letq > 2. Letus putd(¥Yr (w),L) := |2 —z*|, Z € Lg, and @ := ® (). Since

GeqQf, according to (4.7), we get |2 — z*| = |w — w* |% . In this case, from (4.12)
we obtain:

—2

1 \7? w -1\’
Maox [ (A g [ (1),
& avw,n) awi) ™

|w|=Ry |w|=R
|dw| (1-1)(q-2)-1 (1

< <nla=D@-2-1" (2 _1)(g-2) < 1.
- / @ — w*|(%—1)(q—2) - (oc )(4-2)

|w|=Rq

Then,
(A-D(@-2)-1 1
Bn/q j n q 7 q < 1 + j. (4.14)

By combining (4.9)-(4.14), we obtain:

|q)(z)|l’l+1 netr , 2—0(<P<2

|Pu (2)] 5m”Pn||Ap(c) v, p=2 ,2€0g,. =

4.5 Proof of Theorem 11

Proof. Since L is a quasiconformal, we conclude that any Lg, R > 1, is also qua-
siconformal. Therefore, we construct the ¢; (K)-quasiconformal reflection yg (z),
yr (0) = oo, across Ly such that yg (Gr) = Qg, yr (Qr) = Gg and yg(.) fixes
the points of L that satisfies conditions (3.1) described for yr (z) . By using this
constructed yr (z), we write the following integral representations for G, 1 (z) :

Gu1(z) = L / G (0) gd_gz (4.15)
1 / g(8)dag

—— , z € Qp,
2mti ) " (yr () A

Lr
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where g(7) := 7-%. The Green formula is given as:

G = ] [W ).
= n+1// q)n+2 g()g)))legd%

Hence, by applying the Holder inequality, we get:

G < (M5 //|g ) o

=:J1-]», z € OQg. (4.17)

Since z € (g, then for the integral J; we have:

- / / 9(0)|? do; (4.18)
=

2
For the estimation of the integral J,, we note that if [, := |yr ¢ ]2 - ’yR Z’ is Jaco-

(4.16)

0))
q)n+2 ) ]/R/Z

dO'g

dU’g_ d2 / ’Pn ’ dU’g

bian of the reflection y({), which satisfies the conditions (3.1) and is described
for yr (z) .

]]/R
iz ’ =1-K
where k; := Zggi < 1 and ¢;1(K) is a coefficient of quasiconformality of the

reflection yg({). Then, after changing of the variable t = y ({) and w = ®(z), we
find
Pr@)

CI)”+2 (g R’@ dO'g (419)

0)

1
1—k2 // c1>n+2 @) | Juwdor = 17— //
[

_ // dow 1 [ 1
- 1_k2 2n+4 n_|_1 1—k2 R2+2 — p4+1 1—k2°
]1w\>R 1 1

IN

O+2(1) 0t

By combining (4.17)-(4.19), we get:

n+1 1 1P|
n(1— k) d(z, L) | "4a(G)

[Pn (2)] < " F(z)

,R>1,z¢€Qr  (4.20)
| ]
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4.6 Proof of Corollary 12.

Proof. Letz € F @ Q) be a arbitrary fixed point. Let us set: d(z, L, 1) := [z — {al,
ln € L1+%’ d(z,L) := |z—(|,{ € Land w := ®(2), t, := P(ln), t := P(0).
Obviously, {, — (, at n — oo. Hence, |t —t,| < &, |w —t|, where &, — 0 at
n — oo. Then, we find

lw—ty| > |[w—t|—|t—ty| > |w—t —ey|w—{

1
= (1—en)|w—t]2§|w—t].

According to Lemma 20, we obtain d(z, L1 ) = d(z,L). Consequently, from
(4.20), we get:

N

F e Q.
d(Z,L) PVASH G [ |

Py (2)] 2 1Pallasgy | @™+ (2)

4.7 Proof of Theorem 13

Proof. For arbitrary fixed s > 1,let Ly = {z : |®r(z)| = s} . According to Lemma
22, we choose s > 1such that L} C G. Then, G¥ C Gand Q) C Q)}.

