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Abstract

In earlier papers C. Dartyge and A. Sárközy presented large families of
pseudorandom subsets with prime moduli. In this paper we extend two
large families of subsets to the case when the moduli is composite.

1 Introduction

The need for pseudorandom binary sequences arises in many cryptographic
applications. Therefore it is interesting to give some binary sequences and study
their pseudorandom properties theoretically. In 1997 C. Mauduit and A. Sárközy
[5] initiated a comprehensive study of finite pseudorandom binary sequences

EN = (e1, · · · , eN) ∈ {−1,+1}N .

First they introduced the following pseudorandom measures: The well-distribution
measure of EN is defined by

W (EN) = max
a,b,t
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where the maximum is taken over all a, b, t ∈ N with 1 ≤ a ≤ a + (t − 1)b ≤ N.
The correlation measure of order l of EN is defined as

Cl (EN) = max
M,D
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where the maximum is taken over all D = (d1, · · · , dl) and M with 0 ≤ d1 <

· · · < dl ≤ N − M.
Many pseudorandom binary sequences were given and studied. For exam-

ple, C. Mauduit, J. Rivat and A. Sárközy [4] presented the following family of
pseudorandom binary sequences.

Proposition 1.1. Let p be an odd prime number, f (x) ∈ Fp[x] of degree k, and
define Ep = (e1, · · · , ep) by

en =

{

+1, if 0 ≤ rp( f (n)) < p/2,
−1, if p/2 ≤ rp( f (n)) < p,

where rp(n) denotes the unique r ∈ {0, 1, · · · , p − 1} such that n ≡ r(mod p). Then
we have

W(Ep) ≪ kp1/2(log p)2,

and for 2 ≤ l ≤ k − 1, we also have

Cl(Ep) ≪ kp1/2(log p)l+1.

Another construction was given by C. Mauduit and A. Sárközy in [6].
Proposition 1.2. Assume that p is a prime number, f (x) ∈ Fp[x] has degree

k (1 < k < p) and no multiple zero in Fp. For (a, p) = 1, denote the multi-

plicative inverse of a by a−1 such that aa−1 ≡ 1(modp). Define the binary sequence
Ep = (e1, · · · , ep) by

en =

{

+1, if ( f (n), p) = 1, rp( f (n)−1) < p/2,
−1, if either ( f (n), p) = 1, rp( f (n)−1) ≥ p/2 or p | f (n).

Then we have
W(Ep) ≪ kp1/2(log p)2.

Moreover assume that l ∈ N, and one of the following conditions holds:

(i) l = 2, (ii) (4k)l
< p.

Then we have
Cl(Ep) ≪ klp1/2(log p)l+1.

The above constructions are with a prime moduli p. One might like to look
for constructions with composite moduli m. Let m be a modulus of “RSA type”,
i.e., it is the product of two primes not far apart, say,

m = pq, p, q are primes, p < q < 2p. (1.1)
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J. Rivat and A. Sárközy [7] tried to extend the above two constructions to the case
of composite moduli m defined by (1.1). Their main results on these constructions
are the following.

Proposition 1.3. Assume that m ∈ N is of the form (1.1), f (x) = akxk + · · ·+
a1x + a0 ∈ Z[x], (ak , pq) = 1, and 2 ≤ k < p(< q). Define the binary sequence
Em = (e1, · · · , em) by

en =

{

+1, if 0 ≤ rm( f (n)) < m/2,
−1, if m/2 ≤ rm( f (n)) < m,

where rm(n) denotes the unique r ∈ {0, 1, · · · , m − 1} with n ≡ r(modm). Then we
have

W(Em) ≪ k2m1/2(log m)2.

Assume that k ≥ 3. Then we also have

C2(Em) ≪ km3/4(log m)3.

Definition 1.1. For a ∈ Z and m ∈ N such that (a, m) = 1, let im(a) denote the
unique integer b such that 0 ≤ b ≤ m − 1 and ab ≡ 1(modm).

Proposition 1.4. Assume that m ∈ N is of the form (1.1), f (x) = akxk + · · ·+
a1x + a0 ∈ Z[x], (ak , pq) = 1, and 1 ≤ k < p(< q). Define the binary sequence
Em = (e1, · · · , em) by

en =

{

+1, if ( f (n), m) = 1, rm(im( f (n))) < m/2,
−1, if either ( f (n), m) = 1, rm(im( f (n))) ≥ m/2, or ( f (n), m) > 1.

Then we have

W(Em) ≪ k2m1/2(log m)2,

and

C2(Em) ≪ k2m3/4(log m)3.

H. Liu, T. Zhan and X. Wang [3] studied the correlation measure of order
greater than 2 of the sequences defined in Proposition 1.3 and Proposition 1.4.

Proposition 1.5. Define m, k, f (x) and Em as in Proposition 1.3. Assume that
k ≥ 4. Then

C3(Em) ≪ km3/4(log m)4.

Assume that the prime factors p, q of m are made known, and 1 ≤ l ≤ min ((k − 1)/2,
q − p + 1). Then we have

C4l(Em) ≫
(

2

π

)4l

m.

Proposition 1.6. Define m, k, f (x) and Em as in Proposition 1.4. Assume that
(4k)3

< p(< q). Then

C3(Em) ≪ k3m3/4(log m)4.
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Assume that the prime factors p, q of m are made known, and (4k)2l
< p. Then we

have

C4l(Em) ≫
(

2

π

)4l

m.

In a series of papers C. Dartyge and A. Sárközy (partly with other coauthors)
studied pseudorandom subsets. Let R ⊂ {1, 2, · · · , N} and define the sequence

EN = EN(R) = (e1, e2, · · · , eN) ∈
{

1 − |R|
N

, −|R|
N

}N

by

en =

{

1 − |R|
N , for n ∈ R,

− |R|
N , for n 6∈ R.

C. Dartyge and A. Sárközy [2] introduced the following measures of pseudoran-
domness: The well-distribution measure of the subset R is defined by

W(R, N) = max
a,b,t
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,

where the maximum is taken over all a, b, t ∈ N with 1 ≤ a ≤ a + (t − 1)b ≤ N.
The correlation measure of order l of the subset R is defined by

Cl(R, N) = max
M,D
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where the maximum is taken over all D = (d1, · · · , dl) and M with 0 ≤ d1 <

· · · < dl ≤ N − M.
Later many pseudorandom subsets were given and studied. For example,

C. Dartyge, E. Mosaki and A. Sárközy [1] proved the following:
Proposition 1.7. Assume that p is an odd prime number, f (x) ∈ Fp[x] is of degree

k ≥ 2. Let r ∈ Z, s ∈ N, s < p/2. Define R ⊂ {1, · · · , p} by

R = {n : 1 ≤ n ≤ p, ∃h ∈ {r, r + 1, · · · , r + s − 1} with f (n) ≡ h(mod p)}.

