Pseudorandom subsets with composite moduli*

Hua Zhang Huaning Liu

Abstract

In earlier papers C. Dartyge and A. Sarkozy presented large families of
pseudorandom subsets with prime moduli. In this paper we extend two
large families of subsets to the case when the moduli is composite.

1 Introduction

The need for pseudorandom binary sequences arises in many cryptographic
applications. Therefore it is interesting to give some binary sequences and study
their pseudorandom properties theoretically. In 1997 C. Mauduit and A. Sarkozy
[5] initiated a comprehensive study of finite pseudorandom binary sequences

En = (e, ,en) € {—1,+1}V.

First they introduced the following pseudorandom measures: The well-distribution
measure of Ey is defined by

t—1

Z €a+jb

j=0

4

W (En) = max

ab,t
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where the maximum is taken over alla, b, t € Nwith1 <a<a+ (t—1)b < N.
The correlation measure of order | of E is defined as

M

Z €ntd, " Cntd,
n=1

Ci(En) =
(En) = i

7

where the maximum is taken over all D = (dy,---,d;) and M with 0 < d; <
- <dy < N—-M.

Many pseudorandom binary sequences were given and studied. For exam-
ple, C. Mauduit, J. Rivat and A. Sarkozy [4] presented the following family of
pseudorandom binary sequences.

Proposition 1.1. Let p be an odd prime number, f(x) € Fy[x] of degree k, and
define E, = (e, -+ ,ep) by

, :{ +1, i 0<rp(f(n)) <p/2,
" =L i p/2<r(f(n) <p,

where r,(n) denotes the unique r € {0,1,---,p — 1} such that n = r(mod p). Then
we have

W(E,) < kp'/*(log p)?,
and for 2 <1 < k — 1, we also have

Ci(Ep) < kp'/*(log p)'*1.

Another construction was given by C. Mauduit and A. Sarkoézy in [6].

Proposition 1.2.  Assume that p is a prime number, f(x) € Fy[x] has degree
k (1 < k < p) and no multiple zero in Fp. For (a,p) = 1, denote the multi-
plicative inverse of a by a~! such that aa—! = 1(modp). Define the binary sequence
E, = (e1,--- ,ep) by

. :{ +1, if (f(n),p) =1L rp(f(n)) < p/2
"\ ~1, ifeither (f(n), p) = Lry(f(n)~) > p/20r p | f(n).

~

Then we have
W(Ep) < kpl/z(log p)z.

Moreover assume that | € IN, and one of the following conditions holds:
()1=2, (i) (4k)" < p.
Then we have

Ci(Ep) < kip*/*(log p)' 1.

The above constructions are with a prime moduli p. One might like to look
for constructions with composite moduli m. Let m be a modulus of “RSA type”,
i.e., it is the product of two primes not far apart, say,

m = pq, p,qareprimes, p <g<2p. (1.1)
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J. Rivat and A. Sarkozy [7] tried to extend the above two constructions to the case
of composite moduli m defined by (1.1). Their main results on these constructions
are the following.

Proposition 1.3. Assume that m € N is of the form (1.1), f(x) = apxk + -+ +
mx+ag € Z[x|, (a,pq) = 1, and 2 < k < p(< q). Define the binary sequence
En=(e1, - ,em) by

, _{ +1, if 0 <ru(f(n)) <m/2,
T -1 if m/2 <ru(f(n) <m,

where 1y, (n) denotes the unique r € {0,1,--- ,m — 1} with n = r(modm). Then we
have
W(En) < K2m'/?(logm)>?.

Assume that k > 3. Then we also have

Co(Ep) < km*(logm)3.

Definition 1.1. Fora € Z and m € IN such that (a,m) = 1, let iy, (a) denote the
unique integer b such that 0 < b < m — 1 and ab = 1(modm).

Proposition 1.4. Assume that m € N is of the form (1.1), f(x) = apxX + -+ +
mx+ag € Zlx|, (a,pq) = 1, and 1 < k < p(< q). Define the binary sequence
En = (e1,---,em) by

0 — { +1, if (f(n),m) =1, rn(in(f(n))) < m/2,
" —1, ifeither (f(n),m) =1, ru(im(f(n))) > m/2, or (f(n),m) > 1.

Then we have
W(En) < K*m'/2(logm)?,

and
Co(Em) < K2m3/4(logm)3,

H. Liu, T. Zhan and X. Wang [3] studied the correlation measure of order
greater than 2 of the sequences defined in Proposition 1.3 and Proposition 1.4.
Proposition 1.5. Define m, k, f(x) and E,, as in Proposition 1.3. Assume that
k > 4. Then
C3(Ep) < km*(logm)*.

