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Abstract

In this paper, we deal with the existence of subharmonic solutions for
the p(t)-Laplacian Hamiltonian system. Some new existence theorems are
obtained by using minimax methods in critical point theory, and our results
generalize and improve some existence theorems.

1 Introduction

Consider the second order p(t)-Laplacian Hamiltonian system

d

dt

(

|u̇(t)|p(t)−2u̇(t)
)

+∇F
(

t, u(t)
)

= 0 a.e. t ∈ R (1.1)

where F : [0, T]× R
N → R is T-periodic (T > 0) in t for all x ∈ R

N, that is,

F(t + T, x) = F(t, x) (1.2)

for all x ∈ R
N and a.e. t ∈ R, and satisfies the following assumption:

∗Corresponding author
Received by the editors March 2008 - In revised form in May 2010.
Communicated by J. Mawhin.
2000 Mathematics Subject Classification : 34C25; 35A15.
Key words and phrases : Subharmonic solutions; Hamiltonian systems; p(t)-Laplacian sys-

tems; Saddle point theorem; (PS) condition.

Bull. Belg. Math. Soc. Simon Stevin 18 (2011), 385–400



386 L. Zhang – X. H. Tang

(A) F(t, x) is measurable in t for every x ∈ R
N and continuously differentiable

in x for a.e. t ∈ [0, T], and there exist a ∈ C(R+, R
+), b ∈ L1(0, T; R

+), such
that

|F(t, x)| ≤ a(|x|)b(t), |∇F(t, x)| ≤ a(|x|)b(t)

for all x ∈ R
N and a.e. t ∈ [0, T].

Moreover, we suppose that p(t) ∈ C(R, R
+) satisfies the following assump-

tion:

(A’) p(t) = p(t + T) for all t ∈ R, where p+ := max
0≤t≤T

p(t), p− := min
0≤t≤T

p(t) > 1,

q+ > 1 which satisfies 1/p− + 1/q+ = 1.

If p(t) ≡ p > 1, system (1.1) reduces to the ordinary p-Laplacian system

d

dt

(

|u̇(t)|p−2u̇(t)
)

+∇F
(

t, u(t)
)

= 0 a.e. t ∈ R. (1.3)

When p = 2, system (1.3) reduces to the following second-order Hamiltonian
system

ü(t) +∇F(t, u(t)) = 0 a.e. t ∈ R. (1.4)

To obtain the existence of periodic and subharmonic solution for system (1.4),
P. Rabinowitz [15, 16] proposed the following subquadratic conditions, that is,
there exist µ ∈ (0, 2) and L > 0 such that

0 <

(

∇F(t, x), x
)

≤ µF(t, x)

for all |x| ≥ L and a.e. t ∈ [0, T], and the superquadratic condition, that is, there
exist µ > 2 and L > 0 such that

0 < µF(t, x) ≤
(

∇F(t, x), x
)

for all |x| ≥ L and a.e. t ∈ [0, T], these two conditions are known as Ambrosetti-
Rabinowitz conditions.

In recent years, considerable attention has been paid to the existence of pe-
riodic and subharmonic solutions for system (1.3) and (1.4) under Ambrosetti-
Rabinowitz conditions (see [20, 27]), and many authors have devoted to the in-
vestigation to weaken the Ambrosetti-Rabinowitz conditions and some existence
results on periodic and subharmonic solutions for (1.3) and (1.4) have been ob-
tained under weak conditions (see [8, 12, 13, 21, 22]). Meanwhile, many solv-
ability conditions not related to the Ambrosetti-Rabinowitz conditions are also
given, such as the periodic potential condition (see [17]), the convex potential
condition (see [2, 9, 26]), the bounded nonlinearity condition (see [1, 10, 11]), the
even potential condition (see [23, 25]).

Specifically, when F(t, x) is sublinear, that is, there exist f , g ∈ L1(0, T; R+)
and α ∈ [0, 1) such that

|∇F(t, x)| ≤ f (t)|x|α + g(t) (1.5)
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for all x ∈ R
n and a.e. t ∈ [0, T], and there exists a subset E of [0, T] with

meas(E) > 0 such that

|x|−2αF(t, x) → +∞ as |x| → ∞ (1.6)

for a.e. t ∈ E, where α is the same in (1.5). Tang [22] obtained the existence of
infinitely subharmonic solutions (kT-periodic solution for some positive integer k
is called to be subharmonic) for system (1.4) under the conditions (1.5) and (1.6).