Writing α = |R|/p and β = s/p, we have

|α − β| < 1

p
+

k(1 + log p)√
p

, W(R, p) < 2k
√

p(log p)2.

And for 2 ≤ l ≤ k − 1, we have

Cl(R, p) < 2k
√

p(1 + log p)l+1.
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Proposition 1.8. Assume that p is an odd prime number, k ∈ N, k < p, r ∈ Z,
s ∈ N, s < p, f (x) ∈ Fp[x] has no multiple root and deg( f (x)) = k. Define R ⊂
{1, · · · , p} by

R = {n : 1 ≤ n ≤ p, ( f (n), p) = 1, ∃h ∈ {r, r + 1, · · · , r + s − 1}
with h f (n) ≡ 1(mod p)}.

Writing α = |R|/p and β = s/p, we have

|α − β| ≪ k log p√
p

, W(R, p) ≪ k
√

p(log p)2.

Moreover, assume that l ∈ N, l ≥ 2 and one of the following conditions holds:

(i) l = 2, (ii) (4k)l
< p.

Then we have
Cl(R, p) ≪ kl

√
p(log p)l+1.

Note that the above constructions are with a prime moduli p. In this paper we
extend the constructions in Proposition 1.7 and Proposition 1.8 to the case when
the moduli m is of the form (1.1), and study the pseudorandom properties.

Theorem 1.1. Assume that m ∈ N is of the form (1.1), f (x) = akxk + · · ·+ a1x +
a0 ∈ Z[x], (ak , pq) = 1, and 2 ≤ k < p(< q). Let r ∈ Z, s ∈ N, s < m/2. Define
R ⊂ {1, · · · , m} by

R = {n : 1 ≤ n ≤ m, ∃h ∈ {r, r + 1, · · · , r + s − 1} with f (n) ≡ h(mod m)}.

Writing α = |R|/m and β = s/m, we have

|α − β| ≪ (k − 1)2m−1/2 log m, W(R, m) ≪ k2m1/2(log m)2.

Assume that k ≥ 3. Then
C2(R, m) ≪ km3/4.

If k ≥ 4, then we also have

C3(R, m) ≪ km3/4 log m.

Theorem 1.2. Assume that m ∈ N is of the form (1.1), f (x) = akxk + · · ·+ a1x +
a0 ∈ Z[x], (ak , pq) = 1, and 1 ≤ k < p(< q). Let r ∈ Z, s ∈ N, s < m/2. Define
R ⊂ {1, · · · , m} by

R = {n : 1 ≤ n ≤ m, ( f (n), m) = 1, ∃h ∈ {r, r + 1, · · · , r + s − 1}
with h f (n) ≡ 1(mod m)}.

Writing α = |R|/m and β = s/m, we have

|α − β| ≪ k2m−1/2 log m, W(R, m) ≪ k2m1/2(log m)2,
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and
C2(R, m) ≪ km3/4.

If (4k)3
< p(< q), then we also have

C3(R, m) ≪ km3/4 log m.

The correlations of order 2 and 3 are small as in the binary sequence case. In
Section 5 we shall prove that the correlation of order 4 is also large.

Theorem 1.3. Define m, k, f (x) and R as in Theorem 1.1. Assume that the prime
factors p, q of m are made known, and 1 ≤ l ≤ min ((k − 1)/2, q − p + 1). Then we
have

C4l(R, m) ≫
(

2

3
− β

)l

β3lm.

Theorem 1.4. Define m, k, f (x) and R as in Theorem 1.2. Assume that the prime

factors p, q of m are made known, and (4k)2l
< p. Then we have

C4l(R, m) ≫
(

2

3
− β

)l

β3lm.

Remark 1.1. These results show that in general it is not enough to estimate
correlations of small (2, or 2 and 3) order, one also has to estimate correlations of higher
order.

Notations. Throughout this paper, rm(x) denotes the unique y ∈ {0, 1, · · · ,
m − 1} such that x ≡ y(mod m), em(x) = e2πix/m. For a ∈ Z and q ∈ N such that
(a, q) = 1, let iq(a) denote the unique integer b such that 0 ≤ b ≤ q − 1 and
ab ≡ 1(mod q).

2 Some lemmas

We need the following lemmas.
Lemma 2.1. Let m ∈ N. For 0 ≤ β < 1, x ∈ Z we write

gβ(x) =

{

1 − β, if 0 ≤ rm(x) < βm,
−β, if βm ≤ rm(x) < m,

and the complex numbers ah with h ∈ Z, |h| < m
2 are uniquely defined by

gβ(x) = ∑
|h|<m

2

ahem(hx) (∀x ∈ Z).

Then uniformly for all 0 ≤ β < 1, we have

|a0| <
1

m
and |ah| ≤

1

2|h| for 0 < |h| < m

2
.
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Proof. This lemma can be easily proved by using the methods of Lemma 2 in
[1].

Lemma 2.2. Let p, q be distinct prime numbers and f (x) = akxk + · · ·+ a1x +
a0 ∈ Z[x] with 2 ≤ k < min(p, q) and (ak , pq) = 1. Let X, Y be real numbers with
0 < Y ≤ pq. Then

∣

∣

∣

∣

pq−1

∑
n=0

epq( f (n))

∣

∣

∣

∣

≤ (k − 1)2√pq,

∣

∣

∣

∣

∑
X<n≤X+Y

epq( f (n))

∣

∣

∣

∣

≪ k2√pq log(pq).

Proof. See Lemma 9 and Lemma 10 of [7].

Lemma 2.3. Let p, q be distinct prime numbers. Then for any polynomial
f (x) ∈ Z[x], we have
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pq

∑
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epq( f (n))
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∣

∣

∣

∣
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q
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u=1

eq(iq(p) f (u))
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∣

∣

∣

∣

∣

p

∑
v=1

ep(ip(q) f (v))

∣

∣

∣

∣

∣

.

