On symmetric and periodic solutions of
parametric weakly nonlinear ODE with
time-reversal symmetries

Nataliya Dilna* Michal Feckan®

Abstract

We show the existence of periodic and symmetric solutions of parametric
weakly nonlinear ODE possessing time-reversal symmetries. Local asymp-
totic behaviours of these solutions are established as well. Concrete examples
are presented to illustrate the general theory.

1 Introduction

We consider the systems of differential equations under symmetric assumptions.
More concretely, we consider a weakly nonlinear ordinary differential equation
of the form

x=¢f(x,ut), xeR'teR (1.1)

with parameters ¢ € R, # € RF, where ¢ is small, and with a C*-smooth function
f: Rk 5 R" symmetric in ¥, i.e. it holds

Af(x,,t) = —f(Ax p,—t —7), (12)

*The first author was supported in part by the Fond of Stefan Schwarz and by the Grants
VEGA-SAV 2/0124/10 and APVV-0134-10.
"The second author was supported in part by the Grants VEGA-MS 1/0098/08, VEGA-SAV
2/0124/10 and APVV-0414-07.
Received by the editors February 2011.
Communicated by J. Mawhin.
2000 Mathematics Subject Classification : 34C14, 34C15, 34D20.
Key words and phrases : Periodic solution, symmetric systems, stability of solution, parametric
equations.

Bull. Belg. Math. Soc. Simon Stevin 18 (2011), 896-923



Symmetric Solutions 897

where A : R" — " is a regular linear map, T € R is fixed and, moreover,
function f is T-periodic on ¢, i.e. it holds

flx,put) = flx,u,t+T). (1.3)

A survey of dynamical systems with time-reversal symmetries is given in [21].
Note condition (1.2) represents such a kind of symmetry for (1.1).

On the other hand, there are several papers [15, 16, 24, 30, 34, 35] studying
ODE with symmetries when (1.2) is replaced with the following assumption

Af(Ax,u,t) = —f(x,u,—t—1). (1.4)

Moreover, most of these papers suppose additional condition A?> = I, and then

(1.4) is called as property E. Furthermore, clearly property E is our assumption

(1.2) with A2 = I. Consequently, our results are generalizations of some earlier

results for weakly nonlinear ordinary differential equations with property E.
Note

gl t) == f(x,pu, t —7/2)

satisfies (1.2) with T = 0, so without loss of generality, we suppose

Af(x,u t) = —f(Ax, u, —t) (1.5)

instead of (1.2). We introduce a vector space
X = {x e C'RR"™) | x(t) = Ax(~H)Vt € R }. (1.6)

Definition 1. By a symmetric solution x of equation (1.1) we mean x € X satisfying
this equation.

The main goal of this paper is to find symmetric and periodic solutions (see
Section 4) for equation (1.1) and to study their asymptotic properties (see Sections
5 and 6). We also present examples to illustrate the theory in Section 8.

The results presented in this note are also generalizations of achievements for
anti-periodic problems with A = —I [1, 2], and continuations of [13]. Doubly
symmetric solutions of reversible systems are studied in [28]. Symmetric proper-
ties of periodic solutions of nonlinear nonautonomous ordinary differential equa-
tions are studied also in [9, 10, 11]. We can also apply numerical methods from
[31] for computation of symmetric solutions of (1.1). More results on periodic
solutions in dynamical systems and ordinary differential equations are presented
in [12, 23, 32].

Furthermore, when in addition, f is odd in x, i.e. it holds

fl=x,put) =—f(x,ut), (1.7)

then we extend our result to the study of antisymmetric and periodic solutions of
(1.1), i.e. satistying (cf Section 7)

—x(—t) = Ax(t)Vt € R (1.8)

instead of x € X.

Finally, results of this paper are closely related to bifurcations of periodic so-
lutions presented in the books [7, 6, 14, 20, 36], but we remind that we also study
asymptotic properties of found periodic solutions of (1.1), not just their existence.
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2 Classical Results on Existence of Periodic Solutions

Before studying the existence of symmetric and periodic solutions of (1.1), we
recall the following classical results [27, 33].

Theorem 1. If there exist fjy € R" and fig € R* such that

T T
/0 f (7o, flo,s)ds =0 and /0 Dy uf (7o, flo,s) ds : R" - R" isonto. (2.1)

Then there are decompositions RF = X1 @ X, R" = Y1 @ Y» with dim X; + dim Y; =
n and constants &g > 0, 8 > 0,69 > 0,8 > 0, 53 > 0 along with unique C*®-
smooth functions fiy (12, 2, €) € X1, 71 (112, p2,€) € Y1, € € (—E0, &), |p2 — i3] < 8,
112 — 13| < &Y such that iy (773, 73,0) = @), 71 (773, #3,0) = 7% for fio = (i, 13) €
X1 x Xo, 7o = (1), 719) € Y1 x Y, with the following properties: For any |p1 — 13| <
&, =S < 8, lm—70 < 8, lna—175 < 8 and 0 < |e| < &y, equation
(1.1) has a T-periodic solution with x(0) = (11, 12) if and only if uy = fi1(n2, po, €),
1 = 71(12, o, €), moreover this solution is unique and located near 7.

Theorem 2. If there are compact subsets O C R" and T C R¥ such that

>0,

/OTf(x,y,s)ds

min
xeQuel

then (1.1) has no T-periodic solutions in Q) for any € # 0 small and y € T.

3 Existence of symmetric solutions

We suppose for simplicity that f is globally Lipschitz continuous in x. From the

property
Ax(t) = x(—t) (3.1)

we have that
Ax(0) = x(0). (3.2)

Lemma 1. A solution x of (1.1) is symmetric if and only if it satisfies (3.2).

Proof. Let us put
y(t) := A7 lx(—t).

Then, taking into account (1.5), we get
g(t) = —A7(=t) = — A7 ef (x(=t), p, —t) = ef (A7 x(=t), 1, t) = ef (y(t), . )

and
y(0) = A~'x(0) = x(0).

So x(t) = y(t). Consequently, (3.1) holds. ]
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Remark 1. It follows from the above considerations that any symmetric and
T-periodic solution is not asymptotically stable, but it can be stable (cf Exam-
ple 2). Moreover, if a symmetric and T-periodic solution is hyperbolic then the
dimensions of its stable and unstable manifolds are equal and so # is even.

From (3.2) we have
x(0) € ker(I— A).

Let us consider equation (1.1) with initial value condition
x(0)=1n, necker(I—A) (3.3)

and take its unique C®-smooth solution x(77,¢, 1, t), x : ker(I — A) x R x RF x
R — R". Summarizing we arrive at the following result.

Theorem 3. The Cauchy problem (1.1), (3.3) has a unique C®-smooth solution x (1, €, i, t)
which is also symmetric, and any symmetric solution x(t) of (1.1) satisfies (3.3).

4 Existence of symmetric and periodic solutions

If x(t) is T-periodic and satisfying (3.1) then we get
x(T/2) =x(=T/2) = Ax(T/2),
SO
x(T/2) € ker(I—A). 4.1)
On the other hand, if x(7,¢, 4, T/2) € ker(I — A) then
(1,4, =T/2) = x(n,&1,T/2),

so x(1,¢, u,t) is T-periodic. Consequently, in order to find symmetric and peri-
odic solutions of (1.1), we have to study the following equation

F(y,ue) :=Sx(n,eu,T/2) =0, (4.2)
where I — S : R” — ker(I — A) is a A-invariant projection, i.e. AS = SA. Let
Vi=ker(I-S5).
Note
p:=dimV =n—dimker(I —A).
Since

E(ip,p,0) = S =0,

we solve equation

%P(;y, ne) =0, e#0. (4.3)
To state the next results we introduce the following function

Hi (17, ) := DeF (1, 1, 0).
Now we suppose that

m :=dimker(I — A) +k > p. (4.4)

Then note H; € C®(R"™,R”).



