Existence of periodic solutions for a damped
vibration problem with (g, p) —Laplacian

Xiaoxia Yang Haibo Chen

Abstract
In this paper, some existence theorems are obtained for periodic solutions
of a damped vibration problem with (g, p) —Laplacian by using variational
methods. Our results extend some results in some known literatures.

1. Introduction and Main results

In this paper, we consider the following dynamical system

%(!u 1)1 (1) + g(0)|ua (1) |72 (t) = Vi F(t s (t),u2(t)), ae. t €0,T)]
G ()[P~21p (1)) + g (1) [tia () [P~ 21 (t) = Vi, F(t, ur (t),uz(t)), ae. t € [0,T]
i1(0) 1y (T) = i (0) — i (T) =0,
u2(0) — up(T) = 12(0) — (T) = 0,
(1.1)
where

l<p<oo,1<g<oo,T>0,g€L20,T;R),G(t) = [;g(s)ds, G(T) = 0and
F:[0,T] x RN x RN — R satisfies the following assumptlon
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(A) F(t, x) is measurable in t for every x = (x1,x2) € RN x RN and continuously
differentiable in (xq,x;) for a.e. t € [0,T], and there exist a;,ap € C(R",R™") and
b € LY(0, T;R™) such that

[F(t,x1,x2)|, [V F(t,x1,%2)], |V F(t,x1,22)| < [a1(|x1]) + a2(|x2])]b(t)

forall (x1,x) € RN x RN and a.e. t € [0, T).

Moreover, we also consider the following p—Laplacian system

{ G (O 2i() + g(Ou(B)]F2i(t) = VE(u(t), ae te[0,T] 4,
=1u(0) —u(T) =0, '

where u € RN,1 < p < o0, T > 0,g € L®(0, T;R), G(t) = [ g(s)ds, G(T) = 0
and F : [0, T] x RN — R satisfies the following assumptlon

(A) F(t,x) is measurable in t for every x € RN and continuously differentiable in x
fora.e. t € [0, T), and there exist a € C(R*,R") and b € L' (0, T; R") such that

[E(t,x)[, |VE(tx)| < a(]x])b(t)

forallx e RN and a.e. t € [0, T).

When p = g = 2 and F(t,x1,x2) = Fi(t,x1), it has been proved that prob-
lem (1.1) has at least one solution by the least action principle and the minimax
methods (see [1-8]). Many solvability conditions are given, such as the coercive
condition (see [1]), the periodicity condition (see [8]); the convexity condition
(see [2]); the subadditive condition (see [7]). For system (1.2), there are also
some results (for example, [9-12]). For system (1.1), recently, in [13], by using
the least action principle and the saddle point theorem, Pasca and Tang consid-
ered system (1.1) with g(t) = 0 under the following assumptions: there exist
fi,8 € L}(0,T;RY),j=1,2and a1 € [0, —1),a3 € [0, p — 1) such that

[V F(t, 21, 20)| < fi(8) || + g1(F) (1.3)
[V, F(t, 21, 22)| < fo(t)|x2|* + ga(t) (14)

for all (x1,x,) € RN and a.e. t € [0, T]. By using saddle point theorem and the
least action principle, they obtained system (1.1) with g(t) = 0 has at least one
solution.

In [14], Wu and Chen considered the following damped vibration problem

ii(t) +g(0)u(t) = VuF(t,u(t)), ae te[0,T]
{M(O)—M(T) () u(T) =0. (1.5)

By using the least action principle, Theorem 2 in [15] and the saddle point the-
orem, the authors obtained some existence results of solutions for system (1.5).
Moreover, recently, in [18]-[23], the authors also considered the existence and
multiplicity of solutions for damped vibration problem and p-Laplacian system.
In this paper, we will establish some similar results for system (1.1) and system
(1.2). Now we state our main results.
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Theorem 1.1. Assume the following condition holds:
(F1)
lim inf F(t v, %)

VI teo [¥1|T+ |22[P

Then system (1.1) has at least one solution in W%’q X W%’P. Let q' and p' be such that
% + ql = 1and % + % = 1. Furthermore, if the following condition also holds:

> 0 uniformly fora.e. t € [0, T].