Proof. This is Lemma 8 in [7].

Lemma 2.4. Let p be a prime numbers, l ∈ N, 1 ≤ l < p, f (x) ∈ Fp[x] a
polynomial of degree k ≥ l, and let d1, · · · , dl be l different elements of Fp. Then for all

(h1, · · · , hl) ∈ F
l
p \ (0, · · · , 0), the polynomial

g(x) = h1 f (x + d1) + · · ·+ hl f (x + dl)

is of degree ≥ k − l + 1.

Proof. This is Lemma 3 in [4].

Lemma 2.5. Suppose that p is a prime number and f (x) = akxk + · · ·+ a1x+ a0 ∈
Z[x] is a polynomial with 0 < k < p and (ak , p) = 1. Then

∣

∣

∣

∣

p−1

∑
n=0

ep( f (n))

∣

∣

∣

∣

≤ (k − 1)
√

p.

Proof. This is Corollary 2F in [8].

Lemma 2.6. Let p and q be two distinct prime numbers. Let Q, R ∈ Z[x] be
polynomials such that reducing them modulo p the polynomials Qp and Rp obtained in
this way determine a rational function Qp/Rp over Fp, and reducing them modulo q the
polynomials Qq and Rq obtained in this way determine a rational function Qq/Rq over
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Fq. Write D = max(deg(R), deg(Q)) and let X, Y be real numbers with 0 < Y ≤ pq.
Then we have

∣

∣

∣

∣

∣

∣

∣

∣

pq−1

∑
n=0

(R(n),pq)=1

epq

(

Q(n)ipq(R(n))
)

∣

∣

∣

∣

∣

∣

∣

∣

≪ D2√pq,

if Qp/Rp and Qq/Rq are not constants.
∣

∣

∣

∣

∣

∣

∣

∣

∑
X<n≤X+Y

(R(n),pq)=1

epq

(

Q(n)ipq(R(n))
)

∣

∣

∣

∣

∣

∣

∣

∣

≪ D2√pq log(pq),

if Qp/Rp and Qq/Rq are not constants or linear polynomials.

Proof. See Lemma 14 and Lemma 15 in [7].

Lemma 2.7. Let p, q ∈ N with (p, q) = 1 and Q(x), R(x) ∈ Z[x]. Then

∑
1≤n≤pq

(R(n),pq)=1

epq

(

Q(n)ipq(R(n))
)

=

∑
1≤u≤q

(R(u),q)=1

eq

(

Q(u)iq(pR(u))
)

∑
1≤v≤p

(R(v),p)=1

ep

(

Q(v)ip(qR(v))
)

.

Proof. This is Lemma 11 in [7].

Lemma 2.8. Assume that p is a prime number, f (x) ∈ Fp[x] has degree

(0 <)k(< p) and no multiple zero in Fp. Assume that l ∈ N with 2 ≤ l ≤ p,
and one of the following conditions holds

(i) l = 2, (ii) (4k)l
< p.

Let d1, · · · , dl be l different elements of Fp. Then for all (h1, · · · , hl) ∈ F
l
p\(0, · · · , 0),

the polynomial

g(n) =
l

∑
i=1

hi ∏
1≤j≤l

j 6=i

f (n + dj)

is not the 0 polynomial.

Proof. This is Lemma 5 in [6].
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Lemma 2.9. Let p be a prime number and Q/R a rational function over Fp, which

is not constant. Let s be the number of distinct roots of the polynomial R in Fp. If ψ is a
non-trivial additive character of Fp, then

∣

∣

∣

∣

∣

∣

∣

∣

∣

∑
n∈Fp

R(n) 6=0

ψ

(

Q(n)

R(n)

)

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤ (max(deg(Q), deg(R)) + s − 1)
√

p.

Proof. This is Lemma 13 in [7].

Lemma 2.10. Assume that m ∈ N is of the form (1.1). Then we have

∑
|h1|<m/2

∑
|h2|<m/2

p|h1+h2

h1+h2 6=0

∑
|h3|<m/2

· · · ∑
|hl |<m/2

ah1
em(−h1r)ah2

em(−h2r) · · · ahl
em(−hlr)

≪ m−1/2 (log m)l .

Proof. By using Lemma 2.1 and the methods in Lemma 2.8 of [3] we can easily
get the lemma.

3 The proof of Theorem 1.1

Write α = |R|/m and β = s/m, by Lemma 2.1 we get

αm = |R| = ∑
1≤n≤m

0≤rm( f (n)−r)<s

1 = ∑
1≤n≤m

0≤rm( f (n)−r)<βm

1 = ∑
1≤n≤m

(gβ( f (n) − r) + β)

= ∑
1≤n≤m

∑
|h|<m/2

ahem(h( f (n) − r)) + βm

= ∑
|h|<m/2

ahem(−hr) ∑
1≤n≤m

em(h f (n)) + βm.

From Lemma 2.1 we know that

∑
|h|<m/2

(h,m)>1

ahem(−hr) ≪ 1

m
+ ∑

0<|h|<m/2

(h,m)>1

1

|h| ≪ m−1/2 log m. (3.1)

Then from Lemma 2.2 we have

|α − β| ≪ 1

m ∑
|h|<m/2

(h,m)=1

1

|h|

∣

∣

∣

∣

∣

∑
1≤n≤m

em(h f (n))

∣

∣

∣

∣

∣

+ m−1/2 log m
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≪ (k − 1)2m−1/2 log m. (3.2)

Furthermore, noting that

en =

{

1 − |R|
m , for n ∈ R,

− |R|
m , for n /∈ R.

Then from Lemma 2.1 we get

en = gβ( f (n) − r) + β − α. (3.3)

For a, b, t ∈ N with 1 ≤ a ≤ a + (t − 1)b ≤ m, we assume that (b, m) = 1 since
otherwise we have

∣

∣

∣

∣

∣

t−1

∑
j=0

ea+jb

∣

∣

∣

∣

∣

≤ t ≤ m

b
+ 1 ≪ m1/2.

By (3.1)-(3.3), Lemma 2.1 and Lemma 2.2 we get

t−1

∑
j=0

ea+jb =
t−1

∑
j=0

(gβ( f (a + jb)− r) + β − α)

= ∑
|h|<m/2

ahem(−hr)
t−1

∑
j=0

em(h f (a + jb)) + t(β − α)

= ∑
|h|<m/2

(h,m)=1

ahem(−hr)
t−1

∑
j=0

em(h f (a + jb)) + O
(

(k − 1)2m1/2 log m
)

≪ k2m1/2(log m)2.

