Global representation of some mixed
ultradistributions

Jean Schmets Manuel Valdivia*

Abstract

Given non empty open subsets () of R" and ()’ of R®, and sequences

A and .4', we recall the definition of the space 217-#"}(() x (V). Given
p € [1,+00[, we also introduce the space ‘@({I%’%/} (2 x Q). By use of a basic
idea due to Valdivia, we obtain a global representation of the correspond-
ing ultradistributions, i.e. of the elements of the topological duals of these

spaces.

1 Introduction

For the notations, we refer to the Paragraphs 2 and 5.

Classically the non quasi-analytic classes of ultradifferentiable functions are
defined by use of special sequences of positive numbers or of weights, the ba-
sic references are [2] and [1] respectively. These two possibilities lead to similar
properties but are not completely equivalent.

In this paper, we adopt the first possibility and continue the study of the
locally convex properties of the mixed non quasi-analytic classes of ultradiffer-
entiable functions initiated in [3] to [8]. This time we consider the problem of
obtaining a global representation of some mixed ultradistributions, i.e. explic-

itly of the elements of the topological duals of the spaces 2{7-#"}(() x (V') and
{M, 2"} /
D (ir) (Qx Q).
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The paper is based on a method developed by Valdivia in [10], [11] and [12] to
get a global representation of the elements of the topological duals of the spaces

217}(Q) and .@({Lfl) (Q)). In [8] we already used this method to get a global

representation of the elements of the dual of the projective limits 2™ (Q) and

ml
(e ().

In Paragraph 3, we adapt to our case the basic abstract construction leading to
a global representation.

In Paragraph 4, we recall the definition of the space Z1-#-# O x V) and
obtain a global representation of the elements of its topological dual by means of
series using Radon measures on () x (V.

Starting with Paragraph 5, we do the same for the space @({{,{l)"//} (Qx Q).

2 Notations

Throughout the paper,
a) r and s belong to IN;
b) () and Q' are non empty open subsets of R" and IR® respectively;
c)m = (mp)peN, and m’ = (m,)peN, are two sequences of real numbers such that
mp = my, = 1, which are increasing and non quasi-analytic, i.e. Lo l/mp < oo
and )7 y1/mj, < co. The sequences .# = (My)pen, and .#" = (M,)pen, are
defined by M, = my...m, and M;, = my...m;, for every p € No.
d) the space 217-""}(() x (V) is defined as in [3]. For the sake of clarity, let us
briefly recall its definition.

The notation 2(#-#)"(K x K') requires that / is a positive number and that
K and K’ are non empty compact subsets of R" and RR? respectively. It designates
the following Banach space: its elements are the C*-functions ¢ on R" x R®* which
have their support contained in K x K’ and such that

D(@p) ,
H(PHKXK’,h = sup H GDHKXK

(a,8) €N} x N} h\MHﬁ\M'a‘M'/ﬂ'

endowed with the norm |.{[x, g -

The space 2447 H(K x K') is then the inductive limit of the spaces
g A)m (K x K') with m € N; it is a (DFS)-space.

Finally the space 2{/-# HQ x Y) is the inductive limit of the spaces
P4 (K, x K) where (Ky)pen and (K)),en are exhaustions of Q) and (Y
respectively by strictly regular compact sets such that K;, C K3 ; and K}, C K7 ;
for every n € IN. It is a (DFS)-space.

To be complete, let us recall that a compact subset H of R" is strictly reqular
if it has a finite number of connected components and if each of these connected
components B verifies the following two properties:

(i) B is regqular,i.e. B = B°~;
(ii) there is a positive constant C such that, for every x, y € B, there is a polygonal
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path joining x and y in B°, of length L < C |x —y|.
e) the space 9({%/)% }(Q x ()') is new; it is defined in Paragraph 5.

Let us also mention that, if E is a locally convex space, E’ designates its strong
topological dual.

3 Basic construction

Let X = (X, ||.||) be a Banach space.
Then, for every n € IN, Y}, designates the following Banach space: it is the
vector subspace of XNo*No which elements s = (Xa,8) (a,8) Ny x Ny Verify

X
Il o= sup |a|+‘|}/s;}f M/
(a,8)€NGxINg 1 g

endowed with the norm ||.||,,.