Assume that the prime factors p, q of m are made known, and 1 <1 < min ((k —1)/2,
q—p+1). Then we have

Proposition 1.6. Define m, k, f(x) and E,, as in Proposition 1.4. Assume that
(4k)® < p(< q). Then
C3(En) < KPm3/4(log m)*,
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Assume that the prime factors p, q of m are made known, and (4k)* < p. Then we
have

) 41

In a series of papers C. Dartyge and A. Sarkozy (partly with other coauthors)
studied pseudorandom subsets. Let R C {1,2,---, N} and define the sequence

R _@}N

En=E = 762, 1_—1
N N(R) (61 () eN) € { N N

o 1-— ‘—7]3‘, for n € R,
" —% for n ¢ R.

C. Dartyge and A. Sarkézy [2] introduced the following measures of pseudoran-
domness: The well-distribution measure of the subset R is defined by

t—1

Z €a+jb|s

]’:

W(R,N) = max
a,b,t

where the maximum is taken over alla, b, t € Nwith1 <a<a+ (t—1)b < N.
The correlation measure of order | of the subset R is defined by

M
CI(R/ N) = max Z €ntdy " Cntd s
M,D n=1

where the maximum is taken over all D = (dy1,---,d;) and M with 0 < d; <
-<d <N-M.
Later many pseudorandom subsets were given and studied. For example,
C. Dartyge, E. Mosaki and A. Sarkozy [1] proved the following:
Proposition 1.7. Assume that p is an odd prime number, f(x) € Fp[x] is of degree
k>2 Letr€Z,s € N,s < p/2. DefineR C {1,---,p} by

R={n:1<n<pIhe{r,r+1,---,r+s—1} with f(n) = h(mod p)}.
Writing « = |R|/p and B = s/ p, we have

1 N k(1+1logp)

7P , W(R,p) < 2k/p(log p)z.

o — Bl <
And for 2 <1 < k — 1, we have

Ci(R,p) < 2ky/p(1+1logp) L.
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Proposition 1.8. Assume that p is an odd prime number, k € N, k < p, v € Z,
s € N,s < p, f(x) € Fp[x] has no multiple root and deg(f(x)) = k. Define R C

{1, ,ptby

R={n:1<n<p,(f(n),p)=1,3he{r,r+1,--- ,r+s—1}
with hf(n) = 1(mod p)}.

Writing o = |R|/p and B = s/ p, we have

klo
o — B < \/%p, W(R,p) < kyp(log p)>.

Moreover, assume that I € IN, | > 2 and one of the following conditions holds:

()1=2, (i) (4k) < p.
Then we have

Ci(R, p) < kl/p(log p)"*".

Note that the above constructions are with a prime moduli p. In this paper we
extend the constructions in Proposition 1.7 and Proposition 1.8 to the case when
the moduli m is of the form (1.1), and study the pseudorandom properties.

Theorem 1.1. Assume that m € N is of the form (1.1), f(x) = apxk+ - - +a;x +
ag € Z[x), (ax,pq) =1, and 2 < k < p(< q). Letr € Z,s € N,s < m/2. Define
R cCA{l,---,m} by

R={n:1<n<m,3he{r,r+1,---,r+s—1} with f(n) = h(mod m)}.
Writing o = |R|/m and B = s/m, we have
o« — Bl < (k—1)2m Y 2logm,  W(R,m) < kK*m'/?(logm)?.

Assume that k > 3. Then
Co(R,m) < km®/%,

If k > 4, then we also have
C3(R,m) < km® *logm.
Theorem 1.2. Assume that m € N is of the form (1.1), f(x) = apxk + - - +a;x +
ag € Z[x], (ax,pq) = 1, and 1 < k < p(< q). Let r € Z,s € IN,s < m/2. Define
R cC{l,---,m} by

R={n:1<n<m, (f(n),m)=1,3he{r,r+1,---,r+s—1}
with hf(n) = 1(mod m)}.

Writing o = |R|/m and B = s/m, we have

l« — B| < K2m~2logm, W(R,m) < K2m'/?(logm)?,
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and
Co(R,m) < km®/4,

If (4k)3 < p(< q), then we also have

C3(R,m) < km**log m.

The correlations of order 2 and 3 are small as in the binary sequence case. In
Section 5 we shall prove that the correlation of order 4 is also large.

Theorem 1.3. Define m, k, f(x) and R as in Theorem 1.1. Assume that the prime
factors p, q of m are made known, and 1 <1 < min ((k—1)/2,9 —p+1). Then we
have

Cu(R,m) > (§ - ﬁ)lﬁ3lm-

Theorem 1.4. Define m, k, f(x) and R as in Theorem 1.2. Assume that the prime
factors p, q of m are made known, and (4k)?" < p. Then we have

Cy(R,m) > (% - ﬁ)l/z3lm.

Remark 1.1.  These results show that in general it is not enough to estimate
correlations of small (2, or 2 and 3) order, one also has to estimate correlations of higher
order.

Notations.  Throughout this paper, ry,(x) denotes the uniqgue y € {0,1,---,
m — 1} such that x = y(mod m), ey, (x) = e¥™*/™ Fora € Z and q € N such that
(a,9) = 1, let ig(a) denote the unique integer b such that 0 < b < q—1 and
ab =1(mod gq).