In the last decade, the study on problems of elliptic partial differential equa-
tions and variational problems with p(x)-growth conditions has attracted more
and more interest in recent years (see, for example, [3-7, 28]). The ordinary p(t)-
Laplacian system (1.1) has been studied by Fan (see [7]), then Wang (see [24])
obtained the existence and multiplicity of periodic solutions for ordinary p(t)-
Laplacian system (1.1) under the generalized Ambrosetti-Rabinowitz conditions,
but as far as we know, few papers discuss the subharmonic solutions for system
(1.1).

The ordinary p(t)-Laplacian system can be applied to describe the physical
phenomena with “ pointwise different properties ” which arose from the nonlin-
ear elasticity theory (see [28]). The p(t)-Laplacian system possesses more com-
plicated nonlinearity than that of the p-Laplacian, for example, it is not homoge-
neous, this causes many troubles, and some classical theories and methods, such
as the theory of Sobolev spaces, are not applicable.

Inspired and motivated by the results mentioned above, we obtain some exis-
tence results of subharmonic solutions for system (1.1), we suppose that F(t, x) is
p−-sublinear, that is, there exist f , g ∈ L1(0, T, R+) and α ∈ [0, p− − 1) such that

|∇F(t, x)| ≤ f (t)|x|α + g(t) (1.7)

for all x ∈ R
n and a.e. t ∈ [0, T], and there exists a subset E of [0, T] with

meas(E) > 0 such that

|x|−q+αF(t, x) → +∞ as |x| → ∞ (1.8)

for a.e. t ∈ E, where p− and q+ are the same in the condition (A’), under the
condition (1.7) and (1.8), the existence of subharmonic solutions for system (1.1),
which generalizes Tang’s results, are obtained by the minimax methods in critical
point theory.

2 Preliminaries

In this section, we recall some known results in critical point theory, and the

properties of space W
1,p(t)
T are listed for the convenience of readers.

Definition 2.1. ([24]). Let p(t) satisfies the condition (A’). Define

Lp(t)([0, T], R
N) =

{

u ∈ L1([0, T], R
N);

∫ T

0
|u|p(t)dt < ∞

}
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with the norm

|u|p(t) := inf

{

λ > 0;
∫ T

0

∣

∣

∣

u

λ

∣

∣

∣

p(t)
dt ≤ 1

}

.

For u ∈ L1
loc([0, T], R

N), let u′ denotes the weak derivative of u, if

u′ ∈ L1
loc([0, T], R

N) and satisfies

∫ T

0
u′φ dt = −

∫ T

0
uφ′ dt, ∀φ ∈ C∞

0 ([0, T], R
N).

Define

W1,p(t)([0, T], R
N) =

{

u ∈ Lp(t)([0, T], R
N); u′ ∈ Lp(t)([0, T], R

N)
}

with the norm ‖u‖W1,p(t) := |u|p(t) + |u′|p(t).

Remark 2.1. If p(t) = p, where p ∈ [1, ∞) is a constant, by the definition of |u|p(t),

it is easy to get |u|p = (
∫ T

0 |u(t)|pdt)1/p , which is the same with the usual norm
in space Lp.

The space Lp(t) is a generalized Lebesgue space, and the space W1,p(t) is a gen-
eralized Sobolev space. Because most of the following Lemmas have appeared in
[3, 6, 14, 24], we omit their proofs.

Lemma 2.2. ([6]). Lp(t) and W1,p(t) are both Banach spaces with the norms defined
above, when p− > 1, they are reflexive.

Definition 2.2. ([14]).

C∞

T = C∞

T (R, R
N) =

{

u ∈ C∞(R, R
N) : u is T-periodic

}

with the norm ‖u‖∞= max
t∈[0,T]

|u(t)|.

For a constant p ∈ [1, ∞), using another conception of weak derivative which
is called T-weak derivative, Mawhin and Willem gave the definition of the space

W
1,p
T by the following way.

Definition 2.3. ([14]). Let u ∈ L1([0, T], R
N) and v ∈ L1([0, T], R

N), if

∫ T

0
vφ dt = −

∫ T

0
uφ′ dt ∀φ ∈ C∞

T ,

then v is called a T-weak derivative of u and is denoted by u̇.