900 N. Dilna — M. Fe¢kan

Remark 2. Let us consider decomposition

x(n,e,1,t) =5 +ex1(n, 1, t) + x2(n, 1, t) + Ex3(m, 1, t) + ... (4.5)

for the Cauchy problem (1.1), (3.3). Then we get

xl (;7/ ]’l/ t) + €x2 (77/ ]’[/ t) + €2x3(7]/ ]’l/ t) +...
= f(n+exi(n,pt) +Ex(n, pt) +Ex3(,p,t) +--- ,ut), (46
xi(n,1,0) =0Vj € N.

Putting ¢ = 0 in (4.6), we have

1017, 1, t) / f(n,p,8)ds. (4.7)

Similarly, differentiating (4.6) by € once and twice at ¢ = 0, we derive

2(1, 1, 1) / Dyf(n,p,s / f(n,u,z)dzds, (4.8)

and

3(n, . t) / Dxf(n,1,s) /O S Dxf(n, 1, z) /O Zf(n,u,u)dudzds

+5 /0 Daxf(n, 1,5) ( /0 f(1,m,2)dz, /Osf(n,%Z)dZ) ds,

respectively.
Then, taking into account (4.7), we return to (4.2)

(4.9)

T/2
Hyi(n,u) = DeF(n,1,0) = Sx1(n, 1, T/2) = S f(n,p,8)ds

Next, (1.5) implies

T/2 T/2
AHy(n,p) = AS | f(n,p,5)ds = =S 0 f(An, p, —s)ds

T/2
==5) fl,uT—s)ds = f(’? H,8)ds

T/2
T
= —S/O f(1,1,8)ds + Hi(n, ).

By using 1 ¢ 0(A/V) and Hy(n, u) € V, we derive

T
Hi(g,0) = (U= A)7'S [ £, p,5)ds. (4.10)

We first study the nondegenerate case:
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4.1 The case ker(I — A) = {0}

Then S = I and by (4.4), m = k > p = n. Now we can prove the following result.
Theorem 4. If there exists yuy € R such that

T/2 T/2
£(0,p0,5)ds =0 and / D,f(0, uo,s) ds : R — R" isonto. (4.11)
0

Then there is a decomposition RF = Xy @ X, with dim Xq = n and constants gy > 0,
69 > 0,69 > 0 along with a unique C®-smooth function yy(jia, €) € X1, € € (—¢o, €0),
o — u3| < 89 such that py(u3,0) = u? for uo = (12, 19) € X1 x Xp with the
following properties: For any |uy — ul| < 89, |po — 3] < 63 and 0 < || < eo,
equation (1.1) has a T-periodic and symmetric solution if and only if uy1 = p1(pz, €),
moreover this solution is unique, so that it is given by x(0, ¢, 1 (p2, €), y2, t) and thus it
is located near 0 in R™.

Proof. By (4.11) there is a decomposition RF = X; @ X, with dimX; = #n such

that
T/2

det{ A D, (0,1, 13,5)ds| #0,

where y = (u1, 42) € Xq x Xp. We set a function

[ LF0, 1, 4pe)  fore#0,
G(‘ull.u2/€) - { 8H1(0,y1,y2) fors —0.

Clearly that G is C*-smooth. We solve
G(u1, p2,€) = 0. (4.12)

From our assumptions we have

G (1, 13,0) = Hy (0,19, p13) = 0
and
det Dy, G (17, p2,0) = det Dy, Hy (0, 143, p13) # 0.
Now applying Implicit Function Theorem on (4.12) the proof is finished. n

Using topological degree methods from [25] we can get the next result.

Theorem 5. Assume a decomposition Rf = Xq & X, with dim Xy = n and the
existence of an open bounded subset O3 C X; along with p3 € Xp such that 0 ¢
H1(0,00, 1) and deg(H1(0, -, 19),Q,0) # O, then for any small ¢ # 0 and py near
13 there exists pq(p2,€) € Q such that (1.1) with puy = p1(pa, €) has a T-periodic and
symmetric solution.

Next we have the following result.

Theorem 6. Assume ker (I — A) = ker (I — A?) = {0}. Then x(t) = 0 is the only
symmetric solution of (1.1) for any e # 0 small.

Proof. By (1.5) we obtain A?f(0, 1, t) = f(0, 11, t) and so f(0,p,t) € ker (I — A?).
Hence f(0, 1, t) = 0 and the proof is finished. n
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4.2 The case ker(I — A) # {0}

Then p = dim V' < n. We recall (4.4). Now we are ready to prove the following
result.

Theorem 7. If there exist 1jg € ker(I — A) and po € R¥ such that

T/2 T/2
S f(n0,10,5)ds =0 and S/ D, f (10, tto,5) ds : R™ — RP is onto.
0 0

(4.13)
Then there are decompositions RF = X; @ X, ker(I — A) = Y| @ Y, with dim X; +
dimY; = n and constants ¢y > 0, 25? > 0, 58 > 0, 52 > 0, 52 > 0 along with
unique C®-smooth functions pq (12, y2,€) € X1, 11(12, 42,€) € Y1, € € (—¢€0,€0),
M2 — p| < 93, [2 — 3| < OF such that (3, 13,0) = w3, m (2, p3,0) = 11} for
mo = (19, 13) € X1 x Xo, o = (7, 19) € Y1 x Y, with the following properties: For
any |py — pi| < &, [p2 — g < &, [ — 3| < &5, [2 — 3| < 83 and 0 < e < o,
equation (1.1) with (3.3) has a T-periodic and symmetric solution if and only if y; =
11(n2, w2, €), 11 = n1(n2, po, €), moreover this solution is unique, so that it is given by
x (&2, pa, t) := x (11 (2, pi2, €), 12, €, pa (12, iz, €), o, ).
Proof. The proof is very similar to the proof of Theorem 4, so we omit details (cf
[5/ 7/ 20]) |

Similarly we can extend Theorem 5, but we leave this to the reader. Next,
taking

R" =ker (I - A) ©ker (I+A)®W (4.14)
with AW = W and +1 ¢ 0(Ay) for Ag := A/W. We note
A(n,y,z) = (1, —y, Aoz) (4.15)

forn € ker(I— A),y € ker(I+ A) and z € W. Then (1.5) implies

ALy zut) =—fi(y, -y, Aoz, 1, —t),
LOny,z,u,t) = fo(n, —y, Aoz, 1, —t), (4.16)
Aofs(n, v,z u,t) = —f3(n, —y, Aoz, u, —t)

for
fany,zwt) = (A y.zut), 200,y,z,mt), f5(1,y,2, 1, t))
cker(I—A) xker(T+A)xW.

Then S(17,y,z) = (0,y,z) and V = ker (I + A) & W. Moreover from
A3y, 2,1 t) = f3(1,y, Agz, 1 t),

we have
ASf3(1,,0, 1) = f3(1,y,0, 4, ) -

So if ker(I — A3) = {0} then f3(17,y,0, 4,t) = 0 and symmetric solutions lie in a
subspace ker (I — A) @ ker (I 4+ A). Hence a bifurcation function is reduced to

A T/2 1 (T
Hi(n, ) = A f2(17,0,0, u, t)dt = 5/0 f2(17,0,0, u, t)dt (4.17)

instead of Hj (1, ) (cf (4.10)).
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5 Asymptotic properties of symmetric and periodic solutions:
The case A = —1I

In order to investigate asymptotic properties of symmetric and periodic solutions
derived in Section 4, we first consider the case A = —II. Now S = I and (1.5) has

the form
—fle,pt) = —f(=x, 1, —t),
which gives
—Dxf(x,p,t) = Dxf(—x,p, —t). (5.1)
Let
¢(C ue) :=x(C e, T).