2 Some lemmas

We need the following lemmas.
Lemma 2.1. Let m € IN. For 0 < B < 1, x € Z we write

gﬁ(x):{ 1—8, if 0<ry(x) <pBm,

=B, if pm <rm(x) <m,

and the complex numbers a, with h € Z, |h| < % are uniquely defined by

gp(x) = Y mpen(hx) (Vx € Z).

[h[<%
Then uniformly for all 0 < B < 1, we have

m

1 1
|ao| < and |ay,| §m for 0 < |h| < >
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Proof. This lemma can be easily proved by using the methods of Lemma 2 in
[1]. [

Lemma 2.2. Let p, q be distinct prime numbers and f(x) = apx* + -+ a;x +
ayg € Z[x] with2 < k < min(p,q) and (ax, pq) = 1. Let X, Y be real numbers with
0 <Y < pq. Then

pq—1
Y el < (k=177
n=0
T ew(f()| < & Fqlos(pn)
X<n<X+Y
Proof. See Lemma 9 and Lemma 10 of [7]. [ |
Lemma 2.3. Let p, q be distinct prime numbers. Then for any polynomial
f(x) € Z]x], we have
pq q . p .
Yo epg(f(m)] = | ) eqlig(p)f ()] x | Y eplip(q)f(v))] -
n=1 u=1 v=1
Proof. This is Lemma 8 in [7]. [ |

Lemma 2.4. Let p be a prime numbers, | € N, 1 < I < p, f(x) € Fylx] a
polynomial of degree k > 1, and let dy, - - -, d; be | different elements of IFy,. Then for all

(hy,--- ,hy) € IF]ZU\ (0,---,0), the polynomial
§(x) =mf(x+di)+---+hf(x+d)
is of degree > k — 1 + 1.
Proof. This is Lemma 3 in [4]. [ |

Lemma 2.5. Suppose that p is a prime number and f(x) = ax* +- - - +a1x +ag €
Z|[x] is a polynomial with 0 < k < p and (ay, p) = 1. Then

p—1
Zoepmn))' < (k- 1)VF.

Proof. This is Corollary 2F in [8]. m

Lemma 2.6. Let p and g be two distinct prime numbers. Let Q,R € Z|x] be
polynomials such that reducing them modulo p the polynomials Q, and R, obtained in
this way determine a rational function Qp/ Ry, over IF,, and reducing them modulo q the
polynomials Qg and R, obtained in this way determine a rational function Q,/ R, over
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IF;. Write D = max(deg(R),deg(Q)) and let X, Y be real numbers with 0 <Y < pq.
Then we have

pq—1

;) epg (Q(n)ipg(R(n)))| < D*/pq,
(R(n),po)=1

ipr/Rp and Qq/Rq are not constants.

Y ey (Q(n)ipg(R(n)))| < D*/pqlog(pq),

X<n<X+Y
(R(n),pg)=1

if Qp/ Ry and Qq/ Ry are not constants or linear polynomials.

Proof. See Lemma 14 and Lemma 15 in [7]. [ ]

Lemma 2.7. Let p,q € N with (p,q) = 1and Q(x),R(x) € Z[x]. Then

Y., ey (Qn)ipg(R(n))) =

1<n<pq
(R(n),pq)=1
Z g (Q(”)iq(PR(”))) Z €p (Q(U)ip(qR(U))) .
1<u<gq 1<v<p
(R(u),9)=1 (R(v),p)=1
Proof. This is Lemma 11 in [7]. [ |

Lemma 2.8.  Assume that p is a prime number, f(x) € F,[x] has degree

(0 <)k(< p) and no multiple zero in Fp,. Assume that | € N with2 < 1 < p,
and one of the following conditions holds

()1=2, (i) (4k)" < p.

Let dy, - - - ,d, be I different elements of Fp. Then for all (hy,- -+ ,h;) € F! p\(0,--+,0),
the polynomial

l
= Zhl 1—[ f(n—i—d])
i=1 1<

J#i

is not the 0 polynomial.

Proof. This is Lemma 5 in [6]. [ |
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Lemma 2.9. Let p be a prime number and Q/R a rational function over IF,, which
is not constant. Let s be the number of distinct roots of the polynomial R in E,. If ¢ is a
non-trivial additive character of IFp, then

L v (R )| < (max(deg(Q), des(R) +5 1) V7.

nelF,
R(n)#0

Proof. This is Lemma 13 in [7]. [ |

Lemma 2.10. Assume that m € IN is of the form (1.1). Then we have

Y apem(—hir)apen(—hor) - - - apen(—hyr)
\h1\<m/2 |h2|<7’l’l/2 \h3\<m/2 |h1|<7’l’l/2
plhi+ha
hy+hy#0

< m~ Y2 (log m)l .