Therefore

W(R, m) = max
a,b,t

∣

∣

∣

∣

t−1

∑
j=0

ea+jb

∣

∣

∣

∣

≪ k2m1/2(log m)2.

For M, d1, d2 ∈ N with 0 ≤ d1 < d2 ≤ m − M, by (3.1)-(3.3) and Lemma 2.1
we have

M

∑
n=1

en+d1
en+d2

=
M

∑
n=1

(

gβ( f (n + d1)− r) + β − α
) (

gβ( f (n + d2)− r) + β − α
)

=
M

∑
n=1

gβ( f (n + d1)− r)gβ( f (n + d2)− r) + O
(

(k − 1)2m1/2 log m
)

=
1

m ∑
|z|<m/2

M

∑
j=1

em(−zj)
m

∑
n=1

gβ( f (n + d1)− r)gβ( f (n + d2)− r)em(zn)

+O
(

(k − 1)2m1/2 log m
)

=
1

m ∑
|z|<m/2

M

∑
j=1

em(−zj) ∑
|h1 |<m/2

ah1
em(−h1r) ∑

|h2|<m/2

ah2
em(−h2r)
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×
m

∑
n=1

em(h1 f (n + d1) + h2 f (n + d2) + zn) + O
(

(k − 1)2m1/2 log m
)

=
1

m ∑
|z|<m/2

M

∑
j=1

em(−zj) ∑
|h1 |<m/2

(h1,m)=1

ah1
em(−h1r) ∑

|h2|<m/2

(h2,m)=1

ah2
em(−h2r)

×
m

∑
n=1

em (h1 f (n + d1) + h2 f (n + d2) + zn)

+O
(

(k − 1)2m1/2 log m
)

+ O
(

m1/2(log m)3
)

. (3.4)

Define F1(n) = h1 f (n + d1) + h2 f (n + d2) + zn. From Lemma 2.3 we get
∣

∣

∣

∣

∣

m

∑
n=1

em (h1 f (n + d1) + h2 f (n + d2) + zn)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

m

∑
n=1

em (F1(n))

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

q

∑
u=1

eq

(

iq(p)(F1(u))
)

∣

∣

∣

∣

∣

·
∣

∣

∣

∣

∣

p

∑
v=1

ep

(

ip(q)(F1(v))
)

∣

∣

∣

∣

∣

.

If d1 6≡ d2(mod p), by Lemma 2.4 and Lemma 2.5 we have

p

∑
v=1

ep

(

ip(q)(F1(v))
)

≪ kp1/2.

While if d1 ≡ d2(mod p), by Lemma 2.4 and Lemma 2.5 we also have

p

∑
v=1

ep

(

ip(q)(F1(v))
)

=











O
(

kp1/2
)

, if p ∤ h1 + h2,

O(p), if p | h1 + h2 and p | z,

0, if p | h1 + h2 and p ∤ z,

=

{

O(p), if p | h1 + h2 and p | z,

O
(

kp1/2
)

, otherwise.

Therefore
∣

∣

∣

∣

∣

m

∑
n=1

em (h1 f (n + d1) + h2 f (n + d2) + zn)

∣

∣

∣

∣

∣

=

{

O(km3/4), if p | h1 + h2, p | z, or q | h1 + h2, q | z,

O
(

k2m1/2
)

, otherwise.
(3.5)

Now from (3.4), (3.5) and Lemma 2.1 we get

M

∑
n=1

en+d1
en+d2

≪ 1

m ∑
|z|<m/2

p|z

∣

∣

∣

∣

∣

M

∑
j=1

em(−zj)

∣

∣

∣

∣

∣

∑
|h1|<m/2

(h1,m)=1

∑
|h2|<m/2

(h2,m)=1

p|h1+h2

1

|h1h2|
· km3/4
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+
1

m ∑
|z|<m/2

q|z

∣

∣

∣

∣

∣

M

∑
j=1

em(−zj)

∣

∣

∣

∣

∣

∑
|h1|<m/2

(h1,m)=1

∑
|h2|<m/2

(h2,m)=1

q|h1+h2

1

|h1h2|
· km3/4

+
1

m ∑
|z|<m/2

∣

∣

∣

∣

∣

M

∑
j=1

em(−zj)

∣

∣

∣

∣

∣

∑
|h1|<m/2

(h1,m)=1

∑
|h2|<m/2

(h2,m)=1

1

|h1h2|
· k2m1/2

+(k − 1)2m1/2 log m + m1/2(log m)3

≪ km3/4.

Therefore

C2(R, m) = max
M,D

∣

∣

∣

∣

M

∑
n=1

en+d1
en+d2

∣

∣

∣

∣

≪ km3/4.

Now let M ∈ N, d1, d2, d3 ∈ Z such that 0 ≤ d1 < d2 < d3 ≤ m − M. By
(3.1)-(3.3) and Lemma 2.1 we have

M

∑
n=1

en+d1
en+d2

en+d3
=

M

∑
n=1

(

gβ( f (n + d1)− r) + β − α
) (

gβ( f (n + d2)− r) + β − α
)

×
(

gβ( f (n + d3)− r) + β − α
)

=
M

∑
n=1

gβ( f (n + d1)− r)gβ( f (n + d2)− r)gβ( f (n + d3)− r) + O
(

(k − 1)2m1/2 log m
)

=
1

m ∑
|z|<m/2

M

∑
j=1

em(−zj)
m

∑
n=1

gβ( f (n + d1)− r)gβ( f (n + d2)− r)gβ( f (n + d3)− r)em(zn)

+O
(

(k − 1)2m1/2 log m
)

=
1

m ∑
|z|<m/2

M

∑
j=1

em(−zj) ∑
|h1|<m/2

ah1
em(−h1r) ∑

|h2|<m/2

ah2
em(−h2r) ∑

|h3|<m/2

ah3
em(−h3r)

×
m

∑
n=1

em(h1 f (n + d1) + h2 f (n + d2) + h3 f (n + d3) + zn) + O
(

(k − 1)2m1/2 log m
)