Note by Theorem 4 that { = 0 is a fixed point of ¢(-, y,¢) if and only if y =
w(p2,€) = (p1(p2, €), u2) and it corresponds to a unique symmetric and periodic
solution of (1.1) for ¢ # 0 small and i near 3. So we set

(G ma,€) == ¢(G, u(pas€) €),

and a linear asymptotic property of { = 0 for (-, yp, €) is determined by the
spectrum o (Dgtp(0, i, €)) of Detp(0, pia, €). Since (5.1) implies

T
/0 D.f(0,1,t) =0,

the usual first order averaging methods cannot be applied (cf Theorem 13, [27]).
For this reason, from (1.1) we derive

Xz(0,¢, u(pa, €), t) = eAp,e(t)xz(0,€ pu(pa, ), t)

5.2
xz(0,¢ pu(p,€),0) =1, (5.2)
where
Ape(t) := Daf (x(0, 6, j(p2, €), ), (2, ), 1) -
Next it holds
—x(0,& u(pz,€),t) = x(0, & u(pz, €), —t), .

x(0,& u(pz, ), t +T) = x(0, ¢ p(pz, €), 1) -
Then (5.1) and (5.3) imply

—Appe(t) = =Dxf (x(0,¢ u(p2,€), 1), (2, €), t)
= Dxf (—=x(0,¢ u(p2, ), t), p(p2,€), —t) (5.4)
= Duf (x(0,& p(p2,€), —t), u(pz, €), —t) = Apye(—t).

Since
AVZ/S(t + T) — A;I/[Z,g(t) Y

from the Floquet theory [19] we have

xz(0,& u(pz,€),t +T) = x£(0,¢ p(p2,€),t) By, e (5.5)
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for a regular matrix By, .. Moreover, by (5.4), clearly xz(0, u(p2,€), €, —t) satisfies
(5.2), from the uniqueness of initial value problem, it follows

xe (0, p(pa,€), —t) = x¢(0, ¢ p(po, €), 1) -
Then (5.5) gives
X (0., p(p2,€), T/2) = ¢ (0,6, 1(ji2,€), —T/2)Bysc = xg(0,, (2, ), T/2)Byp e

and so
By, =1.

Consequently, we arrive at

xe (0,6 p(p,€), t +T) = xg(0, € p(p2, €), 1),

that is
Dep(0, po, €) = x¢(0,&, u(po,¢), T) = 1. (5.6)

Summarizing, we cannot apply the linear asymptotic theory in this case for sym-
metric and periodic solutions. Furthermore, (1.1) implies

T
(8 o ) = €+€/0 f(@motydt+0 (2 +le(u2—pd)]) ,

which gives

T
Dec(0,12,6) = ¢ [ Ducf (0,10, )t +0 (& 4+ e(p2 = pd)l) . 67)
We immediately arrive at the following result [17, 19, 26].

Theorem 8. Suppose n = 1 in Theorem 4. If in addition

T
/0 Dasf (0, 1o, ) dt £ 0,

then the T-periodic and symmetric solution x(0, €, u1(p2, €), Ha, t) is a saddle-node.

Proof. We have

2 (T
Y& pae) =+e5 | Duf (O po )t +0 ((+ el —pd)l) & +e2) ,

which immediately gives the proof. m

The case n > 1 is more complicated. We intend to apply some results from
papers [3, 4]. First we recall for the reader convenience the following theorem of

[4].
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Theorem 9. If a mapping F = (F,F?) € C® (R x R""1, R x R""!) has a form

Fl(x,y) = x+a0x® + x(bo,y) + (Agw,y) + O (I2F°) ,

(5.8)
Fx,y) = y+xby) + Ay +0 (1F), =12 n-1,

where (-, -) is the usual scalar product on R"1 P2 = (Flz, e ,Fg_l), xeR y=
(W1, yn—1) € R"L 2z = (x,y) € R", by, bj € R"™!, Ap, A; € L(R"1) are
symmetric matrices, ag < 0 and Ro'(B) > 0 for B := (by,- - ,b,_1)" € L (R*1).

Then there is a tg > 0 and a local curve K € C((—to, to), R") N C®((—tg, to) \
{0}, R") passing through (0,0) which is invariant for F and the dynamics of F restricted
on K is equivalent to the local dynamics of a polynomial R : R — R with R(t) =
t + agt? 4+ O (£2). Moreover it holds K(t) = (t,0) + O(t?).

The next theorem gives a condition on F to have the form of (5.8).

Theorem 10. If a mapping F € C* (R",R") has a form F(0) = 0, DF(0) = 1,
ID?F(0) = B # 0and there are Ay € R, xg € R", |xo| = 1 such that Bx3 = Agxo.
Then F has a form of (5.8) near 0 for the orthogonal decomposition R" = [xq] & [xo] .

Proof. Let P : R" — [xg] be the orthogonal projection. Then z = xxp +y, x € R,
y € [xo]*, F! = PF and F?> = QF for Q = I — P. We compute

F2(x,y) = QF(xx0 +y) = Q (xxo+y+ Blxxo +)* + 0 ([2I°) )
=y+Q (xZBx% + 2xBxoy + By2> +0 (|Z]3> =y+0 (xz/\oxo + 2xBxoy + B]/Z)
+0 (|2) = y +2xQBxoy + QBy* + 0 (I2F) ,

and similarly
F(x,y) = PF(xxo +y) = (x + xzx\o) xo + 2xPBxgy + PBy* + O (!z|3> .

We see that F has a form of (5.8) with a9 = Ag and B = 2QBxj - |[xo]*. The proof
is finished. [ |

Now we show a perturbation stability condition for (5.8).

Theorem 11. Let a symmetric quadratic mapping By : R" — R" have a form %DZF (0)
of (5.8) with ag < 0 and RN (B) > 0. If a symmetric quadratic mapping By : R" — R"
is sufficiently near to By then By has a form of (5.8) as well.

Proof. 1t is easy to verify that By satisfies assumptions of Theorem 10 for xy =
(1,0,---,0) and Ag = ag. The vector space of all symmetric and quadratic map-
pings from R” to R" can be identified with RM for M := n(n + 1)/2. Then we
consider a mapping % € C® (R"*1*M R"*1) defined by

H(z, A, B) = (B’z2 — Az, |z|* - 1) :
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Clearly H(xo,a9, Bp) = 0. Next we have
0= D(Z’A)H(XO, aop, Bo)(u, 9) = (ZBoxou — agu — 6x0,2<x0,u>)
= (agv + (bo, w) — 6, (bj, w) — agw;, 2v) ,
u=(v,w) ERxR" Y, j=1,2,---,n-1,

when v = 0, Bw = apw and 6 = (bp, w). Since Ro(B) > 0, we get w = 0 and then
8 = 0. Consequently, we can apply Implicit Function Theorem for equation

H(Z,/\,Bl) =0

to obtain its local C®-solution z = z(B;) and A = A(B;) for any Bj near By.
Then ag(B1) = A(B1) and B(B1) = 2Qp,B1z(B1) - |[z(B1)]* with the orthogonal
projection Qp, : R" — [z(B1)]*. Note ag(By) = a9 < 0 and B(By) = B. Hence
Ro(B(B1)) > 0. The proof of Theorem 11 is finished. u

Now we can prove the following result.