Proof. By using Lemma 2.1 and the methods in Lemma 2.8 of [3] we can easily
get the lemma. n

3 The proof of Theorem 1.1
Write &« = |R|/m and B = s/m, by Lemma 2.1 we get
am = |R|= ) 1= Y. 1= ) (gp(f(n) —1)+B)

1<n<m 1<n<m 1<n<m
0<rm(f(n)—r)<s 0<rm(f(n)—r)<pm -

= XY aen(h(f(n) =)+ pm

1<n<m |h|<m/2

= Y wen(=hr) Y em(hf(n)) + pm.

|h|<m/2 1<n<m

From Lemma 2.1 we know that

1 1
Z apem(—hr) < —+ Z 7 < m~ 1?2 log m. (3.1)
\h|<m/2 Mo iiemya M
(h,m)>1 (h,m)>1

Then from Lemma 2.2 we have

1 1
a—pl < = Y —
M <my2 A

(hm)=1

+m~2logm

Y, em(hf(n))

1<n<m
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< (k=1)2m"Y*1logm. (3.2)
Furthermore, noting that
o 1—%, for n € R,
! —%, forn & R.

Then from Lemma 2.1 we get

en = gp(f(n) —7) +p —a. (33)

Fora,b,t € Nwith1l <a <a+ (t —1)b < m, we assume that (b, m) = 1 since
otherwise we have

t—1 m 12
Ze,H_]'b §t§3+1<<m .
j=0

By (3.1)-(3.3), Lemma 2.1 and Lemma 2.2 we get

t—1 t—1
Y earip = ) (gp(fla+jb)—r)+p—a)
i=0 =0
t—1
= ), mpem(=hr) ) en(hf(a+jb)) +t(B—a)
|h|<m/2 j=0
t—1
= ¥ aen(—hn) ¥ en(hf(a+ b)) +O (k= 1)%m'logm)
h|<m/2 j=0
(h,m)=1

< KPm?(logm)?.

Therefore
t—1

Z €ajb
=0

For M,dy,d, € Nwith0 < d; < dy < m—M, by (3.1)-(3.3) and Lemma 2.1
we have

W(R,m) = max

: < K2m'%(logm)?.
a,b,t

M M

Yo enraenta, = Y, (gp(f(n+d1) —7r)+B—a) (gp(f(n+d2) — 1)+ B —a)

n=1 n=1

M
= Z gﬁ(f(n +d1) - V)g/z(f(n +d2) — 7’) + O ((k — 1)2m1/2logm>
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x i en(hf(n+dy) + haf (n+ da) +211) + O ((k —1)2m1/? 1ogm)

n=1

Y. Zem Yo apem(—hir) Y. apem(—hor)
\z|<m/2] |h1\<m/2 |hg|<m/2
(hlrm):1 (hZIm):l
m

x Y e (hf(n+dy) +hof (n + do) + zn)
n=1

+0 ((k —1)?m!/?log m) +0 (ml/z(log m)3) . (3.4)

Define Fy(n) = hif(n +d1) + haof (n + da) 4+ zn. From Lemma 2.3 we get

iem (hif(n+dy) +hof (n+dy) + zn)

n=1
(Fi(n ‘ ‘ 1(0))) ‘ :
If d; # dy(mod p), by Lemma 2.4 and Lemma 2.5 we have
p
Z 1(0))) < kp'/2.
=1
While if dq = dp(mod p), by Lemma 2.4 and Lemma 2.5 we also have
p O(kp1/2), if pj(hl-i-hz,
Y ey (ip(q)(Fi(v)) = {O(p), if plhi+hyandp |z,
o=l 0, if p|hi+hyandpftz,
_ Jo(), if plhi+hyandyp |z,
O (kpl/ 2) , otherwise.

Therefore

iem (hif(n+dy)+hyf(n+dy) +zn)

n=1

_ JO(km3%), if phi+hy,plz, oor g hi+ho,q]z
lo (k*m'/2), otherwise.

(3.5)

Now from (3.4), (3.5) and Lemma 2.1 we get

M
Zen+d13n+d2
n=1
M 1
Y (Lot & X e
|z|<m/2 |j=1 |y | <m/2 |hy|<m /2 [h1ha|

p|Z (hlrm):1 (hz,m):].
plhi+hy
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Y Zem YL ke

|z\<m/z j= \h1\<m/2 |ha|<m/2 [h1ha)|
6]|Z (hllm):1 (hz,m):1
qlh1+hy

L )3 L emi
\h1\<m/2|h2|<m/2 \h1hy|
(hy,m)=1 (hy,m)=1

+(k —1)?m' 2 logm + m'/*(log m)*
< km*/%,

D

|z\<m/2

L enl-

=

Therefore

Co(R,m) = 3/4
2(Rm) = iy

Z CntdyCrtdy | K km

n=1
Now let M € N, dy,dp,d3 € Z such that 0 < d; < dp < d3 < m— M. By
(3.1)-(3.3) and Lemma 2.1 we have

M M
Y enidCnidyCnidy = Y (gp(f(n4dy) —r)+B—a) (gp(f(n+da) — 1)+ B —a)

n=1 n=1
x (gp(f(n+ds) —1)+ B —a)