Definition 2.4. ([14]). Define

W
1,p
T ([0, T], R

N) =
{

u ∈ Lp([0, T], R
N); u̇ ∈ Lp([0, T], R

N)
}

with the norm ‖u‖
W

1,p
T

:=
(

|u|
p
p + |u̇|

p
p

)1/p
.
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Definition 2.5. ([3]). Define

W
1,p(t)
T ([0, T], R

N) =
{

u ∈ Lp(t)([0, T], R
N); u̇ ∈ Lp(t)([0, T], R

N)
}

and H
1,p(t)
T ([0, T], R

N) to be the closure of C∞

T in W1,p(t)([0, T], R
N).

Remark 2.2. From Definition 2.5 , if u ∈ W
1,p(t)
T ([0, T], R

N), it is easy to conclude

that u ∈ W
1,p−

T ([0, T], R
N).

Lemma 2.3. ([3]).

(i) C∞

T ([0, T], R
N) is dense in W1,p(t)([0, T], R

N),

(ii) W
1,p(t)
T ([0, T], R

N)=H
1,p(t)
T ([0, T], R

N)=
{

u ∈ W1,p(t)([0, T], R
N); u(0) = u(T)

}

,

(iii) If u ∈ H1,1
T , then the derivative u′ is also the T-weak derivative u̇, i.e. u′ = u̇.

Remark 2.3. In the following article, we use ‖u‖ instead of ‖u‖
W

1,p(t)
T

for conve-

nience without clear indications.

Lemma 2.4. ([14]). Assume that u ∈ W1,1
T , then

(i)
∫ T

0 u̇dt = 0,

(ii) u has its continuous representation, which is still denoted by u(t) =
∫ t

0 u̇(s)ds+
u(0), u(0) = u(T),

(iii) u̇ is the classical derivative of u, if u̇ ∈ C([0, T], R
N).

Since every closed linear subspace of a reflexive Banach space is also reflexive,
we have

Lemma 2.5. ([3]). H
1,p(t)
T ([0, T], R

N) is a reflexive Banach space if p− > 1.

Obviously, there are continuous embeddings Lp(t) →֒ Lp− , W1,p(t) →֒ W1,p−

and H
1,p(t)
T →֒ H

1,p−

T . By the classical Sobolev embedding theorem we obtain

Lemma 2.6. ([3]). There is a continuous embedding

W1,p(t)(or H
1,p(t)
T ) →֒ C([0, T], R

N),

when p− > 1, the embedding is compact.

Lemma 2.7. The space W
1,p(t)
T = W̃

1,p(t)
T ⊕ R

N, where

W̃
1,p(t)
T =

{

u ∈ W
1,p(t)
T ;

∫ T

0
u(t)dt = 0

}

,

there exist positive constants C, if u ∈ W̃
1,p(t)
T , such that

‖u‖∞ ≤ 2C
(

∫ T

0
|u̇(t)|p(t)dt

)1/p−

+ 2CT1/p− .
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Proof. Let A = {t ∈ [0, T]||u̇(t)| ≥ 1}. From Remark 2.2 , u ∈ W
1,p−

T , from the
inequality in classical Sobolev space, there exists a positive constant C0 > 0, such
that

‖u‖∞ ≤ C
(

∫ T

0
|u̇(t)|p−dt

)1/p−

= C
(

∫

A
|u̇(t)|p−dt +

∫

[0,T]\A
|u̇(t)|p−dt

)1/p−

≤ C
(

∫

A
|u̇(t)|p(t)dt + meas([0, T]\A)

)1/p−

≤ C
(

∫ T

0
|u̇(t)|p(t)dt + T

)1/p−

≤ 2C
(

∫ T

0
|u̇(t)|p(t)dt

)1/p−

+ 2CT1/p− ,

This completes the proof of Lemma 2.7.

Lemma 2.8. ([3]). Each of the following two norms is equivalent to the norm in

W
1,p(t)
T

(i) |u̇|p(t) + |u|q 1 ≤ q ≤ ∞,

(ii) |u̇|p(t) + |ū|, where ū = (1/T)
∫ T

0 u(t)dt.

Lemma 2.9. ([7]). If we denote ρ(u) =
∫ T

0 |u|p(t)dt, ∀u ∈ Lp(t), then

(i) |u|p(t) < 1 (= 1;> 1) ⇐⇒ ρ(u) < 1 (= 1;> 1);

(ii) |u|p(t) > 1 =⇒ |u|
p−

p(t)
≤ ρ(u) ≤ |u|

p+

p(t)
, |u|p(t) < 1 =⇒ |u|

p+

p(t)
≤ ρ(u) ≤

|u|
p−

p(t)
;

(iii) |u|p(t) → 0 ⇐⇒ ρ(u) → 0; |u|p(t) → ∞ ⇐⇒ ρ(u) → ∞.