=
1

m ∑
|z|<m/2

M

∑
j=1

em(−zj) ∑
|h1|<m/2

(h1,m)=1

ah1
em(−h1r) ∑

|h2|<m/2

(h2,m)=1

ah2
em(−h2r) ∑

|h3|<m/2

(h3,m)=1

ah3
em(−h3r)

×
m

∑
n=1

em (h1 f (n + d1) + h2 f (n + d2) + h3 f (n + d3) + zn)

+O
(

(k − 1)2m1/2 log m
)

+ O
(

m1/2(log m)4
)

. (3.6)

Define F2(n) = h1 f (n + d1) + h2 f (n + d2) + h3 f (n + d3) + zn. From Lemma
2.3 we get

∣

∣

∣

∣

∣

m

∑
n=1

em (h1 f (n + d1) + h2 f (n + d2) + h3 f (n + d3) + zn)

∣

∣

∣

∣

∣
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=

∣

∣

∣

∣

∣

m

∑
n=1

em (F2(n))

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

q

∑
u=1

eq

(

iq(p)(F2(u))
)

∣

∣

∣

∣

∣

·
∣

∣

∣

∣

∣

p

∑
v=1

ep

(

ip(q)(F2(v))
)

∣

∣

∣

∣

∣

.

If d1, d2, d3 are different in Fp, by Lemma 2.4 and Lemma 2.5 we have

p

∑
v=1

ep

(

ip(q)(F2(v))
)

≪ kp1/2.

If d1 ≡ d2 6≡ d3(mod p), by Lemma 2.4 and Lemma 2.5 we get

p

∑
v=1

ep

(

ip(q)(F2(v))
)

≪ kp1/2.

While if d1 ≡ d2 ≡ d3(mod p), by Lemma 2.4 and Lemma 2.5 we also get

p

∑
v=1

ep

(

ip(q)(F2(v))
)

=











O
(

kp1/2
)

, if p ∤ h1 + h2 + h3,

O(p), if p | h1 + h2 + h3 and p | z,

0, if p | h1 + h2 + h3 and p ∤ z,

=

{

O(p), if p | h1 + h2 + h3 and p | z,

O
(

kp1/2
)

, otherwise.

Therefore
∣

∣

∣

∣

∣

m

∑
n=1

em (h1 f (n + d1) + h2 f (n + d2) + h3 f (n + d3) + zn)

∣

∣

∣

∣

∣

=

{

O(km3/4), if p | h1 + h2 + h3, p | z, or q | h1 + h2 + h3, q | z,

O
(

k2m1/2
)

, otherwise.
(3.7)

Now from (3.6), (3.7) and Lemma 2.1 we get

M

∑
n=1

en+d1
en+d2

en+d3

≪ 1

m ∑
|z|<m/2

p|z

∣

∣

∣

∣

∣

M

∑
j=1

em(−zj)

∣

∣

∣

∣

∣

∑
|h1|<m/2

(h1,m)=1

∑
|h2|<m/2

(h2,m)=1

∑
|h3|<m/2

(h3,m)=1

p|h1+h2+h3

1

|h1h2h3|
· km3/4

+
1

m ∑
|z|<m/2

q|z

∣

∣

∣

∣

∣

M

∑
j=1

em(−zj)

∣

∣

∣

∣

∣

∑
|h1|<m/2

(h1,m)=1

∑
|h2|<m/2

(h2,m)=1

∑
|h3|<m/2

(h3,m)=1

q|h1+h2+h3

1

|h1h2h3|
· km3/4

+
1

m ∑
|z|<m/2

∣

∣

∣

∣

∣

M

∑
j=1

em(−zj)

∣

∣

∣

∣

∣

∑
|h1|<m/2

(h1,m)=1

∑
|h2|<m/2

(h2,m)=1

∑
|h3|<m/2

(h3,m)=1

1

|h1h2h3|
· k2m1/2
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+(k − 1)2m1/2 log m + m1/2(log m)4

≪ km3/4 log m.

Therefore

C3(R, m) = max
M,D

∣

∣

∣

∣

M

∑
n=1

en+d1
en+d2

en+d3

∣

∣

∣

∣

≪ km3/4 log m.

This proves Theorem 1.1.

4 The proof of Theorem 1.2

Write α = |R|/m and β = s/m. By (3.1), Lemma 2.1 and Lemma 2.6 we get

αm = |R| =
m

∑
n=1

( f (n),m)=1

0≤rm(im( f (n))−r)<s

1 =
m

∑
n=1

( f (n),m)=1

(gβ(im( f (n)) − r) + β)

= ∑
|h|<m/2

ahem(−hr)
m

∑
n=1

( f (n),m)=1

em(him( f (n))) + βm + O
(

km1/2
)

= ∑
|h|<m/2

(h,m)=1

ahem(−hr)
m

∑
n=1

( f (n),m)=1

em(him( f (n))) + βm + O
(

km1/2
)

+O
(

m1/2 log m
)

= βm + O
(

k2m1/2 log m
)

.

That is to say,

|α − β| ≪ k2m−1/2 log m. (4.1)

Furthermore, from Lemma 2.1 we can get

en = gβ(im( f (n)) − r) + β − α for ( f (n), m) = 1. (4.2)

For a, b, t ∈ N with 1 ≤ a ≤ a + (t − 1)b ≤ m, we assume that (b, m) = 1 since
otherwise we have

∣

∣

∣

∣

∣

t−1

∑
j=0

ea+jb

∣

∣

∣

∣

∣

≤ t ≤ m

b
+ 1 ≪ m1/2.

By (3.1), (4.1), (4.2), Lemma 2.1 and Lemma 2.6 we get
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t−1

∑
j=0

ea+jb =
t−1

∑
j=0

( f (a+jb),m)=1

(gβ(im( f (a + jb))− r) + β − α) + O
(

km1/2
)

= ∑
|h|<m/2

ahem(−hr)
t−1

∑
j=0

( f (a+jb),m)=1

em(him( f (a + jb))) + t(β − α)

+O
(

km1/2
)

= ∑
|h|<m/2

(h,m)=1

ahem(−hr)
t−1

∑
j=0

( f (a+jb),m)=1

em(him( f (a + jb)))

+O
(

k2m1/2 log m
)

≪ k2m1/2(log m)2.

Therefore

W(R, m) = max
a,b,t

∣

∣

∣

∣

t−1

∑
j=0

ea+jb

∣

∣

∣

∣

≪ k2m1/2(log m)2.