— Zgﬁ (n+dv) = r)gp(f (n+da) = 1)gp(f(n +ds) = 1) + O ((k—1)*m' 2 log m)

m|2 Z;em =) Zg,g f(n+dy) = )gp(f(n +da) — r)gp(f(n +ds) — r)ew(zn)
z|l<m/2j=

+0 ((k —1)2m'?log m)

1 M .
- Yo Y ewm(—zj) ), apem(—hir) Y. amewm(—hor) Y. apem(—hsr)
|z|<m/2j=1 |y |<m/2 |hp|<m/2 |hs|<m/2

X i em(hf(n+dy) +haf(n+dy) +hsf(n+ds)+zn)+0 ((k— 1)2m1/210gm)

n=1

M
Yo Y ewm(—zj) ), apem(—hir) Y. apem(—hor) Y. apem(—hsr)
|z|<m/2j=1 |hy|<m/2 |hp|<m/2 |ha|<m/2
(hl,m):l (l’lz,m):l (h3,m):1

X i em (hlf(n —+ d1> —+ ]’lzf(?l + dz) + h3f(n =+ d3> =+ ZTl)
n=1

+0 ((k —1)2m!/2 1ogm) +0 (ml/z(logm)4) . (3.6)

Define F,(n) = hif(n+dy) + haof (n 4+ da) + haf(n + d3) + zn. From Lemma
2.3 we get

iem (hf(n+dy)+hof(n+da) +hsf(n+ds) +zn)

n=1
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r
) : Zlep (ip(Q)(Fz(U))) ’ .

l

(Fz(”))’ =

If dy,d», d3 are different in IF,, by Lemma 2.4 and Lemma 2.5 we have

Z ep (i 2(v)) < kp'/2.
If di = dp # d3(mod p), by Lemma 2.4 and Lemma 2.5 we get
Zep 2(v)) < kp'/2.
While if d; = dp = d3(mod p), by Lemma 2.4 and Lemma 2.5 we also get

p O (kp'/2), if pthi+hy+hs,

Y ep (ip(9)(R2(v))) = < O(p), if plhi+hy+hzandp |z,
o=l 0, if p|h +hy+hzandptz,
O(p), if plhi+hy+hsandp |z,
O (kp'/?),  otherwise.
Therefore

i em (hlf(i’l + dl) —+ ]’lzf(i’l + dz) + ]’lgf(i’l + d3) + Zi’l)
n=1

O(km3/4), if pl|hi+hy+hs,plz orq|h+h+hsq]z
= 0 1/9 ] (3.7)
O (k mt/ ), otherwise.

Now from (3.6), (3.7) and Lemma 2.1 we get

M

Z e?l+dlel’l+dzel’l+d3
n=1
L 1 3/4
Y |[Lem(=zi)| ) Y. Y. |hhh|'km/
|z|<m /2 |j=1 | <m/2 |hy|<m/2 |hg|<m/2 \""17F213
p|Z (hlrm):1 (hZIm):l (h3rm):1
plh+hy+h3
1
e kmP/4
L Z m \h1hohs|

\z|<m/2 j= |h1\<m/2|h2|<m/2\h3\<m/2
[]‘Z (hlrm):1 (hZIm):l (h3rm):1
qlhy+hy+h3

Z Z Z ! Eml/?
|h1\<m/2|h2|<m/2 \hs|<m/2 |h1hohs|

(hy,m)=1 (hy,m)=1 (h3,m)=1

Zem

=

D

\z|<m/2
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+(k —1)2m' 2 log m + m'/?(log m)*
< km3/*logm.

Therefore

M

C3(R,m) = max Z Crtdy CrtdyCrids| K km®3/4 log m.
’ n=1

This proves Theorem 1.1.

4 The proof of Theorem 1.2

Write « = |R|/m and B = s/m. By (3.1), Lemma 2.1 and Lemma 2.6 we get

om = [R| = il = il (8(im (F (1)) — 1)+ B)
(Fmym)=1 (Fmym)=1

|h|<m/2 n=1
(f(n)rm):1
m
= ¥ men(-hr) Y en(hin(f(n)) + pm+0 (km'/?)
|h|<m/2 n=1
(h,m)=1 (f(n),m)=1

+0 (ml/z log m)
= pm+0O (kzml/z log m) .
That is to say,
o — B| < K2m~12logm. (4.1)
Furthermore, from Lemma 2.1 we can get

en = gp(im(f(n)) —r)+B—a for (f(n),m)=1 4.2)

Fora,b,t e Nwith1l <a <a+ (t —1)b < m, we assume that (b, m) = 1 since
otherwise we have
t—1
Z €atjb
j=0

By (3.1), (4.1), (4.2), Lemma 2.1 and Lemma 2.6 we get

<t< —+1<m?