Proposition 2.1. In space W
1,p(t)
T , ‖u‖ → ∞ =⇒

( ∫ T
0 |u̇|p(t)dt

)1/p−
+ |ū| → ∞.

Proof. By Lemma 2.8, there exists a constant C0 > 0, such that

‖u‖ ≤ C0

(

|u̇|p(t) + |ū|
)

, (2.1)

if |u̇|p(t) < 1, it is easy to get

|u̇|p(t) <
(

∫ T

0
|u̇|p(t)dt

)1/p−

+ 1, (2.2)

when |u̇|p(t) ≥ 1, we conclude that

|u̇|p(t) ≤
(

∫ T

0
|u̇|p(t)dt

)1/p−

(2.3)
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by Lemma 2.9, it follows (2.1), (2.2) and (2.3) that

‖u‖ ≤ C0

(

(

∫ T

0
|u̇|p(t)dt

)1/p−
+ |ū|+ 1

)

(2.4)

which implies that

‖u‖ → ∞ =⇒
(

∫ T

0
|u̇|p(t)dt

)1/p−

+ |ū| → ∞.

Lemma 2.10. ([7]). If u, un ∈ Lp(t) (n = 1, 2, · · · ), then the following statements
are equivalent to each other

(i) lim
n→∞

|un − u|p(t) = 0;

(ii) lim
n→∞

ρ(un − u) = 0;

(iii) un → u in measure in [0, T] and lim
n→∞

ρ(un) = ρ(u).

Lemma 2.11. ([18]). Suppose that F satisfies the assumption (A) and E is a mea-
surable subset of [0, T]. Assume that

F(t, x) → +∞ as |x| → ∞

for a.e. t ∈ E. Then for every δ > 0, there exists a subset Eδ of E with meas(E\Eδ) <
δ such that

F(t, x) → +∞ as |x| → ∞

uniformly for all t ∈ Eδ.

Lemma 2.12. ([24]). The functional on W
1,p(t)
T given by

ϕ(u) =
∫ T

0

1

p(t)
|u̇(t)|p(t)dt −

∫ T

0
F(t, u(t))dt (2.5)

is continuously differentiable on W
1,p(t)
T . Moreover, we have

〈ϕ′(u), v〉 =
∫ T

0

[(

|u̇(t)|p(t)−2u̇(t), v̇(t)
)

−
(

∇F(t, u(t)), v(t)
)]

dt (2.6)

for all u, v ∈ W
1,p(t)
T . It is well known that the critical points of ϕ correspond to

the solutions for system (1.1).

Lemma 2.13. ([24]). J′ is a mapping of (S+), that is, if un ⇀ u weakly in W
1,p(t)
T

and lim sup
n→∞

(J′(un)− J′(u), un − u)) ≤ 0, then un has a convergent subsequence

in W
1,p(t)
T , where J′ is given by

〈J′(u), v〉 =
∫ T

0

(

|u̇(t)|p(t)−2u̇(t), v̇(t)
)

dt. (2.7)



392 L. Zhang – X. H. Tang

3 Main Results and Proofs of Theorems

Let k be a positive integer. For u ∈ W
1,p(t)
kT , where

W
1,p(t)
kT ([0, kT], R

N) :=
{

u ∈ Lp(t)([0, kT], R
N); u̇ ∈ Lp(t)([0, kT], R

N)
}

is a reflexive Banach space with the norm defined by

‖u‖
W

1,p(t)
kT

= |u|p(t) + |u̇|p(t)

where

|u|p(t) := inf

{

λ > 0;
∫ kT

0

∣

∣

∣

u

λ

∣

∣

∣

p(t)
dt ≤ 1

}

and

|u̇|p(t) := inf

{

λ > 0;
∫ kT

0

∣

∣

∣

∣

u̇

λ

∣

∣

∣

∣

p(t)

dt ≤ 1

}

and
‖u‖∞ = max

t∈[0,kT]
|u(t)|.

Let

ū = (kT)−1
∫ kT

0
u(t)dt and ũ(t) = u(t)− ū,

then we have

‖ũ‖∞ ≤ 2Ck

(

∫ kT

0
|u̇(t)|p(t)dt

)1/p−

+ 2Ck(kT)1/p− (3.1)

and

‖u‖ ≤ C0k

(

(
∫ kT

0
|u̇|p(t)dt)1/p− + |ū|+ 1

)

, (3.2)

and

‖u‖ → ∞ =⇒
(

∫ kT

0
|u̇|p(t)dt

)1/p−

+ |ū| → ∞ (3.3)

by Lemma 2.7 and Proposition 2.1, where Ck and C0k are two positive constants,
which can be decided by k.