Theorem 12. Suppose n > 1. Let the assumptions of Theorem 4 be satisfied. If in
addition

1T ]
B'_E/o Dasf (0, 110, £) dt

has a negative eigenvalue with eigenvector xo such that Ro(B) > 0 for B := 2QBxg -
|[x0] - with the orthogonal projection Q : R™ — [xo|* then the T-periodic and symmet-
ric solution x(0, €, 1 (Yo, €), Ha, t) has a local saddle-node dynamics. Hence it is unstable.

Proof. The proof follows directly from (5.7) and Theorems 9, 10 and 11. n

Concrete examples are presented in Section 8.1.

6 Asymptotic properties of symmetric and periodic solutions:
The case A # —1I

6.1 Hyperbolicity of periodic solutions

To study stability of the T-periodic and symmetric solution of equation (1.1) we
recall the approach of [9, 10, 29]. For this aim we consider a C*-mapping

Do 1n (1) = x (17,6, w1 (2, Y2, €), 412, T)  for n € R".

Note e, u, (17(¢,172,42)) = 11(e,712, p2) for (e, 12, p2) = (11(172, p2,€),772)- By
Remark 2, its linearization at 7 (¢, 172, pt2) has the decomposition (cf (4.5) and (4.7))

T
DPoy (16,12, 42)) = 1t € [ Do, o, s)ds

6.1)
10 (SZ + le(n2 = 13)] + le(ua — M(Z))D '

By following [9, 27, 29] we obtain the following well-known result.
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Theorem 13. For any € > 0 sufficiently small, the symmetric and T-periodic solution
x (¢, 12, 2, t) of (1.1) from Theorem 7 has the following asymptotic properties:

o If R {(7 (fOT Dy f (10, o, s) ds)} C (—00,0) then x (g, 12, pia, t) is asymptoti-
cally stable.

o IfR {0 (fOT Dy f (10, po, s) ds) } N (0,00) # @ then x (g, 12, po, t) is unstable.
e IfRJC { (fOT Dy f (10, Ho, ) ds) } C (0, 00) then x (&, 112, Yz, t) is a repeller.

o If §R{ (fo Dy f (10, po,s)d )} N {0} = @ then x (g 12, ya, t) is hyperbolic
with the same hyperbolicity type as fo «f (1o, po, s) ds.

By (4.16) after some computations we derive

Dy f1(1,0,0,1,t) = =Dy f1(1,0,0, 1, —t), Dyf1(17,0,0, 4, t) = Dy f1(1,0,0, p, —t)
szl(n,0,0,y,t) —szl(ﬁ,0,0,]l,— )Ao, 77f2(77/0 0 H, ) 77f2(77/0 0 H, — )
Dyf2(1,0,0,,t) = =Dy f2(17,0,0, 4, —t), D2 f2(1,0,0, 1, ) = D f2(,0,0, 1, —t) Ag

AoDy f3(11,0,0,,t) = =Dy f3(1,0,0, u, —t)
AoDy f3(17,0,0, 1, t) = Dyf3(17,0,0, 1, —t)
AoDng(U,0,0, ‘1/[, i') = —sz3(17,0,0, ‘1/[, —t)AO

(6.2)
By (6.2) we derive

) Dyfi(7,0,0, 1, )dt_O [y Dyfi(17,0,0,p, t)dt =2 [,
Jo D=fi(1,0,0,1, )dt (1[+Ao) =0
fo Dy f2(1,0,0, p, t)dt = zfo Dy f2(1,0,0, p, t)dt
fo Dyfz 1,0,0,u,t)dt =0, fo D.f U,0,0,y,t)dt (I—Ap) =0
(I+ Ap) fo ,7f3 17,0,0,u,t)dt =0, (I— Ap) fo Dy f3(11,0,0, u, t)dt =0
AO fO sz3 77/0 0, ‘”/ dt fo sz3 77/0 0, M, )thO

Then (6.3) and £1 ¢ o (Ap) imply
T T
/ DZfl (77/ 0/ 0/ ", t)dt — O/ / szz(ﬂ, O, O, U, t)dt = O,
0 0

T T
[ Dufsn,0,0,w 1) =0, [ Dyfs(1,0,0,p, 1)t = 0.
0 0
Summarizing by (6.3) and (6.4) it holds

2Dy £1(17,0,0, , t)dt

(6.3)

(6.4)

T
/0 Dxf(T]O, Ho, S) ds =
0 fOT Dyfl (770/ Ho, t)dt 0
fo Dy f2(10, o, ) dt 0 - 0
0 0 fo D, f3(no, po, t)dt

for matrices

fO Dyfl 1o, Ho, )di’ : ker(l[ + A) — ker(]I A) p
fo Dy f2(10, po, t)dt : ker(I — A) — ker(I+ A),
fO sz3 1o, Ko, )di’ W —>W.
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Clearly, if fo «f (0, Ho, s) ds is hyperbolic then dimker(I + A) = dimker(I —

A). On the other hand, if dimker(T+ A) = dimker(I — A) # 0 then fo Dy f (10, po,s) ds
is hyperbolic if and only if

3%{)\ eClAVeo (/OTDyfl(ﬂofﬂoff)dt/OTanz(ﬂo,Ploft)df) } n{0} =0,
R <(7 </0TDZf3(;70,yo,t)dt)) n{o} =o.

Of course when dim ker(I + A) = dimker(I — A) = 0 then we suppose

§R{0 </0TDZf3(O,y0,t)dt> } n{0} =@.

6.2 k-Hyperbolicity

To study more sophisticated hyperbolicity of periodic solutions of equation (1.1)
we need the following results from [9, 29].

Definition 2. A continuous matrix function L, : R” — R" of ¢ > 0 and such that
Ly = 1, is k-hyperbolic if for every matrix function N, defined for ¢ > 0 satisfying
N, = o(ek ), there exists an interval 0 < &€ < ¢; in which L, + N; is hyperbolic of
the same type (i.e., with the same number of eigenvalues on each side of the unit
circle).

Definition 3. A continuous matrix function L, : R” — R" of ¢ > 0 and such that
Ly = 1, is strongly k-hyperbolic if there exists a continuous real matrix C, defined
in an interval 0 < e < gg such that C; is regular (even for ¢ = 0) and such that

-1 _ Ag 0

for 0 < & < gy, where A, Be are r x r and s x s blocks, respectively, and ||A¢|| <
1—cék, ||B71| < 1 — cék, for some ¢ > 0.

Theorem 14 ([29, Theorem 2.2]). If Ly = T+ eLy + - - - + €Ly, if the eigenvalues
of Ly are distinct numbers on the unit circle, and if the eigenvalues A; () of Le suitably
numbered satisfy |Aj(e)| < 1—cekfori =1,...7,|Aj(e)| > 1+cekfori=r+1,...,n,
for some constant ¢ > 0 and € > 0 small, then L is strongly k-hyperbolic.

If m = n then ®, ., and 7(¢, 172, 112)) depend only on ¢, so we have ®, and
#(e). Now we can improve Theorem 13 as follows.