SIS
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t-1 t—1
Yewp = Y (gplin(fla+ib)) —r)+p—a)+O (km'/?)
j=0 j=0
(f(a+jb),m)=1
t—1
= 2 aen(=hr) ), ew(hin(f(atjb))) +H(B—a)
|h|<m/2 j=0
(f(a+jb),m)=1
+0 (kml/z)
t-1
= ). mew(=hr) ) em(hin(f(a+jb))
h|<m/2 j=0
(hm)=1 (f(a+jb),m)=1
+0 (kzml/2 log m)
< Km'/?(logm)?.
Therefore
t-1

W(R,m) = max < K*m'/?(log m)>2.

a,b,t

Z €a+jb
j=0
For M,dy,dy € Nwith0 <d; <dy, <m— M,Dby (3.1), (4.1), (4.2) and Lemma
2.1 we have
M M

Z Cn+d,Cntdy, = Z (8/3(im (f(n+d1))—r)+B— “)

n=1 n=

(f(n+dy) f(n+dz),m)=1

% (gp(im(f(n +d2)) =r) + B — &) + O (km'/?)
M

- ; gﬁ(im(f(”+d1))—V)gﬁ(im(f(nerz))—r)
(F (-t f () m)=1

+0 (kzml/2 log m)

M m
i B L L splin(flnt )
i <f<n+d1>}l<2+dz>,m>:1
xgﬁ(im (f(n+da)) —r)em(zn) + O (kzml/2 log m)

Z Zem Z ap,em(—hir) Z ap,em(—har)
|z\<m/2] \h1|<m/2 |hg|<m/2
m

x y e (i (f (1 + ) + hoinn (F(n + o)) + zn)

n=1
(f(n+dy) f (n+dy),m)=1

+0 (kzml/2 log m)
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1 M )
- Z Zem(—z]) Z ahlem(_hlr) Z ﬂhzem(—hzr)
Mz <my2j=1 [y | <m /2 \hy|<m /2
(h1,m)=1 (hy,m)=1

X Z em (Mim(f(n+d1)) + hoim(f(n +dz)) + zn)
n=1
(f(n+dq) f(n+dy),m)=1
+0 <k2m1/2 log m) +0 (ml/z(log m)3> . (4.3)
Define

Qu(n) = hif(n+da) +haf (n+dv) +znf(n+di)f(n +da),
and Ry(n) = f(n+dy)f(n +dz). From Lemma 2.7 we get

m

Y. em (Mim(f(n +d1)) + haim(f(n +d2)) + zn)

n=1
(f(n+dy) f (n+dy),m)=1

— i em (Q1(n)im(R1(n)))

=1

=

(Ry(n),m)=1

9 . p
| X @ibR@)|-| L o (@EiERe)
(Rl(“;rﬂi)zl (Rl(v)_,p):l

If di # dx(mod p), by Lemma 2.8 and Lemma 2.9 we have

i ep (Q1(0)ip(qR1(v))) < dp'/2.

While if d; = dp(mod p), by Lemma 2.8 and Lemma 2.9 we also have

P O (kp'/2), if pthi+hy,
Y. e (Qu(®)ip(gRi(v))) = {O(p), if plhi+hyandyp |z,
(Rl(?;):’;):1 O (k), if plhi+hyandp1z,
{O(P), if plhi+hyandyp |z,
O (kp'/?),  otherwise.

Therefore

m

y e (i (F (1 + 1)) + i (f (1 + d2)) + zn)

n=1

(f(n+dy) f(n+dy),m)=1
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. O(km3/4), if p | hl +h2/p | zZ, 0or gq | hl +h2/q | z,

= 4.4
{O(kzml/z), otherwise. (44)

Now from (4.3), (4.4) and Lemma 2.1 we get

M
Z en+d13n+d2
n=1
1 M . 1 3/4
<= Y | Yeml-z)| Y ) |hh|'km
|z|<m/2 |j=1 g | <m /2 |hy|<m/2 \"17°2
P|Z (hllm):1 (hz,m):1
plh1+hy
1 M . 1 3/4
|z|<m/2 |j=1 hy|<m/2 |hy|<m/2 11772
qlz (hy,m)=1 (hy,m)=1
qlhy+ha
+l ) %e (—zj) L Kem!/?
m — " ] ’]’llhz’
|z|<m/2 |j=1 |hi|<m/2 |hy|<m/2
(h1,m)=1 (hy,m)=1
+k2mY 2 logm + m'/?(log m)*
< km®/4,
Therefore
7 3/4
Ca(R,m) = max Zle”+dlen+d2 < km”’=,
7 n:

For M, dy,dy,d3 € Nwith0 <d; <dy <d3 <m—M,by (3.1), (4.1), (4.2) and
Lemma 2.1 we have

M M

Y Cuid,CnidyCnidy = Y (8plim(f(n+dy)) —1)+ B —u)
n=1 n=1
(f(n+dq) f(n+dy) f(n+d3),m)=1

X (8 im(f(n +2)) = r) + B — ) ((im (f(n +da)) = 1) + p— &) +O (km'/2)

M
= ). gp(im(f(n+d1)) —1)gp(im(f(n +d2)) — 1)