/ 1/q’ / 1/p
(F,) there exist 6 > 0,a € [O,q%ol (@) q] and b € [O,% (P_jﬂ) P} such that

—a|x1|T—=Db|xo|P < F(t,x1,x2) <0, Vx| <6, |x| <9,
where Go = minyc[o 1y eC) and G = max;e|o ] eC), then system (1.1) has at least
two nonzero solutions in Wl’q X Wl’P, where
W1 P = {u: R — RN|u is absolutely continuous, u(0) = u(T) and u € LP([0,T])}.
with the norm defined by

1/p
— P P
Jul (/ (o)t + [ eSOLao) dt) |

Remark 1.1. Note that G(t) is continuous on [0, T] and so is e¢(). Hence, eG()
has the maximal and minimal value on [0, T].

Theorem 1.2. Assume the following condition holds:

(F3)
lim inf F(t, x)
x| =400 |x|P

> 0 uniformly fora.e. t € [0, T].

Then system (1.2) has at least one solution in W%’p . Furthermore, if the following condi-
tion also holds:

’ 1/p
(Fy) there exist 6 > Qand a € [0, % (P_jﬂ) P ] such that

—a|x|P < F(t,x) <0, Vx| <9,
then system (1.2) has at least two nonzero solutions in W%’p
Theorem 1.3. If the following conditions hold:

(Fs)
lim inf F(t,x)

x| o0 |x]P~1

> —oo uniformly fora.e. t € [0, T);

(Fs) whenever {u,} C W%’p is such that HunH[Wl,p] — oo and
T

o 1/
%(0 ()dt> o 1asn — oo,
3

HunH[Wlp

/]

=y

n—o0

T
liminf [ () (VF(t,un(t)), L )dt <0,
0

|2

then system (1.2) has at least one solution in W%’P
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Remark 1.2. Theorem 1.1 generalizes Theorem 3.1 in [14]. In fact, it follows
from Theorem 1.1 by letting p = q = 2 and F(f,x1,x2) = Fi(t,x1). Theorem
1.2 and Theorem 1.3 generalize Theorem 3.1 and Theorem 3.3 in [14] by letting
p = 2. Moreover, we also obtain multiplicity results by adding some conditions
like (F,) and (Fs). Moreover, in [22], the authors investigated system (1.2) with
g(t) = 0 and they obtained some existence and multiplicity results of solutions.
Our Theorem 1.3 generalizes Theorem 1 in [22].

2. Variational structure and some Preliminaries

The norm in W%’p is defined by

T T /p
Il = | [ P+ [ acypar]

Set

T 1/p
ull, = (/0 |u(t)|Pdt) and ||ul|e = max} lu(t)].

te[0,T

Lemma 2.1. (see [11] or [12]) Each u € W%’p and each v € W%’q can be written as
u(t) =i +id(t) and v(t) = o+ 9(t) with
1 /T r 1
u

Let q' and p' be such that % +1 =1and 1+ L =1 Then

3 T \VV T 1/p
fale = (555) () meras)

T re,q) [T,
/O 15(s)|7ds < (q’+1)‘7/‘7'/o 6(s)|7ds, (2.2)
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: Lp . . . :
Obviously, W, is a reflexive Banach space and the norm || - | v is equivalent
T

to the norm defined by

1/p
il 1) = (/ Dt ]Pdt+/ |Pdt)

because of g € L*(0, T; R).
Moreover, in order to consider system (1.1), we need to use the space W de-
fined by

W =Wy x Wy
with the norm || (u1, u2)|jw) = [lu1 || Wb + ||u2|| It is clear that W is a reflex-

ive Banach space. Let ¢, ) : W — IR glven by

1
qo(q,p)(”lf”Z):q/ Daiy (£)]7dt + = / D11y (£)|Pdt+

/OTeG(>1:(t,u1(t),u2(t))dt. (2.3)

Lemma 2.2. The functional ¢, ,) is continuously differentiable and weakly lower semi-
continuous on W.

Proof. Let

L(t, x1,%2,y1,2) = €G! [ 1|7+ — |y2|p+F(t,x1,X2) -

Then it follows from Lemma 4 in [13] that P(q,p) 1S continuously differentiable on
W and

(@lgp) (11, 12), (01,02)) = /OT[(Dle(f/ul(f)/uz(f)/ul(f)/uz(f))fvl(f))Jr

(DyyL(t, 11 (8), ua (8), 1 (£), 52(8)), 61 (1)) + (Dag Lt 1y (£), 2(8), 111 (1), 12 (1)), 02 () +
(Dyy Lt (1), w2 (1), 11 (1), 112 (1)), 0 (1)) .