It is clear that, for every n € IN, Y}, is a vector subspace of Y, and that the
canonical inclusion map is continuous. Therefore we may consider the inductive
limit Y of these spaces; it is clear that Y is a Hausdorff (LB)-space.

Let us improve this knowledge. It is well known that the strong topological
dual Y’ of Y is a Fréchet space. Moreover, if B(Y},) denotes the closed unit ball of
Yy, the polar sets U, of nB(Y,) in Y’ constitute a 0-neighbourhood basis in Y’. So
the polar set of any bounded subset B of Y contains some U, which implies that
B is contained in the closure of some nB(Y,) in Y.

Proposition 3.1. For every n € IN, B(Y;,) is a closed subset of Y.
Therefore Y is a Hausdorff reqular (LB)-space.

Proof.  Let (5¢)jcj be a generalized sequence of B(Y;) converging to s in Y.
Then, for every («, ) € INj x N} and v € X', it is clear that

u:Y —-GC  x— <x,,¢,/3,v>
is a well defined continuous linear functional. This implies
lim <X,X,,3’]‘ — X,X,,g, 7J> = lim <%] — X, u> = 0,‘
J ]

i.e. the generalized sequence (x, g ) ;e converges weakly to x, g in X. As the gen-
eralized sequence (x,p,)jc;j is made of elements of the closed ball

n""|+‘ﬁ|M‘,X|M" ﬁ\B(X)' a weakly closed subset of X indeed, we conclude at once.
u

Notation. a) Forevery u € Y and n € IN, we set

[ull (ny == sup [(s5,u)].
»€B(Yy)

b) To every u € Y’, we associate for every («, ) € INj x INj the following
continuous linear functional on X

ugp: X = C; x> (s,u)

where 5 is defined by x, g = x and x,, s = 0 if (7,0) # (a, B).



94 J. Schmets — M. Valdivia

Proposition 3.2. For every u € Y’, we have

sup  nl*HPIM Mg (g p]] < [lully, VnEN,
(a,8) €N xING

as well as

(3,u) = Y. (Xop tap), VxeY,
(,8) €INJ X ING,

the series converging absolutely and uniformly on the bounded subsets of Y.
Proof.  As B(Y}) certainly contains
I BIM o Mg { 522 xop € B(X), %05 = 0if (7,8) # (w,B)}

the inequality is clear.

For every » € Y and (&, 8) € N}, x IN?, let us denote by »(*#) the element of
Y defined by xi’f’ﬁ ) = Xq,p and x(;;’sﬁ )= 0if (7,6) # («, B). Then, for every s € Yy,
m > 2n and q € IN, we certainly have

—ap el gy,

- (@B)
A i ~
| +18] > 141 1BI Mo Mg

|| +1Bl<q

This implies that the family (s¢(*#) ) (a,8)€Np x N is summable to > in Y3, hence the
representation formula as well as the convergence property of the series. m

Proposition 3.3. For every family (sz,ﬁ)(zx,ﬁ)elNg XN} of elements of X' such that

Aui= sup M Mg [[zap] <o h >0,
&, 07 No

there is a unique element u of Y’ such that u, g = z, g for every (a, ) € INj x N,

Proof. For every » € Y, and (&, ) € IN| x INj, we certainly have

A2(r+s)n
< (2(1/ + S))‘a‘+|ﬁ‘

.C HZ,X"B

5]l

(g ag)]| < 122

with C := (2(r + s)n)‘“'*‘ﬁ‘Mme, hence
u:Y —-GC,  x— Y (Xap Zap)
() €ING <IN

is a well defined continuous linear functional on Y.