Theorem 15. Suppose m = n. Let D®¢(1(e)) = I +eMy + - - - + My + o(eb). Sup-
pose that all eigenvalues of My (: fOT Dy f(no, po, s)ds) are distinct complex numbers

on the unit circle. If the eigenvalues A;(e) of T+ eMy + - - - + My, suitably numbered
satisfy [Ai(e)| < 1—ceékfori=1,...r,|Ni(e)| > 1+cekfori=r+1,...,n, forsome
constant ¢ > 0 and &€ > 0 small. Then the symmetric and T-periodic solution x¢(t) of
(1.1) from Theorem 7 is hyperbolic for any € > 0 small.
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6.3 A particular case
We consider the splitting (4.14) with
dimker(I — A) = dimker(I — A3) =0 and dimker(I+A)#0. (6.5)

So we do not have variable # in (4.15) and function f; in (4.16) as well. Moreover
we know that the only symmetric solution of (1.1) has the form

x(0,0,¢u,t) = (y(0,0,¢,1,t),2(0,0,¢ u,t)) = (y(0,0,¢ u,t),0) (6.6)
with y(0,¢& 1, —t) = —y(0, ¢, p, t). Next (4.16) implies

Dyfa(y,0,p,t) = =Dy fo(~y,0,pu, —t)
szz(]//()/,urt) - DZfZ(_y/O/]/t/_t)AO

6.7)
AODyf3(]//O/ ]/t/ t) - Dyf3(_]//0,,1/l/—t)
AODZf?)(y/O/ ]’[/ t) - _DZf3(_y/0/,u/ _t)AO .
From (6.7), we derive
DZfZ(yIOI ]’[/ t) = DZfZ(_yIOI,u/ _t)AO == DZfZ(yIOI,u/ t)A%
= D.fo(y,0,1,1) (11 - A%) =0,
6.8)

A%Dyf?,(yzozﬂz t) = AODny(_%OI.”/ _t) = D]/f3(y/0/ H, t)
= (11 —A%) Dy f5(y,0,1,t) = 0.

Since I — A% : W — W is an isomorphism, (6.8) gives

D:fo(y,0,u,t) =0, Dyfs(y,0,u,t)=0.

Consequently, the variational equation of (1.1) along the symmetric solution (6.6)
has the form

Dyy(0,0,¢ p,t) = eDyfa (y(0,0,¢ p,t),0, u, t) Dyy(0,0,¢ 1, t)
Dyy(0,0,¢1,0) =1,
D:y(0,0,& u,t) = eDyfr (y(0,0,¢ 1,t),0,u,t) D;y(0,0,¢ 1, t)
D.y(0,0,¢,1,0) =0,
Dyz(0,0,¢ u,t) = €D f3 (y(0,0,¢ 1,t),0,u(e), t) Dyz(0,0,¢, p,t)
Dyz(0,0,¢,1,0) =0,
D;z(0,0,¢,u,t) = eD.f3(y(0,0,¢ 1,t),0,1u(¢), t) D;z(0,0,¢ u,t)
D.z(0,0,¢,1,0) =T,

(6.9)

which yields to D;y(0,0,¢ 1, t) = 0 and Dyz(0,0,¢,1,t) = 0 for any t € IR. More-
over, since by (6.7)

_D]/fz (]/(0,0,5/ ]/l/ t)IOI ,ul t) - Dyfz (]/(O/ O/ <y ,ul _t)lol ,ul _t)
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the first equation of (6.9) implies D,y(0,0,¢,p,t) = Dyy(0,0,¢, 1, —t) for any t €
R. By assuming a T-periodicity of y(0,0,¢ u,t) in f, then like in Section 5 we
arrive at Dyy(0,0,¢, 1, T) = 1. Consequently, it holds

I 0
D(ylz)x(ololsl,l/l/ T) - ( 0 DZZ(O,O,&V’ T) ) .

Hence we again cannot apply Theorem 13. On the other hand, we have

/TD £(0,0 t)dt—(o 0 )
o~ U= 0 (T D, £0,0,u,t)dt )

Hence if

T
/ £(0,0, po, t)dt = 0 for some g € R*
0 (6.10)

T
and Ro (/ szg(0,0, Ho, i')dt) N {0} =Q,
0

then we can apply a local center manifold method to (1.1) near x ~ 0 and yu ~ po
to get the situation of Section 5. Note (4.16) gives

T T/2 T
/ 50,0, 0dt =2 [ £(0,0,1,0)dt, (1+ Ap) / £(0,0, 1, t)dt =0,
0 0 0

which implies fOT 13(0,0, u, t)dt = 0. Consequently the equation fOT £(0,0, po, t)dt =
0 is equivalent to fOT/Z £2(0,0, o, t)dt = 0 (cf (4.17)).

Next we assume that A is unitary, i.e. ||A|| = 1. This holds among others
when AP =T for some p € N by taking a new scalar product on R" given by [9]

P ,
(x1,x2) := ) _(Alxy, Alxz) .
j=1

Let r € IN. Now we apply a local center manifold method to (1.1) near x ~ 0
and p ~ g to get a local C"-mapping ®(y, ¢, u, t) which is T-periodicin ¢, y ~ 0,
e~ 0,u~ pp, ® € W and satisfying

Ao®(y, e 1, t) = O(—y, & 1, —t) (6.11)

along with
efs (v, @y, e u t), ut) =eDy®@(y, e, 1, t) fo (v, P(y, &, t), 1, t) + DidP(y, ¢, Pz t) -)
6.12

Expanding

Dy, & p,t) = Po(y, 1) +O(e),

and using (6.12) we derive
f3 (4, @o(y, 1), 1) = Dy@o(y, 1) f2 (v, Doy, 1), 1) , (6.13)

where f; := fOTﬁ(y, z,t)dt, i = 1,2. Note
®0(0,49) =0 and DyPy(0, o) = 0. (6.14)



Symmetric Solutions 911

Of course, (6.13) means that @y (y, u) is a graph of a local center manifold of the
averaged equation of (1.1) given by ¥ = &f(x, i) for x ~ 0 and u ~ pg. The
reduced ODE on the local center manifold is given by

y=egy,eut) =chr (v, Py, enut)ut). (6.15)
Note (4.16) and (6.11) imply

s(=y, e u,—t) = o=y, O(~y, e u,—t), b, —t) = fo (~y, Aoy, & p, t), u, —t)
=y, OW,eut)ut) =gy eut).

Next we compute

Dyg(y,0, 1) = Dyfa (v, Po(y, 1), 1) + Dzfa (v, Po(y, 1), 1) Dy@o(y, 1)

and

Dyy&(y,0, 1) = Dyyfa (v, o(y, 1), 1) +2Dyzfo (y, Po(y, ), 1) Dy®Po(y, 1)
+Dz2fa (y, Po(y, 1), 1) (Dy@o(y, 1), Dy@o(y, 1))
+Dyf2 (y, Po(y, 1), 1) DyyPo(y, 1) -

Using (6.3) and (6.14), we obtain

Dy3(0,0,10) =0 and Dyyg(0,0,0) = Dyyf2 (0,0, o) - (6.16)
Similarly we derive (cf (6.4))

T/2

T/2 1.
/0 g(ol 0/ ]’IO/ t)dt = 0 fZ (0/ q)O(OI ]’[0)/]’10/ t)dt == Ef(ol 0/ ]’IO) = 0/

T/2 T/2
D,i3(0,0, rg, )t = /0 D f> (0,®0(0, o), o, £) dtD, @0 (0, j1g)  (6.17)

T/2 1 _
+/0 Dyfz (OIQ)O(OIVO)/VO/ t)dt = EDny(O/O/ ]’IO) .

Consequently, if k > dim ker(I + A) then we can apply results of Sections 4.1 and
5 to this particular case (6.15).