- / ()12 (6,91 () + [ e (0] 2 (1), (1)
n / 0 (W, F(t, (1), ua(t)), 01 (1)) dt + / (W, F(t w1 (1), ua (1)), 02 (1)) dt

Moreover, by Remark 3 in [13], we know that ¢, ) is weakly lower semi-conti-
nuous on W.
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Lemma 2.3. If u € W is a solution of Euler equation qo’(q p)(ul,uz) = 0, then u =
(u1, up) is a solution of system (1.1).

Proof. Since qo’(qlp)(ul,uz) =0,
0= (gl (1,02, (o1,22)) = [ €Oy (512 (6,21 (1))l +
/OTeG<f>(|u2( £)|P 2, (¢ dt+/ D(V e F(tup (), up(t)), vq (£))dt+
/0 OO (Vo E(t, ua (1), u2(1)), 02 (1) )t

for all v = (v1,v3) € W. Then

/OTeG<f><ru1<w iy (1), 01 (1))t + / ) (Jiia ()| 2ua (1), 02 () )t
/ eSO (W F(t ur (1), ua (1)), 01 (£) ) dt—
/OTBG“)(vsza,u1<t>,uz<t>>,vz<t>>dt

forall v = (v1,v2) € W.Let v = 0. Then
T T

/ eSO (g (£) 7241y (£), 01 (1) )dt = — / eSO (W F(t, ur (1), uz (1)), 01 (£))dt
0 0

for all v; € W%’q. Then by Fundamental Lemma and Remark 1 in [3, p. 6-7], we
know that e (|ui1 (t)|9-2111 (t)) has a weak derivative and

[eG(”(lul(t)W‘zm(t))}/ = OV, F(tup (), up(t), aete[0,T], (24)

GO (g (17211 () = /0 t SN F(s,u1(s), ua(s))ds +c ae. t € [0,T], (2.5)
/0 "6t Vo F(t,uy (t), up(t))dt =0, (2.6)

where c is a constant. We identify the equivalence class e(*) (|i; (£)|7~2111(t)) and

its continuous represent fOT eC)V  F(s,u1(s), ua(s))ds + c. Then by (2.5), (2.6),
G(T) = 0 and the existence of 11, one has

le (0) — ul(T) = U (O) — ul(T) =0.
Moreover, by (2.4), we know

d
dt

Similarly, if we let v; = 0, we can obtain that

— (i (D721 (1) + g(1)|ia ()72 (1) = Vi F(t, ua (1), u2(t)), ae t €1[0,T].

112(0) — 112(T) = uz(0) —up(T) =0
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and

%(qu(tﬂp‘zuz(t)) +8(D)]u2 ()P~ 2ua(t) = Vi F(t, ur (1), u2(t)), ae t €1[0,T].

Hence, (u1,uz) is a solution of system (1.1). We complete the proof.

Let ¢y : W%’p — R given by
1 /T T
opl) = /0 eSO | (t)|Pdt + /0 SOF(E u(t))dt. 2.7)

Lemma 2.4. The functional ¢, is continuously differentiable and weakly lower semi-

) 1,
continuous on WTP .

Proof. It follows from Theorem 1.4 in [3] that ¢, is continuously differentiable on
1p
W' and

(o)) = [ eSOl 2i),o(0)d

0

T
+ [ SO (), o), o€ W,
0

Moreover, by Remark 3 in [13], we know that ¢, is weakly lower semi-continuous
1p
on W;".

Lemma 2.5. If u € W%’p is a solution of Euler equation ¢,(u) = 0, then u is a solution
of system (1.2).

Proof. Similar to the proof of Lemma 2.3, the proof is easy to be completed.
We will use the following lemmas to seek the critical points of ¢, ) and ¢,.

Lemma 2.6. (see [3], Theorem 1.1) If ¢ is weakly lower semi-continuous on a reflexive
Banach space X and has a bounded minimizing sequence, then ¢ has a minimum on X.

Lemma 2.7. (see [16]) Let ¢ be a C! function on X = Xy ® X, with ¢(0) = 0,
satisfying (PS) condition and assume that, for some p > 0,

o(u) >0, forue Xy, |lul <p,
p(u) <O, foru e Xy, |Jul < p.