To conclude we just have then to note that, for every x € X and («,p) €
INg x INg, if 5 € Y is defined by x,5 = x and x,, 5 = 0 if (7,6) («,B), the
representation formula of Proposition 3.2 leads to

(%, 1ap) = (3,u) = )3 (X9,5:27,6) = (X, Zap) - u
(7,6) EN; X IN§
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4 Case of the space 217"} (() x (V)

From now on we identify the Banach space X of the basic construction with
Co(Q2 x Q)'), the space of the continuous functions f on Q x Q' “tending to 0
at infinity” (i.e. for every e > 0, there is a compact subset H of () x )’ such that
I fll(axayu < o, endowed with the norm |||, - By the Riesz representa-

tion theorem, for every continuous linear functional u on Cy(Q) x ()'), there is
a Borel measure y on Q x Q) such that (i,-) = [, o -dp on Co(Q x ) and
Jull = Jul (€2 x ).

As Radon measures will also occur, let us mention the following. Given a non
void compact subset H of R¥, .#"(H) is the following Banach space: its elements
are the continuous functions on R¥ with support contained in H; its norm is |- ;
it is topologically isomorphic to Co(H®). Then ¢ (Q)) is the inductive limit of the
spaces # (H) where H runs through the family of the non void compact subsets
of Q). The Radon measures on () are the continuous linear functionals on ¢ (Q)).

Given a Radon measure u on Q), || u|| (H) designates the norm of the restriction of
uto % (H).

Notation. For every n € N, the linear map
En: POMNK XK = Yy @ (D(“’ﬁ)ﬁo)(a,ﬁ)emgxu\rg

clearly is an isometry from 2(#-#")""(K x K') onto its image P, considered as a
topological vector subspace of Y;,. We then introduce P as the topological vector
subspace U7’ ; P, of Y and consider the map

gAY KX K) = P, s (D(“’ﬁ)ﬁo)(a,ﬁ)emgxmg-

It is clear that ¢ is a continuous linear bijection. In the next result we prove that
in fact ¢ is a topological isomorphism; its proof makes use of the following re-
sult (cf. [11], Proposition 6): let E be a locally convex space whose dual is a Fréchet
space. If every absolutely convex, closed and bounded subset of the vector subspace F of
E is locally compact, then F endowed with the p(E, E')-topology is a (LB)-space, where
p(E,E’) designates the topology on E of the uniform convergence on the abso-
lutely convex compact subsets of E’.

Proposition 4.1. The spaces 744 '} (K x K') and P are topologically isomorphic;
more specifically, the map ¢ is a topological isomorphism.

Proof.  We know that the strong dual of Y(= E) is a Fréchet space. Let now
A be any absolutely convex, closed and bounded subset of P(= F). By Proposi-
tion 3.1, there is n € IN such that A is abounded subset of P,,. Therefore &, ! (A) =
&1(A) is an absolutely convex and bounded subset of 2(-#/~#")"(K x K') that is
closed in 24#4-"}(K x K'), hence A is a compact subset of P, 1. Therefore, by
use of Proposition 6 of [11], Q := (P,p(Y,Y’)) is a (LB)-space. If R denotes the
inductive limit of the Banach spaces (P,),cnN, the identity maps from R into P
and from P into Q are of course continuous. Hence the conclusion by use of the
closed graph theorem. n
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Proposition 4.2. Let K and K’ be non void compact subsets of Q) and Q) respectively.

For every continuous linear functional S on 277" (Q) x (V), there is a family
(Ma8) (a,8)eNp <N, Of Borel measures on €3 x QY such that

sup nla\+|ﬁ\M|a‘M|’ﬁ||ya,ﬁ|(Q x () <oo, VneN, (1)
(a,8) ENG XING,
and
9= L[ DPpdu Vpe s KSK), @
(a,8)EN; xINg, 7 XY

these series converging absolutely and uniformly on the bounded subsets of
A (K x K).

Proof.  Let us denote by 7 the map ¢ considered as a map from the space
P-4} (K x K') into Y. By the previous result we know that its transpose /7 is
surjective.

Now let $* denote the restriction of S onto Z14-#"}(K x K'). As fy is surjec-
tive, there is u € Y’ such that '57(u) = S* and the conclusion follows at once from
Proposition 3.2. |

In the next result we are going to represent the continuous linear functionals

Son 24O x (Y), having a compact support contained in H x H' where H
and H' are non void compact subsets of () and ()’ respectively.