For M, d1, d2 ∈ N with 0 ≤ d1 < d2 ≤ m − M, by (3.1), (4.1), (4.2) and Lemma
2.1 we have

M

∑
n=1

en+d1
en+d2

=
M

∑
n=1

( f (n+d1) f (n+d2),m)=1

(

gβ(im( f (n + d1))− r) + β − α
)

×
(

gβ(im( f (n + d2))− r) + β − α
)

+ O
(

km1/2
)

=
M

∑
n=1

( f (n+d1) f (n+d2),m)=1

gβ(im( f (n + d1))− r)gβ(im( f (n + d2))− r)

+O
(

k2m1/2 log m
)

=
1

m ∑
|z|<m/2

M

∑
j=1

em(−zj)
m

∑
n=1

( f (n+d1) f (n+d2),m)=1

gβ(im( f (n + d1))− r)

×gβ(im( f (n + d2))− r)em(zn) + O
(

k2m1/2 log m
)

=
1

m ∑
|z|<m/2

M

∑
j=1

em(−zj) ∑
|h1 |<m/2

ah1
em(−h1r) ∑

|h2|<m/2

ah2
em(−h2r)

×
m

∑
n=1

( f (n+d1) f (n+d2),m)=1

em(h1im( f (n + d1)) + h2im( f (n + d2)) + zn)

+O
(

k2m1/2 log m
)
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=
1

m ∑
|z|<m/2

M

∑
j=1

em(−zj) ∑
|h1 |<m/2

(h1,m)=1

ah1
em(−h1r) ∑

|h2|<m/2

(h2,m)=1

ah2
em(−h2r)

×
m

∑
n=1

( f (n+d1) f (n+d2),m)=1

em (h1im( f (n + d1)) + h2im( f (n + d2)) + zn)

+O
(

k2m1/2 log m
)

+ O
(

m1/2(log m)3
)

. (4.3)

Define

Q1(n) = h1 f (n + d2) + h2 f (n + d1) + zn f (n + d1) f (n + d2),

and R1(n) = f (n + d1) f (n + d2). From Lemma 2.7 we get
∣

∣

∣

∣

∣

∣

∣

∣

m

∑
n=1

( f (n+d1) f (n+d2),m)=1

em (h1im( f (n + d1)) + h2im( f (n + d2)) + zn)

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

m

∑
n=1

(R1(n),m)=1

em (Q1(n)im(R1(n)))

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

q

∑
u=1

(R1(u),q)=1

eq

(

Q1(u)iq(pR1(u))
)

∣

∣

∣

∣

∣

∣

∣

∣

·

∣

∣

∣

∣

∣

∣

∣

∣

p

∑
v=1

(R1(v),p)=1

ep

(

Q1(v)ip(qR1(v))
)

∣

∣

∣

∣

∣

∣

∣

∣

.

If d1 6≡ d2(mod p), by Lemma 2.8 and Lemma 2.9 we have

p

∑
v=1

(R1(v),p)=1

ep

(

Q1(v)ip(qR1(v))
)

≪ dp1/2.

While if d1 ≡ d2(mod p), by Lemma 2.8 and Lemma 2.9 we also have

p

∑
v=1

(R1(v),p)=1

ep

(

Q1(v)ip(qR1(v))
)

=











O
(

kp1/2
)

, if p ∤ h1 + h2,

O(p), if p | h1 + h2 and p | z,

O (k) , if p | h1 + h2 and p ∤ z,

=

{

O(p), if p | h1 + h2 and p | z,

O
(

kp1/2
)

, otherwise.

Therefore
∣

∣

∣

∣

∣

∣

∣

∣

m

∑
n=1

( f (n+d1) f (n+d2),m)=1

em (h1im( f (n + d1)) + h2im( f (n + d2)) + zn)

∣

∣

∣

∣

∣

∣

∣

∣
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=

{

O(km3/4), if p | h1 + h2, p | z, or q | h1 + h2, q | z,

O
(

k2m1/2
)

, otherwise.
(4.4)

Now from (4.3), (4.4) and Lemma 2.1 we get

M

∑
n=1

en+d1
en+d2

≪ 1

m ∑
|z|<m/2

p|z

∣

∣

∣

∣

∣

M

∑
j=1

em(−zj)

∣

∣

∣

∣

∣

∑
|h1|<m/2

(h1,m)=1

∑
|h2|<m/2

(h2,m)=1

p|h1+h2

1

|h1h2|
· km3/4

+
1

m ∑
|z|<m/2

q|z

∣

∣

∣

∣

∣

M

∑
j=1

em(−zj)

∣

∣

∣

∣

∣

∑
|h1|<m/2

(h1,m)=1

∑
|h2|<m/2

(h2,m)=1

q|h1+h2

1

|h1h2|
· km3/4

+
1

m ∑
|z|<m/2

∣

∣

∣

∣

∣

M

∑
j=1

em(−zj)

∣

∣

∣

∣

∣

∑
|h1|<m/2

(h1,m)=1

∑
|h2|<m/2

(h2,m)=1

1

|h1h2|
· k2m1/2

+k2m1/2 log m + m1/2(log m)3

≪ km3/4.

Therefore

C2(R, m) = max
M,D

∣

∣

∣

∣

M

∑
n=1

en+d1
en+d2

∣

∣

∣

∣

≪ km3/4.

For M, d1, d2, d3 ∈ N with 0 ≤ d1 < d2 < d3 ≤ m − M, by (3.1), (4.1), (4.2) and
Lemma 2.1 we have

M

∑
n=1

en+d1
en+d2

en+d3
=

M

∑
n=1

( f (n+d1) f (n+d2) f (n+d3),m)=1

(

gβ(im( f (n + d1))− r) + β − α
)

×
(

gβ(im( f (n + d2))− r) + β − α
) (

gβ(im( f (n + d3))− r) + β − α
)

+ O
(

km1/2
)

=
M

∑
n=1

( f (n+d1) f (n+d2) f (n+d3),m)=1

gβ(im( f (n + d1))− r)gβ(im( f (n + d2))− r)

×gβ(im( f (n + d3))− r) + O
(

k2m1/2 log m
)

=
1

m ∑
|z|<m/2

M

∑
j=1

em(−zj)
m

∑
n=1

( f (n+d1) f (n+d2) f (n+d3),m)=1

gβ(im( f (n + d1))− r)