Assume also that ¢ is bounded below and infx ¢ < 0, then ¢ has at least two nonzero
critical points.

Lemma 2.8. (see [17], Theorem 4.6) Let X = X; & Xp, where X is a real Banach
space and X1 # {0} and is finite dimensional. Suppose ¢ € C'(X,R), satisfies (PS)
condition, and

(I1) there is a constant « and a bounded neighborhood D of 0 in Xy such that ¢|3p < «
and

(I12) there is a constant B > w such that ¢|x, > B.
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Then ¢ possesses a critical value c > B. Moreover ¢ can be characterized as

¢ = inf max ¢(h(u)),

where
I'={heC(D,X)|h=idonoD}.

3. Proofs of Theorems

Proof of Theorem 1.1.

By (F1), thereis 0 < & < min{1,1imi1r1f\/|xl‘2+‘3(2|2_>+oo \ﬁfltqil\z;\)”} and M > 0
such that

F(t,x1,%2) > —— ||+
q+p q+p
for all (x1,x2) € RN x RN with \/]x1]2 + [x2]2 > Mand ae. t € [0, T).
Set ap = MaX)y, |<p|x,|<m [(|x1]) + a2(|x2])]. Then by (3.1) and assumption
(A), we have

|x2|” (3.1)

7 P M S MP _ayb(t) (32
qup|xl| qup|xz! pa pa amb(t) (3.2

for all (x1,x2) € RN x RN and a.e. t € [0, T]. Then

F(t,x1,x2) >

P(q,p) (1, 2)
1 (T 1 (T
_ 5/ eG(t)|u1(t)|‘7dt—|——/ )ity (1 |Pdt+/ F(t, sy (£), un (£))dt
> 1/ D)iig (£)]7dt + = / D1y (£)|Pdt + —— ! Wiy ()| 741
=g g+pJo

T
p(M‘UrMP)/ e fdt—aM/ SOp(1)dt
0 0

+m|| 2||

(M1 + MP) / eG(
0

€ T
oy eVl

T
Ndt — a / COp(t)dr. (3.3
= u [ O 63
for all (u1,uz) € W. Obviously, ¢, ,) — +00 as [|(u1,u2)||[w] — oo. Hence, ¢, ,)
has a bounded minimizing sequence. Thus, by Lemma 2.2 and Lemma 2.6, we
know that Pq,p) has a minimum on W. So system (1.1) has at least one solution in

Furthermore, if (F,) also holds, we will use Lemma 2.7 to obtain more critical
points of ¢, ,). Let X = W, X; = RN x RN and X; = W = W%’q X W%’P which is
the subspace of W given by

W = {(ul,uz) S W’ (111,112) = (0,0)}
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By (3.3), we know that ¢, ,) — +o0 as [|(u1, u2)[/[jw] = o°. So ¢, ,) satisfies (PS)
condition and is bounded below. Take p = %, where ¢y is a positive constant such
that [[u1]lee < c1lfinllyyra < erllullpwy and [Juzlleo < crlluzflyyrr < exflullw) for all

(u1,up) € W. It follows from (F,) and Lemma 2.1 that for all (17, up) € X; with
[ullw) < o,

P(q,p) (41, 12)
1 /T 1 /T
_ 6/ eG(t)|u1(t)|”’dt+—/ )ity (¢ |Pdt+/ F(t, us (1), ua (1))t
0
> ;/ Dy (£)|7dt + / )11y (£) [P dt—

/ Dy (£)|9dt — b/ Dy ()P dt
1 T age v 1 P T \V4 T >
>—G/'tt—G/'tt—G( )/'tt
A |1 (t)]| +p 0/, |12 (1)) aGq 7+ 1 A |1 (t)]

o q
b TN i @4
- Gl(p,H) | i)t .4

Sincea < 61%)1 (#)Uq and b < % (p/%q)l/p , (3.4) implies that go(q’p)(ul, uy) >
Oforall (u1,uz) € Xy with [|u[[y < p. By (F2), itis easy to see that ¢, ) (u1, u2) <
0 for all (ul,uz) € X, for all Hu||[w] < o.