For this purpose, let us introduce some notations. First of all we chose com-
pact subsets K of () and K’ of ) such that H C K° and H' C K’°. Then we
apply Proposition 4.2 and obtain a family (ix,g)(a,p)eny 1N Of Borel measures on

Q x () verifying the inequalities (1) and giving rise to the representation for-
mula (2), the series converging absolutely and uniformly on the bounded subsets
of 914"} (K x K'). Next we chose ¢ € 21-47"}(() x (1), identically 1 on a
neighbourhood of H x H' and of support contained in K° x K’°. Finally we chose
ng € N such that p € Z04-#")m0 (K, x Kj,)-

This leads to the following property. For every ¢ € 214-"}(K x K'), p¢ of
course belongs to 217"} (K x K') and verifies (S, 9) = (S, ¢). Let us analyse
(S, g): we have

_ \ (B 5(1.6) o (a—7.6-0)
S,pp)= Y < )( )D(” YD1 g dy,
/QXQ’ v<az,z5:<ﬁ 0 f

(a,8) €N, xING, i

and, choosing an integer p > ng such that ¢ € 2(#-#)P(K x K'), we succes-



Global representation of some mixed ultradistributions 97

sively get
) (P / (7.6) (a—7,B—0)
D\ D& d
'y<1x2,5<,3 <’)’) (5) QXQ” LPH §0| |.uzx,/8|
! 5 e
<9y X (%) ()0t My 1D 159 gl gl x 00)

T<wI<p

< [l 24P @, p*FPIM o Mg 110 1 (Q x )
11, 1ol

T @)L s e g

which implies the absolute convergence of the series giving the value of (S, ¥¢).
Setting { = « — 7y and ¢ = B — J, we finally obtain the representation

y (r+ 0! (6 +9)!

(¢,8)ENLxIN§ Y!C! S1E!
(7,6) EN;XIN3

(4p(r + ) MM Mg 1,01 (Q % ),

(S, po) = /QQ DIYDED) g iy i 54¢,

this series being absolutely converging.

Theorem 4.3. Let H and K be compact subsets of Q) such that H C K° and let H'
and K’ be compact subsets of Q) such that H' C K'°.

Ifs € o444 (0 x Q’)/ has its support contained in H x H’, there is a family
(M) (a,8)eNp <N, Of Borel measures on () x QY such that
a) sup(a’ﬁ)EN(ngan|“|+\/3\M|a‘M|’ﬁ||W,/3|(Q x (V) < o0, ¥n € N;
b) supp(pap) C K x K, V(a, B) € Ny x INg;
A) (S, 9) = L(wp)eny s Joy PP @ e Vo € 21043 Q x OY),
the series converging absolutely and uniformly on the bounded subsets of
g, '} (Q x Q”)_

Proof.  The Proposition 4.2 provides a family (j4,p) (4, 5)eNy <Nz Of Borel mea-
sures on () x () verifying the inequalities (1) and the representation (2), the series
converging absolutely and uniformly on the bounded subsets of 2{-7# K x K.
So we may use the notations and the representation formula of (S, {¢) we just
obtained.

Let us now consider (,¢) in INj; x IN§. Given f € Co(Q) x Q)'), let us consider
the expression

vge(f) =

(7,0) N xINJ

+0)!(0+¢)!
(r)/')’!ag) ( 5!(5!:) /QXQ/D(%(S)IPde’Y+C,5+C'

We first observe that this series converges absolutely since

+|6
Yo 2l g M M Fll gy [y s (Q x Q)
(7,0) N < INJ

1
<l flawer X

(d)eny g (2(r +9))171F1
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with

A= sup (41’10(1” + S))'“‘H'B'MMM‘/M|V{X,ﬁ|(0 X Q/) < 00,
(a,B)€EING <IN

This implies that v # is a continuous linear functional on Co(Q) x ()). Therefore
there is a Borel measure v on () x () such that

vz :(f) = / fdvee, YfEC(QxQ).
axqy
Summarizing what we obtained so far leads to the following representation:
we have

(Sve)= ), / DESgdv e, Yo e 7M7Y K x K'),
(¢,6)eNxINg 7 XY

the Borel measures vy on () x )’ having of course their support contained in
supp(y) C K x K.