It follows from Lemma 2.12 and Lemma 2.13 that the functional ϕk on W
1,p(t)
kT

given by

ϕk(u) =
∫ kT

0

1

p(t)
|u̇(t)|p(t)dt −

∫ kT

0
F(t, u(t))dt

is continuously differentiable on W
1,p(t)
kT . Moreover, we have

〈ϕ′
k(u), v〉 =

∫ kT

0

[(

|u̇(t)|p(t)−2u̇(t), v̇(t)
)

−
(

∇F(t, u(t)), v(t)
)]

dt

〈J′k(u), v〉 =
∫ kT

0

(

|u̇(t)|p(t)−2u̇(t), v̇(t)
)

dt
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It is well known that the kT periodic solutions for system (1.1) correspond to the
critical points of the functional ϕk.

Our main results are the following theorems.

Theorem 3.1. Suppose that F(t, x) and p(t) satisfy assumption (A), (A’), (1.2),
(1.7). Assume that

|x|−q+αF(t, x) → +∞ as |x| → ∞ (3.4)

uniformly for a.e. t ∈ [0, T], where α is the same in (1.7). Then system (1.1) has

kT-periodic solution uk ∈ W
1,p(t)
kT for every positive integer k such that ‖uk‖∞ →

∞ as k → ∞.

We shall give a more general result than Theorem 3.1.

Theorem 3.2. Suppose that F(t, x) and p(t) satisfy assumption (A), (A’), (1.2),
(1.7), (1.8). Assume that there exists γ(t) ∈ L1(0, T) such that

F(t, x) ≥ γ(t) (3.5)

for all x ∈ R
N and a.e. t ∈ [0, T]. Then system (1.1) has kT-periodic solution

uk ∈ W
1,p(t)
kT for every positive integer k such that ‖uk‖∞ → ∞ as k → ∞.

Corollary 3.1. Suppose that F and p(t) satisfies assumption (A), (A’), (1.2) and
(3.5). Assume that there there exists a subset E of [0, T] with meas(E) > 0 such
that

F(t, x) → +∞ as |x| → +∞

for a.e. t ∈ E, and there exists h(t) ∈ L1(0, T, R
+) such that

|∇F(t, x)| ≤ h(t)

for all x ∈ R
N and a.e. t ∈ [0, T]. Then system (1.1) has kT-periodic solution

uk ∈ W
1,p(t)
kT for every positive integer k such that ‖uk‖∞ → ∞ as k → ∞.

Remark 3.1. Corollary 3.1 is a special case of Theorem 3.2 corresponding to
α = 0. Without loss of generality, we can assume that the function b(t) in assump-
tion (A), f (t), g(t) in (1.7) and γ(t) in (3.5) are also T-periodic, then assumption
(A), (1.7) and (3.5) hold for a.e. t ∈ R by the periodicity of F(t, x) in the first
variable.

Because Theorem 3.2 is a more general result than Theorem 3.1, we only need
to prove Theorem 3.2, and our steps to prove Theorem 3.2 are organized as fol-
lows. First, we show the functional ϕk satisfies the (PS) conditions; second, we
prove that ϕk satisfies the other conditions of saddle point Theorem (see Theorem
4.6 in [14]); after these two steps, by saddle point theorem we know that ϕk has
at least one critical point, which is a kT periodic solution for system (1.1), at last,
we prove ‖uk‖∞ → ∞ as k → ∞.
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Proof of Theorem 3.2. It follows from (1.8) and (3.1) that

∣

∣

∣

∣

∫ kT

0
(∇F(t, u(t)), ũ(t))