Next by Section 4.1, when dimker(I — A3) = 0 then f3 (y,0,1) = 0, so the

reduced equation is now

y=¢f2(y,0,ut) (6.18)
and symmetric solutions lie in ker(I + A). A 3-dimensional example is given in
Section 8.2.4.

Finally, when dimker(I + A) = 1 then we can apply Theorems 4 and 8 to
show that for any ¢ # 0 small, there is a surface S, of codimension 1 splitting R¥
near Jio in two parts P; , and P, ¢ such that: if 4 € P; . then (1.1) has no small peri-
odic solutions, if u € S, then (1.1) has a unique small periodic solution which is in
addition symmetric and unstable, and if 4 € P, then (1.1) has exactly two small
periodic solutions x1 ¢(¢) and x.(¢), which are hyperbolic and nonsymmetric but
satisfying x1:(f) = Axae(—t) and xp.(t) = Ax1e(—t). So x;¢(t) = A%x;(t),
i=1,2,ie. x;.(t) € ker( — A?) for any t € R. Note ker(I + A) C ker(I — A?).
This is a saddle-node bifurcation with symmetries.



912 N. Dilna — M. Fe¢kan

7 Antisymmetric and periodic solutions

Assuming in addition (1.7), we can directly extend the above results to antiperi-
odic solutions (cf (1.8)). So we only state some results without proofs.

Theorem 16. The Cauchy problem (1.1) with
x(0) =0 € ker(I+ A) (7.1)

has a unique C*°-smooth solution x(0, €, u, t) which is also antisymmetric, and any anti-
symmetric solution x(t) of (1.1) satisfies (7.1).

We see that in order to study antisymmetric solutions, it is enough to replace
ker(I — A) with ker(I + A) in the arguments dealing for the symmetric case, and
so the projection I — S is replaced with an A-invariant projection I — S : R" —
ker(I + A) in the above sections.

8 Applications

In this section, we present concrete weakly nonlinear ODE to illustrate our theory.
We separately consider two cases when either A = —I or A # —I. We start with
the first one.

8.1 Thecase A = —I
8.1.1 Scalar equations
Let us consider scalar equation (1.1) with a form
x=¢(cosx+u(l+sint)), 7=-m1, Ax=—x. (8.1)
It is easy to see that condition (1.5) is satisfied. Really, we verify

Af(x,u,t) = —(cosx + u(1l+sint))
— —(COS(—X) + y(l + sin(—t + 7'L’))) = —f(Ax, u,—t — T).

We have that ker(I — A) = {0}, so now 59 = 0. Then
Hi (1) = Hi(0, 1) = /0 (cos0 + (1 +sin(s + 77/2)) ds = 7t(1 + p).

Since Hy(po) = 0if and only if y9 = —1 and H{(—1) = 7 # 0, we can apply The-
orem 4 to get a unique symmetric and 27r-periodic solution x,(t) = x(0, u(e), ¢, t)
of (8.1) (only for u = p(e)) with u(0) = —1. So it holds

—x(0,¢,u(e), t) = x(0,¢, u(e), —t + ), x(0,¢u(e),t+2m) =x(0,¢ u(e), t),
which imply
x(0,¢ u(e),3m/2 +t) = —x(0,¢,u(e),3w/2 — t). (8.2)
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Next, since
27
/ D.f(0, —1,5)ds = 0,
0

we cannot apply the usual first order averaging methods for establishing asymp-
totic properties of x:(t). So we need to study in more details the mapping
(cf Section 5 and Theorem 8)

D, (n) = x(n,¢ u(e),57/2) for n € R.
Note ®,(0) = 0and x(t) = x(y, ¢, p(e), t) is the solution of the Cauchy problem

X =¢e(cosx+ u(e)(1+sint)),

(/) =1 (8.3)

Consequently, we have @ (7 +27) = P¢(1) + 271, and so D, : St — Sl for the
unit circle. Moreover, ®,(1) has the only fixed point 7 = 0 in S!. Now we
compute ®,(0) = D;x(0,¢, 1i(e),571/2). By using (8.3) we get

Dyx(0,¢ pu(e), t) = —esin (x(0,¢, p(e), t)) Dyx(0,¢ u(e),51/2),

Dyx(0,¢ p(e), m/2) = 1. (8.4)

Then using (8.2), we obtain

@1(0) = et Jnjz sin(x(Oep(s)ds _ 1

Next, (8.3) also implies
@, (1) =1+ 2me(cos — 1) + O(?),
which gives
@ (0) = —4me+O(?) < 0

for ¢ > 0 small. Summarizing we see [17, 19, 26] that 0 is a global saddle-node
of @, : S! — S! for any ¢ > 0 small: it is attracting from the right and repelling
from the left. The orientation of the dynamics of @, : S' — S! is reverse for ¢ < 0
small.

8.1.2 Planar equations

Example 1. First we consider the system

x=¢e(—(x+y+sint)x + pup)

y=¢e((x+y+sint)y+ up) ®.5)

with 1 = (1, 2) € R% Now k =n =2, T =2mand [; f(0,p,t)dt = mu. So
assumptions of (4.11) are satistied. On the other hand, (8.5) has a trivial symmet-
ric solution x = 0, y = 0 for any € and y = 0. The uniqueness of y(e) implies
#(e) = 0, and hence (8.5) has no symmetric and periodic solutions for any y # 0
and ¢ # 0 small. Next, we get

B(x,y)* = (—x2 —xy,y? + xy) .
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Since now

X1Y2 + x X1y2 +x
B((x1,y1), (x2,y2) = (_x1x2 - H,yﬂ/z . H) ’

x0=(1,0), Ao=-1 [x]"=[01)], 20B((1,0),0,y) =y.

Clearly Theorem 12 can be applied. So the symmetric and periodic solution
(x,y) = 0 of (8.5) with ¢ = 0 is unstable for any ¢ # 0 small. In order to find
general periodic solutions of (8.5), we apply Theorems 1 and 2. So we solve the
averaged equation
x4yt =0
(x+y)y+u=0

which implies (x + y)? = 1 — po. So we need p1 > pp. If uy = uo # 0, then (8.6)
has no solution as well. If y; > u», then we derive

(8.6)

_ F1 ___ I
N T e m
" 1 (8.7)

Xy =

1 . 2 .
vV H1 —Plz' 72 VvV H1 — H2

Next, the characteristic polynomial of the linearization of (8.6) is as follows
“2(x +y)* + (x —y)A + A%

Since (x1 +y1)? = (x2 +¥2)*> = 1 — po > 0, we see that for any y; > up both
(8.7) give rise to hyperbolic/unstable 27t-periodic solutions z1 (f) and z; () of (8.5)
for ¢ # 0 located near (8.7), respectively. Moreover zp(—t) = —z1(t). Here z =
(x,y) € R2. If uy < pp and p # 0 then (8.5) has no 27t-periodic solutions for & # 0
in any bounded domains.