Now for every (Z,§) € INj x INj, we chose g € Co(Q) x Q') such that ||g]| o <
2and [, o 8dves = |vg¢|(Q x Q) and observe that, for every integer n > ny,
we have

nIEHE LM Ml g 6 (Q x Q) = nlf 81V M0 (9)
1

(7,0) NG NG (Z(r + s))"YHW

with
B:= sup (4n(r +s))‘“‘J"ﬁ'MMM"m|y,x,ﬁ|(Q x () < oo,
(a,8)€INf xINJ

This leads to

sup i FEIM o M ug g (Qx Q) <o, WnEN.
(¢,6)eENGxING

So, for every compact subsets L of Q) and L’ of (¥, by the propositions 4.1, 3.2
and 3.3, we know that

Top: PN LX) 5C g Y / D) g v 4
(a,B)EING <5 Qxqy

is a well defined continuous linear functional, the series converging absolutely
and uniformly on the bounded subsets of gt} (L x L'). This implies that

TP Q) 5 C g Y [ Dy
(a,B)EING x5 (xQ

is a well defined continuous linear functional, the series converging absolutely
and uniformly on the bounded subsets of 2147} () x (V).
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Finally we note that, for every ¢ € 217#"}(K x K'), we have (S, ¢) =
(S, pp) = (T, ). So, if x € 2147} (2 x V) is identically 1 on a neighbour-
hood of supp(¢) and has its support contained in K° x K'°, we successively get

(T,9) = (T, xp) = (S, ¢x9) = (S, 99) = (S, ¢)
for every ¢ € 214"} (() x (). Hence the conclusion. ]

Theorem 4.4. Let (ua,ﬁ)(zx,ﬁ)EINg <N, be a family of Radon measures on €2 X QY such
that, for every n € IN and compact subsets K of Q) and K" of (Y,

sup n‘“‘+“B|M‘p¢|M‘/ﬁ‘||u1X,,B||K><K’ < 0.
(a,B) €N XING

Then
S: @{‘///"////}(Q xO)—=C, ¢~ Z <ua,ﬁ,D(“'/3)go>
(a,8) €N xINJ
is a well defined continuous linear functional, the series converging absolutely and uni-
formly on the bounded subsets of 247~} () x (V).

Proof. For every n € N and (a, ) € IN[ x INj, let uZ’ﬁ be the restriction

of 1,5 to Co(Kj; x Kj7). The Riesz representation theorem provides then a Borel
measure i, g, on Kj; X K;? such that

<MZ,/3,f> = /K;Xm@fd““r/in' Vf € Co(K; x KJY),

and
[l gl ki, = [P | (K X K.
Therefore, by the propositions 3.3, 3.2 and 4.1,

AN KX K) 5 G ops L[ D Pgdyy,
(a,8) €N x N, 7 Kin X Koy
is a well defined continuous linear functional, the series converging absolutely
and uniformly on the bounded subsets of g\ (K, x K).

For every ¢ € 21747} (() x (), there is n € N such that supp(¢) C K x
K}?. As we then have (S", ¢) = (5"*1, ), it is easy to conclude. n

Theorem 4.5. For every continuous linear functional S on the space
gAY (O % Q) there is a family (4a,) (a,8)eNr xNg Of Radon measures on QO x )
such that

sup ”‘“'HMMM\MfmHua,ﬁHKnxKg < o
(a,8)€INf xINJ

for every n € IN and

<S/ (P> = Z <ulx,ﬁ/ D(“"B)§0>/ VQD € .@{J/{’J//}(Q X Q/),
(a,8)€INpxING

the series converging absolutely and uniformly on the bounded subsets of
AT x Q).
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Proof. Let {Oy: m € N} and {O;,: m € IN} be locally finite open cov-
ers of Q) and Q) respectively, every O,, being relatively compact in () and every
O!. being relatively compact in (Y. Let moreover {¢,,: m € N} be a 2(7)(Q)-
partition of unity on Q) subordinate to {O,,: m € N} and {y;,: m € IN} be a
2") ((Y)-partition of unity on (¥’ subordinate to {O/,: m € N}.