M m
:% Y Y en(—2)) y gp(im(f(n+dy)) —7)
|z|<m/2j=1 n=1

1 M

Yo Y ewm(—z) ), apem(—hir) Y. amem(—hor) Y  apem(—hsr)

M 1<my2j=1 Iy | <m/2 \ho|<m /2 \hy|<m/2



370 H. Zhang - H. Liu

em(hyim (f (1 +dy)) + haim(f(n +d2)))

™=

n=1
(f (n+d1) f(n+dy) f (n+d3),m)=1

Xem (h3im (f(n+ds)) +2zn) +0 (kzml/2 logm)

1 M

=— Y Yew(—z) Y amem(—hir) Y amen(=har) Y apen(—hsr)

M\ 1<my/2j=1 Iy |<m/2 hy|<m /2 hy|<m/2

(hlrm)zl (thm):l (h3rm):1

m
X ) em(Mim(f(n +dy)) + hoim(f(n +d2)))
n=1
(f(n+dq) f(n+da) f (n+d3),m)=1
xen (haim(f(n +ds)) +zn) + O (kzml/ 2og m) +0 <m1/ 2(log m)4) . (4.5)
Define

Qa(n) = mf(n+dy)f(n+ds)+haf(n+d)f(n+ds)+hsf(n+d)f(n+da)
+znf(n +dy)f(n+da)f(n+ds),

and Ry(n) = f(n+dy)f(n+dz)f(n + dz). From Lemma 2.7 we get

Y e (I (£ (1 + 1)) + i (f (1 + )

_ il e (Qa(n)im (Ra (1))
(Ro(n)m)=1
p
= L a@wipR)|-| X e (@@iaRe)
(Rafiu))=1 (Ra(0),p)=1

If dy, d», d3 are different in IF, by Lemma 2.8 and Lemma 2.9 we have
) ] 1/2
Yo e (Qa0)ip(qRa(v))) < kp'/2.
v=1

(R2(v),p)=1

If d = dy # d3(mod p), by Lemma 2.8 and Lemma 2.9 we get

Y. e (QAv)ip(qRa(v))) < kp'/2.
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While if d; = dp = d3(mod p), from Lemma 2.8 and Lemma 2.9 we also get

p O (kp'/2), if pthi+ha+hs,
Z p (Q2(U)ip(qR2(U))) = O(p), if p | hy + hy + h3 and p | z,
(Rz(zgjﬂ):l O (k), if p|hi+hy+hzandptz,
_ JO(), if plh+hy+hsandp |z,
~|o (kpl/ 2) ,  otherwise.
Therefore
' )3 em (i (F(n + d1)) + hoin(f(n + d)))
n=1

(f(n4dq) f(n+da) f (n+dsz),m)=1

Xem (h3im(f(n +ds)) + zn)

_ {O(km3/4), if plhi+hy+hs,pl|z orq|h+hy+h3q| Z’(46)

O (kzml/ 2) , otherwise.

Now from (4.5), (4.6) and Lemma 2.1 we get

M
Z en+dlen+dzen+d3
n=1
1 M . 1 3/4
<= Y |Yeu—z) ) ) Y. |hhh|'km
|z|<m /2 |j=1 | <m/2 |hy|<m/2 |hg|<m/2 \""17F213
plz (h,m)=1 (hy,m)=1 (h3,m)=1
plhy1-+hy+h3
—i—l Y. %e (—zj) L km®/4
m — " ] |h1h2h3|
|z|<m/2 |j=1 |hy|<m/2 |hy|<m/2 |hs|<m/2
qlz (h,m)=1 (hy,m)=1 (h3,m)=1
qlhi+ho+h3
1 M . 1 2.1/2
+E Z Zem(—z]) Z Z Z ]hhh]'km
|z|<m/2 |j=1 I |<m/2 |hy|<m/2 |hg|<m/2 \""17F213

(hlrm):]' (hZIm):l (h3rm):1
+k2m* 2 logm + m'/?(log m)*
< km3/*log m.

Therefore
M -
Cy(R, m) = max e e < km>'* log m.
2( ) mas n§_1, n-+d, €ntd g

This completes the proof of Theorem 1.2.
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5 Proof of Theorem 1.3 and Theorem 1.4

First we prove Theorem 1.3. Let M € IN, 4/ € N with1 < < min((k—1)/2,
g—p+1). Choosing dy,--- ,dy € Zsuchthat0 <d; <--- <dy <m— M and

di =dj(modp), if2tiandj=1i+1, (5.1)
d; # dj(modp), otherwise. ’

{ d; = dj(modq), if either (i,j) = (4k +1,4k+3) or (i,j) = (4k +2, 4k +4),,
’ ‘

]
d; # dj(modgq), otherwise.