Example 2. Now we modify the system (8.5) as follows

x=¢e¢(—(x+y+sint)y + 1)
/ €

y=ce¢((x+y+sint)x + up) (®.8)

with y = (py, 42) € R?. We again derive p(e) = 0 and (8.8) has a symmetric and
periodic solution only if # = 0 and it is a zero one. So we study

x' =—¢e(x+y —|—‘s1n t)y 8.9)

y=¢e(x+y+sint)x.
Clearly any solution of (8.9) satisfies x2(t) + y(t) = x2(0) + y?(0). So the sym-
metric and periodic solution (x,y) = 0 of (8.9) is uniformly stable for any € # 0
small, but not asymptotically (cf Remark 1). In order to find general periodic
solutions of (8.8), we apply Theorems 1 and 2. So we solve the averaged equation

—(x+y)y+m=0

(x+y)x+pu=0 8.10)
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which implies (x +y)? = p1 — po. So we need 1 — pp > 0. If yuy — pp < 0 and
i # 0, then (8.10) has no solution. If 1y — pp > 0, then we derive

_ F1
X1 = =,
! \/ 2 s VHL— K2 8.11)
H1 '
Xy = = .
o Plz v2 VHL— K2

Next, the characteristic polynomial of the linearization of (8.10) is as follows

2(x 4+ y)? + (y — x)A + A%,

Since (x1 +y1)?> = (2 +12)> =1 —pp >0and y; —x1 = —(yo — x2) = %,
we see that for any yq — pp > 0 and p1 + 2 # 0both (8.11) give rise to hyperbolic
27t-periodic solutions z1 () and z,(t) of (8.5) for € # 0 located near (8.11), respec-
tively. Moreover zp(—t) = —z;(t), and z; (t) is asymptotically stable (a repeller)
and z;(t) is a repeller (asymptotically stable), when 1 + o > (<) 0, respectively,
and &€ > 0 small; it is opposite for e < 0. If 1 — pup < 0 and p # 0 then (8.5) has
no 27t-periodic solutions for ¢ # 0 in any bounded domains.

Now we proceed with the second possibility.
8.2 Thecase A # —I
8.2.1 Planar equations with an involution symmetry

Let us consider a planar differential equation

1 =¢e(f1(x1,x2) + ph(t))
ézsuiﬁm;+yéa» (8.12)

with C*-smooth functions f; 5, 115, dimu = k = 1 and with

s (21,

Note A% =1, so A is an involution. Then symmetry condition (1.2) implies

filx1, x2) = fa(=x2, —x1),  fa(x1,22) = fi(—x2, —x1),
h(f) = ho(—t—1), ho(t) = hy(—t — 7).

Symmetry conditions (8.13) are satisfied, for instance, to the following polynomi-
als

(8.13)

m
f1(x1, x2) = agx1 + boxa + | Z (a]pxlx2 + byjx] xz)
]P]+P>1
- ' (8.14)
fa(x1,22) = —box1 — apx2 + Z e (bm'xixg + “jprx]z> :
Jpjt+p>1
hi(t) =sint, hy(t) = —sint,
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and T = 0. Since in general polynomials (8.14) are difficult to handle, we consider
the following particular case

X1 =¢€ (axl — xp + x3xy — bx1x3 + ysint) ,

(8.15)
Xo =€ (x1 —ax, + bx%xz — xlx% — ysint) ,
where a,b € R are parameters. Now
ker(T—A)=[(1,-1)], ker(I+ A)=1[(1,1)]
and hence
X1+ x X — X
S(x1, 1) = =57 (L), (I=S8)(xy,x) = =5 (1,-1).
We derive
Hi(, 1) = 7op (a+1— b+ 1)p?) (8.16)

identifying ker(I — A) = [(1,—1)] ~ R. Applying Theorem 7 we obtain the
following result.

Theorem 17. If a # —1, then (8.15) has a unique symmetric and 27t-periodic solution
z1(t) located near (0,0) for any ¢ # 0 small and p # O fixed. If (a+1)(b+1) > 0
then (8.15) has unique symmetric and 27t-periodic solutions z,(t), z3(t) located near

(,/%, —,/%) and (—,/%, ,/%), respectively. Here z = (x1,x2) € R2.

We intend to find more 27-periodic solutions of (8.15). For this reason, we
solve by Theorem 1 the averaged equation of (8.15) over [0, 27| given by

2 2
axy — Xo + x7x0 — bx1x5 =0,
P (8.17)
X1 —axp + bxjxy — x1x5 =0,
which gives
(x1 —x2)(1+a+ (14+b)x1x2) =0, (8.18)
(x1+x2)(1—a+ (b—1)x1x) = 0. '

For x1 # £x, from (8.18) we derive ab = 1. Hence we suppose ab # 1. Then:
Either x; = —x7 and (8.17) implies

X1 (a+1— (1+b)x‘%> =0.
Ifa# —1land (a+1)(b+1) > 0, we obtain the following 3 solutions

a+1 Cia o a+1
b+1/ 1,3_ 2,3_ b+1/

X110 =x21=0; x10=—X0=— (8.19)

which give symmetric and periodic solutions z; (t), z(f) and z3(t) from Theorem
17, respectively.
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Or x1 = x2 # 0 and (8.17) implies
X1 (a—l—i—(l—b)x%) =0.
Ifa #1and (a —1)(b —1) > 0, we obtain the following 2 solutions

a—1 a—1
Y14 =004 = S\ g X5 = X5 =\ g (8.20)

which give another periodic solutions z4(t) and z5(t), respectively, which are not
symmetric. But since A is an involution, from the proof of Lemma 1, we see that
Z5(i’) = AZ4(—i’).

Now we study the hyperbolicity of these periodic solutions by applying The-
orem 13. So we find eigenvalues of the matrix

a+2x1x, —bx3 x3 —1—2bx1xp
14 2bx1xy — x%_ bx% —a—2x1Xp

in points (8.19) and (8.20), which are as follows:

Y iz\/(l—ab)(a-l—l), iz\/(a—l)(l—ab)‘

b+1 b—-1
Summarizing we obtain the following result.
Theorem 18. For any € # 0 small and p # 0 fixed, the following holds:

e z1(t) is hyperbolic for |a| > 1.
e 2)(t) and z3(t) are hyperbolic for 1 > aband a > —1,b > —1.
o z,(t) and z5(t) are hyperbolic for 1 > aand 1 > b.

We note that all periodic solutions z;(t), - - - ,z5(t) cannot be simultaneously
hyperbolic.

8.2.2 0dd and planar equations with an involution symmetry

Now we consider modified planar ODEs from Section 8.2.1 which is in addition
odd of the form

X1 =¢€ (ax1 — Xy + x%xz — bx1x§ -+ px1 sin t)
(8.21)
Xy =¢€ (x1 —axy + bx‘%xz — x1x§ + uxp sin t) .

So (8.21) satisfies (1.3) and (1.5) with A from Section 8.2.1 and T = 27r. First we
note that symmetric and periodic solutions are derived in the same way as above,
so we get these solutions 2 (), Za(t) and Z3(t) located near (8.19), if 4 # —1 and
(a+1)(b+1) > 0. Note z1(t) = 0. Next to find antisymmetric and periodic

solutions, we take S =1 — S and we derive

ﬁl(’?r#) = 7y (a —1—(b— 1),72>
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identifying ker(I + A) = [(1,1)] ~ R. Simple roots of H; (1, 1) are 0, /4=
provided (a —1)(b — 1) > 0, which give antisymmetric and periodic solutions
z1(t) = 0, z4(t) and z5(t) located near (8.20). Note Azy(f) = —z4(—t) and
AzZy(t) = z5(—t), so z4(t) = —Zz5(t). To find the possible remaining periodic solu-
tions (non-symmetric and non-antisymmetric ones), we solve by Theorem 1 the
averaged equation of (8.21) over [0, 27| given by (8.17). But we know that there
are no more solutions of (8.17). Summarizing, we obtain the following result.