For every m, m" € IN, i,,(x)y! ,(y)S belongs then to gl () x Q’)/ and
has its support contained in the product of a compact subset of O, by a compact
subset of O] ,. By Proposition 4.3, there is then a family (V,T,}éﬂ/)(zx,ﬁ)eNngg of
Borel measures on () x ()’ such that

sup  nlFIPIM Mg [0 [(Q x Q) < 00, Wn € N;
(a,B)EING xINJ
supp(H2") € O x Oy, V(a, B) € Nj x Ny

WS 9) = X [ DBy,
(a,8)EN} x NG 7 X0

for every ¢ € 214"} (Q) x V), the series converging absolutely and uniformly
on the bounded subsets of 274"} (() x ().

Now, for every (a,8) € INj x IN§, g := Yymen y;’f’éﬂl clearly defines a
Radon measure on Q) x (). Moreover, for every n € N, there is N € IN such that
supp(yz’ﬁm/) N (K, x K))) = @ if m, m" > N this leads to

Koxi, <) |VZ'/3m [(Q x Q)

m,m' <N

| |”1x,/3

hence

sup  nl*HPIM Mg (1 gl [k, <k, < 0.

(a,8) €Np XN

So we may apply Theorem 4.4 and obtain that

T: 7M1 Qx Q) = C g Y (i D@Pg)
(a,B) €N <IN

is a continuous linear functional, the series converging absolutely and uniformly
on the bonded subsets of 2177} (() x (V).

As it is a direct matter to prove that (T,.) = (S,.) on 2L4-2} () x (), we
conclude at once. n
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{A 1"} /
5 Case of the space _@(LP) (Qx Q)
Given p € [1,00], LP(Q X Q') and .£7(Q2 x (1) designate the classical Lebesgue
spaces and for f € f € LP(Q x ()), we set

£, =71l = ([ IfGey)l” dedy)'/? 1< p <o

and
Iflleo = IIf]leo = supess{|f(x,y)| : (x,y) € Qx O'}.

From now on, in this paragraph, for p € [1, 00|, we identify the Banach space
X of the basic construction with LP(Q) x ()').
Given p € [1,00[, we now adapt the introduction by Schwartz of the space

Py (RF) (cf. [9], p. 199) to our setting.

The notation @((/// M) N

subsets of R" and IR® respectively and that / is a positive number. It designates the
following Banach space: its elements are the C*-functions ¢ on IR” x R® having
their support contained in K x K’ and such that

(K x K') requires that K and K’ are non empty compact

D(«B)
S Dl

(a,8)ENpxIN§ h|a\+|/3\M|a‘M|/ﬁ|

|90 ph < 0

its norm is ||, ;.

The space @({ )///}(K x K') is then the inductive limit of the spaces

gl ) "(K x K') for n € N and the space .@{ d }(Q x (V') is the inductive

(LF) (LF)
limit of the spaces .@({/// A }(Kn x K},). Clearly these spaces are Hausdorff (LB)-

spaces. In fact we have a lot more.

Proposition 5.1. For every n & 1IN, the closed unit ball B, of the space

@((‘Li/)’%/)’n(K x K') is a compact subset of @((‘L%p/)’%/)’nH(K x K).

So .@éifl)"%l}(K x K') and .@({if/)’j/}(() x Q) are reqular (LB)-spaces.

Proof. We first establish that, for every («,f) € INj x INj, the set

{D(”"ﬁ)go: ¢ € By} is uniformly bounded; as a consequence, these sets will also
be equicontinuous. Indeed, setting 1, = (1,...,1) € INK, we know that, for every
¢ € B,, we have

IX,B x y / / /yl Ys D (a+1,, ﬁ+1s)q0(t) dt

hence, with g defined by 1/p+1/9 =1,

D& g(x,y)| < p(K x K'YV Il PR esp oMl

where y is the Lebesgue measure.