The function

mm@y:é%%%

is analytic in Q" and TRy (00) = 0.

Let v (z), yr (0) = oo, is a cp (K) —quasiconformal reflection (c; (K) > 1)
across L} such that y! (G¥) = Qf, yi (Q)F) = G} and y(.) fixed the points of L}
that satisfies the conditions (3.1) which are rewritten for y; (z) . If J; = |yz . }2 —

*

2
y; - | is the Jacobian of y;(.), then the relation

2 1
Yozl < —2/y (4.21)
vz 1—-k3"Y

Co (K)2—1

c2(K)2+1
The Cauchy integral representation for O is given as:

is hold, where k, = <1

Im@z—i/m@d (4.22)
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where ¢(0) = nggz) Green formula gives
1 8(6)
Try(z) = —— [ - ] do,
™ Z/ SR @)z

n+1 O (v: (2) i
= [ s dor.
Hence, by applying the Holder inequality, we get:

Tow () < ("Il)zj/rg@)rzdag 4.23)
Gs

2

ysz > =
// cI>n+2 0)) : dog = :Ji-J2, z€ Q.
For the integral J;, we obtain:
= / JGIR (4.2

s [ e g [ o

According to (4.21), after changing of the variable t = y{ ({) and w = $g(z), for
integral ], we find
CI)R ys ys /g

: _// q>”+2 )
- 1_k2//‘q)n+2

Since s > 1, then

2

];Sdag

1R
25

do; T 1
doy = 1_k2//rzn+4 1_k2n+152n+2

w|>s

A (2))

~ 1 7T
< .
=yTTensa

(4.25)

N

By combining (4.23)-(4.25), we get:

n+1 1

2@ <y Plae

| Pr(z)|", z€ Q.

The proof of Theorem 13 is completed. m
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4.8 Proofs of Theorems 13 (in case of p # 2), 15 and 16

305

Proof. The proof of Theorems 13 (in case of p # 2), 15 and 16 are similar to the
proof of Theorems 2, 6 and 9 respectively. For their proofs, we proceed as follows:
For the arbitrary fixed R = 1+ 1, letus set L* := y(Lg). According to Lemma

22, the number p; := 14 ¢1(R — 1) can be chosen as E;l C G.LetRy : =1+

Analogously to the proof of Theorem 2, we define:

* . m n CDR(Z])
B (z) := EB El CDR(Z])CDR()

e P )
Fn,P (Z) T (Bﬁ,}(Z) (13?24_1(2)) )

Then, by the Cauchy integral formula for a region (0} , we have:

Tk 1 Tk dC *
Fup(2) = —5— / Fop (2) 7-z' %€ Og,-
L*

By repeating the same reasoning as the proof of Theorem 2, we find:

Vi

2
P
n+1 *

Since
d(z,Lg,) = d(z, L) forz € Q,

then, we have:

2
P = (705) 1Bl | 2@ 2 e 0

4.9 Proof of Theorem 15

Proof. In this case, for same R, p1, R; and any p > 1 set:

z p
Gnp(z) = <;:+75(1)) ,z€e Q).

From the Cauchy integral formula, we have:

Gup () = —5= [ Gup (@) Fog 2 €0k,
L}El

Then
’an } — d( L* / |P71 |p|d€|
L*

p1—1
5

(4.26)
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and, by repeating the same reasoning as the proof of Theorem 6, we obtain:

1 P
ne n+1 *
B (2)] < (W LEJ) IPalaycc) | @), 2 € O, p > 1.

According to (4.26), we complete the proof. n

4.10 Proof of Theorem 16

Proof. Analogously to prove of the Theorem 9, according to the Cauchy integral
representation, we have:

G (z) = S / Gua () % ,2€QOf,.