If inf{p(, ) (u1,u2) : (u,u2) € W} = 0, then from above, we have
P(q,p) (1, u2) = 0all (u1,u2) € Xp with [[(u1, u2)||w < p. Hence, all (u1,u2) € Xp
with [|(u1, u2)|lw < p are minimal points of ¢(, ,), which implies that ¢, , has
infinitely many critical points. If inf{¢ g ,) (11, u2) : (u1,u2) € W} < 0, then by
Lemma 2.7, ¢, ,) has at least two nonzero critical points. Hence, system (1.1) has
at least two nontrivial solutions in W. We complete our proof.

Proof of Theorem 1.2. The proof is as essentially same as Theorem 1.1. So we omit
it.

Proof of Theorem 1.3. We will use Lemma 2.8 to seek the critical point of ¢,. It is
clear that W%’p = le!p ®RN.Let X; = RN and X; = W%’p . First, we prove that ¢
satisfies the (PS) condition. Suppose that {u,} C W%’p is a sequence such that

@y (tn) — 0 (3.5)

and there exists a constant c; > 0 such that ¢,(u,) < c2, n € IN. Then we
can claim that {u,} is bounded in W%’P. Otherwise, passing to a subsequence if

necessary, we assume that HunH[WLp — oo. Let v,

) 1Lp .
= —"___ Since WTP is a
T] [[un]| 1p
(Wr']

reflexive Banach space, there is a point v9 € Hx and a subsequence of {v,}, still
noted by {v, }, such that

. 1,
Uy — Vg, In WTp.
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By Proposition 1.2 in [3], we know that {v, } converges uniformly to vy on [0, T].
Hence, there is a M, > 0 such that

< — .
Orgta<xT|vn( )| <My, n=1,2, (3.6)

By (F5) and assumption (A)’, we know that there exist A < 0 and M3 > 0 such
that

F(t,x) > Alx|P~t —apm,b(t), (3.7)

where a);, = max|y| <, a(|x|). It follows from (3.5), (3.6) and (3.7) that

C2 > @p(”n)
[ |7 g
(W] (W)
LT 60 gy T 6w
— E/O e ’Un(t)’ dt—i_W/o e F(t,un(t))dt
)
T T
> L0 par+ —L [ eSOy (1))
pJo 14| 0
"Wy
—aMBb(t)]dt
1 /T T
= = W, (0)|Pdt + ——— [ eCO o, (1)|Pdt
pJo [ttn][ 1y Jo
(W)
LZM3 fO dt
|u nH[WTp]
T
> 1—1/ eSO ou) Pt~ ﬁ3 S
p pPJo Un (W) Hu”H[W%,p}

for some constants c3 > 0 and ¢4 > 0. It implies that fOT eCW|vy(t)|Pdt > 1. On
the other hand, by weak lower semi-continuity of the norm, we have

||vo||[W;,p} < liminf ||v, ||, 10 = 1.

Wy

Hence, |9y(t)| = 0 for a.e. t € [0, T|, which implies that |vy(t)| is a constant for
a.e. t € [0, T]. Then |vy|l = % Therefore,
T 1/p
() o)
0

T e
1/p
= —/ vn(t)dt‘ </ eG(t)dt)
T Jo 0

_ 1/p
i1, (/TeG(t)dt) _ /
Tinl iy \Jo T uunu[wlp
1/p

T T
— l/ vodt' </ eG(t)dt> =1.
T Jo 0
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as n — oco. Hence, by (Fg), we have

T
liminf [ G (VF(t,un(t)),
0

n—o0

However,

"Gl VE(t n (1)), 2 ) dt = { @l (un), ) 5 0 — o0
Oe ,Up , = Ppltin), , asn

61

which is a contradiction. Hence {u,} is bounded in W%’p . The following argu-

ments are motivated by [9], [11] and [12]. Since W%’p is a reflexive Banach space,

passing to a subsequence if necessary, we suppose that
. 1p
up — u in W%,
for some u € W%’P and then
u, — u strongly in C([0, T; RY).

Note that
T
(@ (un),un —u) = /0 €O ([t (£) [P~ 21k (£), 1k (£) — 11 (t) )it
T
- / eSO (VE(t, 1y (1)), 1 (1) — u(t))dt.
0
Since { ||uy || [WLp]} is bounded and ¢'(u,) — 0, we have
T
[ (1)t = 1) < Nl ()| N = 2 g1y = 0 a8 11— 0.
By assumption (A) and (3.9), one has
T
/ eSO (VE(t 1 (1)), tn (F) — u(t))dt -0 asn — co.
0
Hence, it follows from (3.10), (3.11) and (3.12) that

/OTeG(t)(|un(t)]p_2un(t),un(t) —u(t))dt =0 as n— oo.