102 J. Schmets — M. Valdivia

So, given a sequence (¢ )meN of By, the Arzela-Ascoli theorem provides a
subsequence (¢, (x))ken as well as a function ¢ € C*(R" x R®) such that, for

every («, B) € IN, x INj, the sequence (DA) ®m(k) JkeN converges uniformly on

R" x R® to D(”"ﬁ)qo. Therefore it is clear that ¢ belongs to B;,.
To conclude, it suffices to prove that the sequence (¢, (x))kei converges to ¢ in

@((L///m,////),nH(K x K'). Given ¢ > 0, we first fix mg € IN such that (n/(n +1))™ <

¢/4 and next chose ky € IN such that
H(K x K)PIID)g, ) — DOyl < &

for every (a, ) € INj x IN§ such that |a| < my, |B] < mpand k > ko. Then, for
k > ko, we successively obtain

@mx) — @llpnt1

ID@F) g,y — DEFlo||,
< sup |[D*Pg,u —DFg||,+ sup
2] |B|<m " P pzm, (DR MY

<u(KxK)WP sup |[DOPg, ) —DPo||Rr s

|, | Bl <myg
+ 7 (9mpylpn + lolpa) <.
Hence the conclusion. ]
Notation. For every n € IN, the linear map
Cn: -@(((L/f)ﬁ///)'n(K XK') =Y, @ (5(“'@90)(“,/3)611\16%\15
(M, M") 10
(LP)

topological vector subspace of Y;,. We then introduce P as the topological vector
subspace U}’ ; P, of Y and consider the map

clearly is an isometry from % (K x K') onto its image P, considered as a

¢: @({L/;{/)/// }(K xK)—P;: ¢ (5(a'ﬁ)¢)(a,ﬁ)€N6xNa'

It is clear that ¢ is a continuous linear bijection. Acting as in the proof of Proposi-
tion 4.1 leads to the following property.

Proposition 5.2. The spaces .@({if/)’//} (K x K') and P are topologically isomorphic;
more specifically ¢ is a topological isomorphism. n

The following property justifies the fact that the elements of the topological

dual of @({ip)’j/} (2 x ') may be considered as ultradistributions.

Proposition 5.3. For every p € [1,00[ and n € N, the inclusion maps

It PAAOMK X K'Y = g (K X K,

1 N (K K = 250 (K < K)
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and

J: PN Q) 0) » gL O x )

are well defined continuous linear maps. Moreover | has a dense image.

Proof. It is a direct matter to establish that these maps are well defined,
continuous and linear.

To conclude, let us prove the following deeper property: every element ¢
of @((Li/)% )’"(Kn x K!) is the limit in @(%)J// )’nH(K,,H x Kj, ;) of a sequence
(@m)men of g\ )’HH(K +1 X K}y 1)

Setting By (d) := {x € RF: |x| < d} for d > 0, we first chose a strictly decreas-
ing sequence of positive numbers converging to 0 and such that (K, x KJ,) +
(B/(d1) x Bs(d1)) C K1 x K}?, ;. We next chose a sequence ({y;)men such that,
for every m € N, 1, belongs to 274N, (dy) % Bs(dn))),
Jrr«gs Ym(x,y) dxdy = 1 and ¢ (x,y) > 0 for every (x,y) € R” x R°. We then
set @, = @ x Py, for every m € IN. It is a direct matter to check that ¢,, belongs to
AKX K )

Let us prove that this sequence (@u)meN converges to ¢ in the space

@((‘Li/)’%/)’nH(KnH x K, .1). Given ¢ > 0, we first fix ng € INp such that (n/(n +

)" liell,, < e/4. Aswe know that, for every (a, ) € INj x N, the sequence
(D) g, ) men converges uniformly on R” x R® to DP) g, we next fix my € N
such that

3
ID®F) g, — DIP)g||Rrygs <
' 2u (K1 % K;H)l/p

hence ||D“F)g,, — D(”"ﬁ)(p||p < ¢/2 for every m > mg and («,B) € Ny x INj
such that |a|, |B| < ng, u designating the Lebesgue measure. Let us remark now
that, given m € IN and (&, B) € INj x INj, we have D@F gy e LP(R" x R) and
¥m € LY(R® x R®) hence D@Pg,, = (D*F)g) x ¢, € LP(R” x R®) with

D) gl < [DP [l = [DF g

This leads directly to ||@u — ¢||p,n+1 < € for every m > mo. Hence the conclusion.
n

Proposition 5.4. If .# and ./ are stable under differential operators, then, for every
p el oo[ the canonical injection from P47} (K x K'Y [resp. 21743 (Q) x (V)]
(K x K') [resp. .@({%) A }(Q x Q)] is a topological isomorphism.