2711
Lk,

Then, by the proof of Theorem 9, we get:

1
< :
6o &)1 = g iy [ 1P @114 427)
L;‘{1
1 1
P q
1 _2
< | [ V@ ldel| | [ [¥@)]" b
d(z, Ly )
1 \wl=Ry |w|=R,
1 1
P q
1 -
oy | @l || [k ) ol
d(z, Ly )
' \wl=R [w|=Rq
- An,p ’ Bn qs
where f, ,(w) := Py (‘I’R(w))(‘I’R(w))% and % + % = 1. From the Lemma 24, we

have:
1
App 217 HPHHAP(G)'

On the other hand, according to the estimation for [¥%| ( [10, Th.2.8]), we get:

d )\ 274
Bl = / <(‘P|I;(|ui)i”) dw) . (4.28)

lw|=Ry

Letl < g < 2.Since G € Qf, for z* € L* such that d(¥g (w),L*) =
|¥r (w) — z*| and w* := Py (z*), we have:

d(¥r (w),L*) = Jw—w|’ = (jw|—1)°.



Uniform and pointwise Bernstein-Walsh-type inequalities 307

Then, from Lemma 20 and (4.28), we obtain:

2-q
q (Jw] - 1)° |dw|
Brg 2 / < jw| —1 jdw] = / (|w] — 1)1-P)2=0) (4.29)

|w|=Rq [w|=Rq

1 1-8)(2—
< wmogapay 31

Letg > 2. Letus put d(¥g (w) L") := |z —2z"[, Z € L} and w := DR (2),

w* := P (z*) . According to (4.7), we get |2 — z*| >~ |w — w*|% . Then,

-2
9 [wl -1 \1
B, = / ( T (), L*)) dowl (4.30)
[w|=Ry
q—2
</ < . 11) iz | |d<ul)|—1><q—z>
wj=r, @@ wj=r, | @~ W[
< pla-DE-2-1 (1 ~1)(g-2) < 1.
«
By combining (4.27)-(4.30), we obtain:
2 (2-1)
|CI)(Z)|TZ—|—1 n* r , 2—lX<p<2
[Pn (2)] 2 == [IPalla, ) vn, p=2 z € O,
d(z, Ly, ) ' (1-p)1-2)
n P B>0, p>2

According to (4.26), we complete the proof. n

4.11 Proof of Theorem 17.

Proof. a) Let Q(z) := i (j+1)z/, G = Band p = 2. In this case,
=0

1 2 1 2
Qe = SERIED, ory ) = DO

Then, we have

1 «
—n .
\/E || Qy ||A2(G)

b) Let the region G5 C C bounded by smooth curve L = dG € Cy. According
to the “three-point” criterion [17, p.100] the curve L is quasiconformal. Denote
by {K.(z)}, degK, = n, n = 0,1,2, ..., the system of Bergman polynomials for
region G, i.e. K, (z) := apz" + & _12" ' + ... + g, &y > 0 and

1Qillc) =

/ Ky (2)Kin(z)doz = n,m,
G
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where 9, ,, is the symbol Kronecker. Let G_i‘ be a closure of convex hull of G5 and
F .= CG_E‘. It is well known [14, p.245], that zeros of Bergman polynomials K, (z)
are contained in G;. According to [2], for arbitrary quasidisks we have:

!

Ky(z) = app" 10" (2)® (2)An(z), zE FE Q,

where
n—H S lxnpn"'_l S c1 i,
T T
for some c; = ¢1(G) > 1and
C3
2 <|Au(2)] <1+ ——,
|D(z)] — 1

for some ¢; = ¢;(G) > 0, i = 2,3. Therefore, since HK,,HAZ(G) =1, we have

K] = e/ o) G

N |
s 1T (1 - |<1><z>1)

Vv

1
C4 (D) (1Kl ay(c) - u

d(z,L)
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