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

On the other hand, it is easy to derive from (3.9) and the boundedness of {u, }

that ;
/ eSO (Juty (£) P2 (£), un () — u(t))dt — 0 as n — co.
0

Set

P(u) = % (/OTeG(t)]u(t)|pdt+/OTeG(t)]u(t)]pdt) .

(3.14)
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Then we have

(' (), 1wy — 1) = AT&WOMUW%%Awwaw—uwnm
T
[ OO (12 (1) (1) — (1))

and
! 2
(@' (u),un —u) = / D) [P~ 2u(t), un (1) — u(t))dt
+/ () [P=246(t), 1y (1) — 12(2))dt.
From (3.13) and (3.14), we obtain
(' (up),up —u) -0 as n — oo. (3.15)

On the other hand, it follows from (3.8) that
(@' (u),uy —u) -0 as n— oo. (3.16)
By (3.15), (3.16) and by using the Holder’s inequality, we get

(@' (un) — 9" (1), un — u)
— /0 TeGU)(|un(t)|P—2un(t),un(t) — u(t))dt

+ / ()72 (£), i () — 0(E))dt
‘ATf”uwwWQMﬂmaw—ua»w
‘AT*@GMOWQMﬂmaw—ua»w
T
_ HunH?W%p}—l—Hquw%p}—/0 eSO ([14, (8)P 2 (), u(E) )t
S O NORIGI
[ SO )2 ()at — [ e (a2 (1) i (1))
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vV
=
R
- =
+
=
|
o\_,
)ﬁ
/N
x
9
N
|
—~
N—
=
—_

(eG(t)> ’ i(t)| dt

1
P un(t)| dt

)
(eG(f)> ’ 11, ()] dt

V4
=
=
- =
+
=
|
1
VRS
o\_,
)ﬁ
o
Q
=
R
—
—
N—
RS
QU
—
~__
<
N
\
=
—~
N—
RS
QL
—
~_

) (/OT eG(t)|un(t)|pdt) ’ </0T eG(t)’u(t)]Pdt) ;]
| ) ([ ominra)
+ (/OTeG(t)|b'l(t)|Pdt) o </0T€G(t)|b'ln(t)|r’dt) ;]

> ||ul’l||pwl,p + HquWl,p]
1
(/ 0t ]pdt+/ |Pdt)”
1
(/ ) (£ |Pdt+/ D iy (¢ |Pdt)
l
_</ D (¢ |Pdt+/ D1 (t |Pdt)
1
</ Dt |Pdt+/ |Pdt)
g+ 0 = gy Dl = Wl
= (Il = Tt ) (sl gy = Wl ) 617)
It follows that
0< (Tt = Tt d ) (ol = gy ) < 9" =)0 =)

(3.18)
which, together with (3.15)-(3.18) yields ||un||[W1,p] — ||ul| W) By the uniform
T T

convexity of W%’P and (3.8), it follows from the Kadec-Klee property that u,, — u
strongly in W%’p . Thus we have verified that ¢, satisfies (PS) condition.
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Next, we prove that ¢, satisfies (I;) and (I7). First, we claim that ¢,(x) —
—00, as |x| — oo for all x € RN = Xj. By using (F;), the proof is the same as

Lemma 3.3 in [14]. So we omit it. For u € X, = W%’p , it follows from (3.7),
Holder’s inequality and (2.2) that

op(u) = 1 / TeG<f>|u(t)|Pdt+ / TeG(t)F(t,u(t))dt

> / 0t |Pdt+/ DA Ju(8)]P~1 — ang,b())dt
T T
> —/ B|Pdt — |MeG1/ |u(t)]p_1dt—aM3/ SWOp()dt
0 0
eGO T 1/Pl T
> (6Pt — STV (/ ]u(t)|pdt) —aM3/ SOp(1)dt
0 0 0
¢Go T T %4 T
e MLGIEE (/ |u(t)|Pdt) —aM3/ SOp(Hdt,
0 0 0

/

N\ VP
where c5 = |A|eC1TV/P (%) . Note that the norm |[1||» is equivalent to

the norm ||u|| W) in W%’p, Hence, ¢,(u) — +oo as ||u||[w1,p
T

}—>ooforallu€X2.
T

Thus we complete the proof.
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