×gβ(im( f (n + d2))− r)gβ(im( f (n + d3))− r)em(zn) + O
(

k2m1/2 log m
)

=
1

m ∑
|z|<m/2

M

∑
j=1

em(−zj) ∑
|h1 |<m/2

ah1
em(−h1r) ∑

|h2|<m/2

ah2
em(−h2r) ∑

|h3|<m/2

ah3
em(−h3r)
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×
m

∑
n=1

( f (n+d1) f (n+d2) f (n+d3),m)=1

em(h1im( f (n + d1)) + h2im( f (n + d2)))

×em(h3im( f (n + d3)) + zn) + O
(

k2m1/2 log m
)

=
1

m ∑
|z|<m/2

M

∑
j=1

em(−zj) ∑
|h1|<m/2

(h1,m)=1

ah1
em(−h1r) ∑

|h2|<m/2

(h2,m)=1

ah2
em(−h2r) ∑

|h3|<m/2

(h3,m)=1

ah3
em(−h3r)

×
m

∑
n=1

( f (n+d1) f (n+d2) f (n+d3),m)=1

em(h1im( f (n + d1)) + h2im( f (n + d2)))

×em(h3im( f (n + d3)) + zn) + O
(

k2m1/2 log m
)

+ O
(

m1/2(log m)4
)

. (4.5)

Define

Q2(n) = h1 f (n + d2) f (n + d3) + h2 f (n + d1) f (n + d3) + h3 f (n + d1) f (n + d2)

+zn f (n + d1) f (n + d2) f (n + d3),

and R2(n) = f (n + d1) f (n + d2) f (n + d3). From Lemma 2.7 we get

∣

∣

∣

∣

∣

m

∑
n=1

( f (n+d1) f (n+d2) f (n+d3),m)=1

em(h1im( f (n + d1)) + h2im( f (n + d2)))

×em(h3im( f (n + d3)) + zn)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

m

∑
n=1

(R2(n),m)=1

em (Q2(n)im(R2(n)))

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

q

∑
u=1

(R2(u),q)=1

eq

(

Q2(u)iq(pR2(u))
)

∣

∣

∣

∣

∣

∣

∣

∣

·

∣

∣

∣

∣

∣

∣

∣

∣

p

∑
v=1

(R2(v),p)=1

ep

(

Q2(v)ip(qR2(v))
)

∣

∣

∣

∣

∣

∣

∣

∣

.

If d1, d2, d3 are different in Fp, by Lemma 2.8 and Lemma 2.9 we have

p

∑
v=1

(R2(v),p)=1

ep

(

Q2(v)ip(qR2(v))
)

≪ kp1/2.

If d1 ≡ d2 6≡ d3(mod p), by Lemma 2.8 and Lemma 2.9 we get

p

∑
v=1

(R2(v),p)=1

ep

(

Q2(v)ip(qR2(v))
)

≪ kp1/2.
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While if d1 ≡ d2 ≡ d3(mod p), from Lemma 2.8 and Lemma 2.9 we also get

p

∑
v=1

(R2(v),p)=1

ep

(

Q2(v)ip(qR2(v))
)

=











O
(

kp1/2
)

, if p ∤ h1 + h2 + h3,

O(p), if p | h1 + h2 + h3 and p | z,

O (k) , if p | h1 + h2 + h3 and p ∤ z,

=

{

O(p), if p | h1 + h2 + h3 and p | z,

O
(

kp1/2
)

, otherwise.

Therefore

∣

∣

∣

∣

∣

m

∑
n=1

( f (n+d1) f (n+d2) f (n+d3),m)=1

em(h1im( f (n + d1)) + h2im( f (n + d2)))

×em(h3im( f (n + d3)) + zn)

∣

∣

∣

∣

∣

=

{

O(km3/4), if p | h1 + h2 + h3, p | z, or q | h1 + h2 + h3, q | z,

O
(

k2m1/2
)

, otherwise.
(4.6)

Now from (4.5), (4.6) and Lemma 2.1 we get

M

∑
n=1

en+d1
en+d2

en+d3

≪ 1

m ∑
|z|<m/2

p|z

∣

∣

∣

∣

∣

M

∑
j=1

em(−zj)

∣

∣

∣

∣

∣

∑
|h1|<m/2

(h1,m)=1

∑
|h2|<m/2

(h2,m)=1

∑
|h3|<m/2

(h3,m)=1

p|h1+h2+h3

1

|h1h2h3|
· km3/4

+
1

m ∑
|z|<m/2

q|z

∣

∣

∣

∣

∣

M

∑
j=1

em(−zj)

∣

∣

∣

∣

∣

∑
|h1|<m/2

(h1,m)=1

∑
|h2|<m/2

(h2,m)=1

∑
|h3|<m/2

(h3,m)=1

q|h1+h2+h3

1

|h1h2h3|
· km3/4

+
1

m ∑
|z|<m/2

∣

∣

∣

∣

∣

M

∑
j=1

em(−zj)

∣

∣

∣

∣

∣

∑
|h1|<m/2

(h1,m)=1

∑
|h2|<m/2

(h2,m)=1

∑
|h3|<m/2

(h3,m)=1

1

|h1h2h3|
· k2m1/2

+k2m1/2 log m + m1/2(log m)4

≪ km3/4 log m.

Therefore

C2(R, m) = max
M,D

∣

∣

∣

∣

M

∑
n=1

en+d1
en+d2

∣

∣

∣

∣

≪ km3/4 log m.

This completes the proof of Theorem 1.2.
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5 Proof of Theorem 1.3 and Theorem 1.4

First we prove Theorem 1.3. Let M ∈ N, 4l ∈ N with 1 ≤ l ≤ min ((k − 1)/2,
q − p + 1). Choosing d1, · · · , d4l ∈ Z such that 0 ≤ d1 < · · · < d4l ≤ m − M and

{

di ≡ dj(mod p), if 2 ∤ i and j = i + 1,
di 6≡ dj(mod p), otherwise.

(5.1)

{

di ≡ dj(modq), if either (i, j) = (4k + 1, 4k + 3) or (i, j) = (4k + 2, 4k + 4),
di 6≡ dj(modq), otherwise.