Theorem 19. If a # —1, then (8.21) has a unique symmetric and 27t-periodic solution
z1(t) = 0 located near (0,0) for any € # 0 small. If (a +1)(b + 1) > 0 then (8.21) has

unique symmetric and 2 t-periodic solutions z, (t), Z3(t) located near (, / %, —/ %)
and (—, [430/ %), respectively. If (a — 1)(b — 1) > 0 then (8.21) has unique an-
tisymmetric and 27t-periodic solutions zy(t), z5(t) located near (, / Z%l, \/ %) and

(—@ / %, —, 4/ Z_Tl) , respectively. There are no more 27t-periodic solutions. The state-
ment of Theorem 18 remains for this case.

8.2.3 Planar equations with a rotational symmetry

In this section, we consider planar ODEs of the form

X1 = efy (x1,x2, 1, t)

8.22
xz :8f2 (x].le/,l’l/t) 7 ( )

where fi, fo are C*-smooth and periodic in T and # € R is a parameter. We
suppose that (8.22) is symmetric (cf. (1.5)) with respect to a rotation matrix

a=(975)

fl(x1/x2/ ]’l/ t) == _fZ(_XZI xl/,u/ _t)/ fZ(x1/x2/ ]’l/ t) = fl(_x2/x1/ ]’l/_t) .
(8.23)

Then it holds

Then (8.23) gives

_f].(x].l xZ/,u/ t) == fl(_xll —XZ,‘H, t)/ _fZ(xll xZ/,u/ t) == fZ(_xlz _x2/,u/ t) .

So (8.22) is also odd (cf (1.7)). Clearly ker(I — A?) = ker(I + A) = {0}. So the

only symmetric and antisymmetric periodic solution of (8.22) is z1(t) = 0 for

e # 0 small (cf Theorem 6). To get more results, we pass to the following concrete
ODE

X1 =¢ (xl — xp 4 x3x7 — bx1x3 + pxy sin t)

(8.24)

Xp =€ (—xl — X7+ bx%xz + xlxg + pxp sin t) ,
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where b, u € R are parameters. For finding further periodic solutions, we again
consider the averaged equation

X1 — Xp + x%xz — bxlx% =0 (8.25)
—X1— Xo + bx%xz + x1x§ =0. '

If x; = 0 then xp = 0, and xp = 0 then x; = 0. So we suppose x; # 0 and x; # 0.
Then we take x, = {/xq1 in (8.25) to derive

Z(147) — (1+b)x5 =0
gbi—1)—(1-0)x5 =0,

which implies either { = / ﬁ and then

+4 _ [242024V2(b—1) Vb +1 +,— 24202 —/2(b—1)Vb241
*1 —\/ I —\/ 1+b) (117

8.26
—— 242024/2(b—1)Vb2+1 - 24202—/2(b—1)vVP2+1 ( )
Y= At 7 Y2 T A+b) (1102
or{_ = —, /b%ﬂ and then
+— 24202 —\/2(b—1)VPP+1 -t 242024/2(b—1) Vb2 +1
Xy T (1+b)(1+b2) ) - (1+b)(1+2) (8 27)
- 2422 AV ot 2420242 (b—1)VFPFT '
Y= a7 2 = (EDIE)

Note 2 4+ 2b% +v/2(b —1)v/b2 +1 > 0 forany b € R\ {—1}, so xli,f are defined
only for b > —1. Moreover, it holds and

:l:/_ :l:/+
X315 — to0, X315 —0

as b — —1.. Now we study the hyperbolicity of these periodic solutions by
applying Theorem 13. So we find the characteristic polynomial of the matrix

14 2x1xp — bx%_ x% —1—2bx1xp (8.28)
2bx1xp + x5 —1 bx? — 1+ 2x1x '
at (8.26), which is
2 A2\@(2 +b+b?)
(14+b)vV1+02
and at (8.27), which is
2
/\2+/\2\@(2+b+b ) ,

(14b)V1+ b2

Then the eigenvalues AL of (8.28) at (8.26) satisfy RAL > 0 and the eigenvalues
AL of (8.28) at (8.27) satisfy WA < O for any b > —1. Next, the eigenvalues of
(8.28) at x¥ = xJ = O are +-v/2.

Finally, we easily see that (8.25) has the only solution x; = x, = 0 for b = —1.
Summarizing, we arrive at the following result.
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Theorem 20. If b < —1 then (8.24) has the only 27t-periodic solution zy(t) = 0 for any
e # 0 small which is hyperbolic. If b > —1 then (8.24) has in addition four 27t-periodic
solutions z;(t), i = 1,2,3,4 for any € # 0 small which are neither symmetric nor an-
tisymmetric. Moreover, z1(t) and z;(t) are asymptotically stable (repellers) while z3(t)
and zy(t) are repellers (asymptotically stable) for any small € > 0 (e < 0), respectively.

Note Az (t) = z4(—t), Aza(t) = z3(—t), Azs(t) = z1(—t), Azs(t) = z2(—t),
and hence zp(t) = —z1(t), z4(t) = —2z3(t). So the set of solutions {z;(t) | t €
R,i=1,2,3,4} is invariant by A.

8.2.4 3-dimensional systems

Now we present an example illustrating the case 6.3 given by the following 3-
dimensional ODE

y s(yz-i— (z%-i—z%) cost-i—y(l—i—cost)) ,

Z1 =€ (21 — 2z + (z? + z%) y2 + pz1y sin t) , (8.29)
Zp =¢€ (—zl — 22+ (z% - z%) yz — MUZpy sin t)
-1 0 O 0 _1
with A = 0 0 —1 | and Ay = ( 1 0 ) Then clearly (6.5) holds and
01 O

1 =k = dimker(I + A). Next we derive f»(0,0, ) = 27tu and so we take yo = 0,
since f,(0,0,0) = 0 and D, f,(0,0,0) = 27t # 0. Moreover ¢ (D(ylz)f(O, 0,0)) =

{0, £2v/27t} (cf (6.10)) and dim ker(I — A2) = 0. Consequently, (6.18) has the
form

y=c (P +p(1+cost)), (8.30)

and there is a C®-function yu(e) defined for € small with y#(0) = 0 such that for
any ¢ # 0 small, (8.29) possesses a (unique) symmetric and 27t-periodic solution
Xeu(t) only for p = p(e) and xg ) (t) = 0. On the other hand, (8.29) has a
solution x(t) = 0 for y = 0, so the uniqueness implies x, () (t) = xo(t) = 0 and
1(e) = uo = 0 as well. To study other (nonsymmetric) 27t-periodic solutions of
(8.29), we solve the averaged equation

vV+u=0,
Z1— 22+ (z{’ + z%) yz =0, (8.31)
—z1 — 2o+ (z%—z%) ¥ =0.
We see that there are no solutions for y > 0, while the only zero one for p = 0

and this corresponds to the trivial one xo(t) = 0. For y < 0 we gety+ = £/—p
and

Z] — 29 — (z‘%—t—zg)yzo,

—zl—zz—(zi’—zg)yzo,
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which implies z; = —uz3, and then z; (1 + p*z%) = 0, which implies z; = z, = 0.
Summarizing, for u < 0, (8.31) has precisely two solutions xi = +(/—1,0,0)
which gives exactly two 27t-periodic solutions x'y (t) = (v/.(t),0,0) of (8.29) which
are located near x; for e # 0 small. Note x/; (t) = —x" (—t). So there are saddle-
node and symmetry breaking bifurcations of 27r-periodic solutions of (8.29) as u
is crossing 0. Since o(Dy f(x/y, 1)) = {F47m\/—p, —2v/27,2+/27}, periodic solu-
tions x’_(t) are hyperbolic. These results corresponds with arguments at the end
of Section 6.3.

Acknowledgement. We thank for useful referee’s comments and suggestions.
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