By (3.2), (3.3) and Lemma 2.1 we have
M
Z eﬂ+d1 o eﬂ+d41
n=1

(p(f(n+di)—r)+p—a) - (gp(f(n+du)—1)+p—n)

I
S

1

3
I

gp(f(n+dr) = 1)+ ga(f(n+dy) —r) + O ((k—1)>m'logm)

= Y apen(=hir)--- Y ap,en(—hyr)

I
=

=
I
—_

\h1\<m/2 |h4l|<m/2
M

x ) em(Mf(n—+di)+- - +hyf(n+dy))
n=1

+0 (k= 1)*m'/2logm) . (5.3)

Using the methods in proving Theorem 1.3 of [3] we have

M

em (hif(n+dy) +--- +hyf(n+dy))
n=1
M, if p | hzj_1+h2j,j=1,"' ,21,
_ q | hag1 + Pagys, q | Paggn + Nageras
= ke0... 1.1 ©4

O (dm3/4 log m) , otherwise.

Then from (5.3), (5.4), Lemma 2.1 and Lemma 2.10 we can get

M
Y eurd,c Cntdy,
n=1

=M Z Z ahlem(—hlr) . "ah4l€m(—h4lr)
‘h1|<7’l’l/2 |h4]|<7’l’l/2
p‘hzj,lﬁ-hz]', j=1,--,21
qlhag1thaxi3, qlhagg o+, k=0, 1-1

4l
+0 ( Y. ahem(hr)) dm®/* log m

|h|<m/2
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=M Y, X apyem(—hat) - - - ay, em(—hyr)
|h1|<7’l’l/2 ‘h41|<1’l’l/2
P|h2j—1+h2jr ]:11 21

qlhagy1 i3, qlhag oty g, k=0, 1-1
+0 (dm¥/4(1og m)*+1)
=M Z T Z ahlem(—hlr) e 'ah4,€m(—h4zf)
\h1\<m/2 |h4]|<7’l’l/2

oj 1+=0, j=1,--- 21
hypp1+hag3=hag o+ N5 4=0, k=0,--- I-1

+0 (dm*(1ogm)"'*1)

1
=M ( ) (ahem(hr)ahem(hr))z) +0 (dm3/4(logm)4l+1>
|h|<m/2

l

=M| Y aa®,| +0 (dm3/4(log m)4l+1>
|h|<m/2

=M| Y @, | +0 (dm3/4(log m)4l+1> . (5.5)
|h|<m/2
h£0

For |h| < m/2 and h # 0, by Lemma 2.1 we have

Z gﬁ(x)em(—hx): Z Z agem ((k —h)x)

|x|<m/2 |x|<m/2|k|<m/2
= Y. a Y. ew((k—h)x) = may.
|k|<m/2  |x|<m/2
Therefore
1 m—1
ap = gp(X)em(—hx) = — ) gp(x)em(—hx)
|x|<m/2 x=0
1
= (1= Bem(=hx)+— Y (=Blem(—hx)
0<x<pm Bm<x<m-1
-1 em(—hx)
M o<x<pm

Write A = [pm]. Noting that 1 < fm =s < (m —1)/2, wehave A < (m+1)/2.
Then

A-1 A-1 A-1 A-1

Y dd= i Y LY L X enhlntx—x—x)

|h|<m/2 x1=0x2=0x3=0x4=0 || <m /2
h£0 h£0
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-1 A-1A-1 A-1 -1 A-1A-1A-1
m322221—— m322221——
=0xp=0x3=0x4=0 =0x=0x3=0x4=

x1+x2 x3+2x4( mod m) X1 +xp=x3+Xy

It is not hard to show that

2 2 2

-1 A-1A-1 A-1 2A-2 -1 A-1 A-1 -1 A-1 2A-2 -1 A-1

ZZZZl—Z ZZ =)L ZZ + ) ZZ

x1=0xp=0 x3=0 x4=0 u=0 x1=0x,=0 u=0 | x1=02x,=0 u=A | x1=02x,=0
X1+Xp=x3+x4 X1t+x2=u X1+x2=u X1t+x2=u
A-1 [ u 24-2 A-1 2 A1 24-2

:Z(Zl) + ) ( Y. 1) =Y (u+1’+ Y 2A-1-u)
= x1=0 u=A \xj=u—A+1 u=0 u=A

_ 2, 2

=S4 40 (A ) .

Therefore

Y i, = (% - 5) B>+0 (%) : (5.6)

|h|<m/2
h#£0
Combining (5.5) and (5.6) we have
M 2 I
Y enid,  Cnsay = M (5 _ ﬁ) g 10 (dm3/4(1og m)4l+1) . (5.7)
n=1
Now taking
dyer1=0+k
dygro =p+k
, k=0,---,1—-1, M =m —2q. 5.8
dygyz =g +k 1 8

dgeya =p+q+k

Since1 <[ < g — p+1,itis easy to show that the integers dy, - - - ,dy, M satisty
(5.1) and (5.2). Then from (5.7) we have
2
> ( ﬁ) Blm.

()

This proves Theorem 1.3. Using the same methods we can deduce Theorem 1.4.

Z Cntdy " Cntdy

Therefore

M

Z Cntdy " Cntdy
n=1

Cy(R,m) = max

’
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