Proof. As .# and .#' are stable under differential operators, there are con-
stants A, H > 0 such that M,, < AH'?M, and M;H < AHSPM]{7 for every
p € No.

To conclude, we just need to prove that, for t = sup{r,s} and every n € IN, the

inclusion map from @((‘Li/)"///)’n(K x K') into @4~ )Hn(K x K') is well defined,

continuous and linear.
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Letusset1; = (1,...,1) € NKand chose C > Osuch thatK x K’ C [-C, C]"**.
For every ¢ € @((Lf)% )’”(K x K'), («,) € N} x Nj and (x,y) € R" x R®, we

then have
zx,B x ]/ / / /yl Dlx+1rﬁ+ls)g0(t) dt

hence
ID@P) || < (2C)F)/ 1) DAL g

with g defined by 1/p +1/q = 1. This leads easily to
||90||K><K’,an < Az(ZC)(V+s)/qn7’+s’qo|p,n
Hence the conclusion. n

Proceeding as in the proofs of the Proposition 4.2 and the Theorems 4.3, 4.4
and 4.5 leads directly to the following results.

Proposition 5.5. Let K and K’ be non void compact subsets of Q) and Q) respectively.
For every continuous linear functional S on .@({Jﬂ)% }(Q x (), there is a family

(ga,ﬁ)(,x,ﬁ)eNngé of elements of £1(Q) x Q) such that

sup  nlHPIM Mg [1gupllg < 00, VnEN,
(«,8)ENExIN§

and

(S, ¢) = / Jp.gupdxdy, Yo 750K X K),
(a,8) eIN*xINS QXQ/ (£P)

these series converging absolutely and uniformly on the bounded subsets of

75K X K,

Theorem 5.6. Let H and K be compact subsets of Q) such that H C K° and let H’
and K’ be compact subsets of Q) such that H' C K'°.

IfS € .@({L/p//)/// }(Q x (V)" has its support contained in H x H', there is a family
(8,8) (1) x Ny Of elements of L9(€) x Q) such that
a) Sup(lx,/ﬁ)eﬂ\lgxﬂ\lan|a‘+|ﬁ‘M|0¢\M|/,B|||g06/,3||‘1 < oo, Vn € N;
b) supp(g,s) C K x K, V(a, B) € N x IN;

MM

) (S, @) = L(ap)eN:xN; Jaxay D(“'ﬁ)qo.gﬂ,/; dxdy, Ve € .@({LP) }(Q x ),
the series converging absolutely and uniformly on the bounded subsets of

75N xa).

Theorem 5.7. Let (ga,/;)(a,ﬁ)eN{)xNg be a family of elements of ,%ZC(Q x V) such
that, for every n € IN and compact subsets K of Q and K’ of 0/,

sup  nlt HWM\ |M/3\ngxﬁ|1<x1<’|’q < ©oo.
(a,B)€INf X INJ
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Then

S:@({L;//)’///}(QXQ’)%C; ¢ — / “P) g.g, pdx dy
(w,8) EINVXINS QXQ/

is a well defined continuous linear functional the series converging absolutely and uni-
formly on the bounded subsets of 9{/// A }(Q x Q).

Theorem 5.8. For every continuous linear functional S on the space

@{L/p/[)’/// }(Q x (Y'), there is a family (a,p) (a,p)eNr <N Of elements of L1 (Qx Q)
such that
sup g < o0
(a,8) €N} XING,

for every n € IN and compact subsets K and K’ of Q) and Q) respectively, as well as
MM
(S, p) = / / go Supdxdy, Voc 9({Lp) }(Q x ),
(a,8) GIN* xINg Y OxQ
the series converging absolutely and uniformly on the bounded subsets of

75 QX ),
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