(5.2)

By (3.2), (3.3) and Lemma 2.1 we have

M

∑
n=1

en+d1
· · · en+d4l

=
M

∑
n=1

(

gβ( f (n + d1)− r) + β − α
)

· · ·
(

gβ( f (n + d4l)− r) + β − α
)

=
M

∑
n=1

gβ( f (n + d1)− r) · · · gβ( f (n + d4l)− r) + O
(

(k − 1)2m1/2 log m
)

= ∑
|h1|<m/2

ah1
em(−h1r) · · · ∑

|h4l |<m/2

ah4l
em(−h4lr)

×
M

∑
n=1

em (h1 f (n + d1) + · · ·+ h4l f (n + d4l))

+O
(

(k − 1)2m1/2 log m
)

. (5.3)

Using the methods in proving Theorem 1.3 of [3] we have

M

∑
n=1

em (h1 f (n + d1) + · · ·+ h4l f (n + d4l))

=















M, if p | h2j−1 + h2j, j = 1, · · · , 2l,
q | h4k+1 + h4k+3, q | h4k+2 + h4k+4,

k = 0, · · · , l − 1,

O
(

dm3/4 log m
)

, otherwise.

(5.4)

Then from (5.3), (5.4), Lemma 2.1 and Lemma 2.10 we can get

M

∑
n=1

en+d1
· · · en+d4l

= M ∑
|h1|<m/2

· · · ∑
|h4l |<m/2

p|h2j−1+h2j, j=1,··· ,2l

q|h4k+1+h4k+3, q|h4k+2+h4k+4, k=0,··· ,l−1

ah1
em(−h1r) · · · ah4l

em(−h4lr)

+O









 ∑
|h|<m/2

|ahem(−hr)|





4l

dm3/4 log m






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= M ∑
|h1|<m/2

· · · ∑
|h4l |<m/2

p|h2j−1+h2j, j=1,··· ,2l

q|h4k+1+h4k+3, q|h4k+2+h4k+4, k=0,··· ,l−1

ah1
em(−h1r) · · · ah4l

em(−h4lr)

+O
(

dm3/4(log m)4l+1
)

= M ∑
|h1|<m/2

· · · ∑
|h4l |<m/2

h2j−1+h2j=0, j=1,··· ,2l

h4k+1+h4k+3=h4k+2+h4k+4=0, k=0,··· ,l−1

ah1
em(−h1r) · · · ah4l

em(−h4lr)

+O
(

dm3/4(log m)4l+1
)

= M



 ∑
|h|<m/2

(ahem(−hr)a−hem(hr))2





l

+ O
(

dm3/4(log m)4l+1
)

= M



 ∑
|h|<m/2

a2
ha2

−h





l

+ O
(

dm3/4(log m)4l+1
)

= M











∑
|h|<m/2

h 6=0

a2
ha2

−h











l

+ O
(

dm3/4(log m)4l+1
)

. (5.5)

For |h| < m/2 and h 6= 0, by Lemma 2.1 we have

∑
|x|<m/2

gβ(x)em(−hx) = ∑
|x|<m/2

∑
|k|<m/2

akem((k − h)x)

= ∑
|k|<m/2

ak ∑
|x|<m/2

em((k − h)x) = mah.

Therefore

ah =
1

m ∑
|x|<m/2

gβ(x)em(−hx) =
1

m

m−1

∑
x=0

gβ(x)em(−hx)

=
1

m ∑
0≤x<βm

(1 − β)em(−hx) +
1

m ∑
βm≤x≤m−1

(−β)em(−hx)

=
1

m ∑
0≤x<βm

em(−hx).

Write A = ⌈βm⌉. Noting that 1 ≤ βm = s ≤ (m − 1)/2, we have A ≤ (m + 1)/2.
Then

∑
|h|<m/2

h 6=0

a2
ha2

−h =
1

m4

A−1

∑
x1=0

A−1

∑
x2=0

A−1

∑
x3=0

A−1

∑
x4=0

∑
|h|<m/2

h 6=0

em (h(x3 + x4 − x1 − x2))
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=
1

m3

A−1

∑
x1=0

A−1

∑
x2=0

A−1

∑
x3=0

A−1

∑
x4=0

x1+x2≡x3+x4( mod m)

1 − A4

m4
=

1

m3

A−1

∑
x1=0

A−1

∑
x2=0

A−1

∑
x3=0

A−1

∑
x4=0

x1+x2=x3+x4

1 − A4

m4
.

It is not hard to show that

A−1

∑
x1=0

A−1

∑
x2=0

A−1

∑
x3=0

A−1

∑
x4=0

x1+x2=x3+x4

1 =
2A−2

∑
u=0









A−1

∑
x1=0

A−1

∑
x2=0

x1+x2=u









2

=
A−1

∑
u=0









A−1

∑
x1=0

A−1

∑
x2=0

x1+x2=u









2

+
2A−2

∑
u=A









A−1

∑
x1=0

A−1

∑
x2=0

x1+x2=u









2

=
A−1

∑
u=0

(

u

∑
x1=0

1

)2

+
2A−2

∑
u=A

(

A−1

∑
x1=u−A+1

1

)2

=
A−1

∑
u=0

(u + 1)2 +
2A−2

∑
u=A

(2A − 1 − u)2

=
2

3
A3 + O

(

A2
)

.

Therefore

∑
|h|<m/2

h 6=0

a2
ha2

−h =

(

2

3
− β

)

β3 + O

(

1

m

)

. (5.6)

Combining (5.5) and (5.6) we have

M

∑
n=1

en+d1
· · · en+d4l

= M

(

2

3
− β

)l

β3l + O
(

dm3/4(log m)4l+1
)

. (5.7)

Now taking














d4k+1 = 0 + k
d4k+2 = p + k
d4k+3 = q + k
d4k+4 = p + q + k

, k = 0, · · · , l − 1, M = m − 2q. (5.8)

Since 1 ≤ l ≤ q − p + 1, it is easy to show that the integers d1, · · · , d4l, M satisfy
(5.1) and (5.2). Then from (5.7) we have

∣

∣

∣

∣

∣

M

∑
n=1

en+d1
· · · en+d4l

∣

∣

∣

∣

∣

≫
(

2

3
− β

)l

β3lm.

Therefore

C4l(R, m) = max
M,D

∣

∣

∣

∣

∣

M

∑
n=1

en+d1
· · · en+d4l

∣

∣

∣

∣

∣

≫
(

2

3
− β

)l

β3lm.

This proves Theorem 1.3. Using the same methods we can deduce Theorem 1.4.
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