∣

∣

∣

∣

≤
∫ kT

0
f (t)|ū + ũ(t)|α|ũ(t)|dt +

∫ kT

0
g(t)|ũ(t)|dt

≤ 2p−−1
∫ kT

0
f (t)(|ū|α + |ũ|α)|ũ(t)|dt +

∫ kT

0
g(t)|ũ(t)|dt

≤ 2p−−1(|ū|α + ‖ũ‖α
∞
)‖ũ‖∞

∫ kT

0
f (t)dt + ‖ũ‖∞

∫ kT

0
g(t)dt

=
(

(1

2

)1/p− ‖ũ‖∞

4Ck

)(

(2p−+1)(2)1/p−Ck

∫ kT

0
f (t)dt

)

|ū|α

+ 2p−−1‖ũ‖1+α
∞

∫ kT

0
f (t)dt + ‖ũ‖∞

∫ kT

0
g(t)dt

≤
1

2

∫ kT

0
|u̇(t)|p(t)dt + C1|ū|

q+α + C2

(

∫ kT

0
|u̇(t)|p(t)dt

)(α+1)/p−

+ C3

(

∫ kT

0
|u̇(t)|p(t)dt

)1/p−

+ C4

for all u ∈ W
1,p(t)
kT and some positive constants C1, C2, C3 and C4 by Young in-

equality and (3.1), where Ck is the same as in (3.1).

Hence, we have

‖ũn‖ ≥ |〈ϕ′
k(un), ũn〉|

≥
∫ kT

0
|u̇n(t)|

p(t)dt −
∫ kT

0

(

∇F(t, un(t)), ũn(t)
)

dt

≥
1

2

∫ kT

0
|u̇n(t)|

p(t)dt − C1|ūn|
q+α − C2

(

∫ kT

0
|u̇n(t)|

p(t)dt
)(α+1)/p−

− C3

(

∫ kT

0
|u̇n(t)|

p(t)dt
)1/p−

− C4

(3.6)

for all large n.

It follows from (3.2) that

‖ũn‖ ≤ C0k

(

(
∫ kT

0
|u̇n(t)|

p(t)dt)1/p− + 1
)

, (3.7)

by (3.6) and (3.7), we have

(

∫ kT

0
|u̇n(t)|

p(t)dt
)1/q+

≤ C5|ūn|
α + C6 (3.8)

for some positive constants C5, C6 and all large n. which implies that

‖ũn‖∞ ≤ C7(|ūn|
q+α/p− + 1)
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for all large n and some positive constant C7 by (3.1).

If (|ūn|) is unbounded, we may assume that going to a subsequence if neces-
sary

|ūn| → ∞ as n → ∞, (3.9)

and we have

|un(t)| ≥ |ūn| − |ũn(t)| ≥ |ūn| − ‖ũn‖∞ ≥ |ūn| − C7(|ūn|
q+α/p− + 1)

for all large n and every t ∈ [0, kT], which implies that

|un(t)| ≥
1

2
|ūn| (3.10)

for all large n and every t ∈ [0, kT] by (3.9).

Set δ = (meas E)/2. It follows from (3.5) and Lemma 2.11 that there exists a
subset Eδ of E with meas(E\Eδ) < δ such that

|x|−q+αF(t, x) → +∞ as |x| → +∞

uniformly for all t ∈ Eδ, which implies that

measEδ = measE − meas(E\Eδ) > δ > 0 (3.11)

and for every N > 0, there exists M ≥ 1 such that

|x|−q+αF(t, x) ≥ N (3.12)

for all |x| ≥ M and all t ∈ Eδ. By (3.9) and (3.10), we have

|un(t)| ≥ M (3.13)

for large n and every t ∈ [0, kT]. It follows (1.8), (3.8), (3.11)-(3.13) that

ϕk(un) ≤ (C5|ūn|
α + C6)

q+ −
∫

[0,kT]\Eδ

γ(t)dt −
∫

Eδ

N|un(t)|
q+αdt

≤ (C5|ūn|
α + C6)

q+ −
∫

[0,kT]\Eδ

γ(t)dt − 2−q+α|ūn|
q+αδN

for large n. Hence, we have

lim sup
n→∞

|ūn|
−q+αϕk(un) ≤ C

q+

5 − 2−q+αδN.

By the arbitrariness of N > 0, we have

lim sup
n→∞

|ūn|
−q+αϕk(un) = −∞,

which contradicts the boundedness of ϕk(un). Hence (|ūn|) is bounded, and
{‖un‖} is bounded by (3.2) and (3.8).
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The sequence {un} has a subsequence, also denoted by {un}, such that

un ⇀ u weakly in W
1,p(t)
kT and un → u strongly in C

(

[0, kT]; R
N
)

(3.14)

and ‖un‖∞ ≤ C7 is bounded by Lemma 2.6, where C7 is a positive constant.

We conclude that

∣

∣

∣

∣

∫ kT

0

(

∇F(t, un(t)), un(t)− u(t)
)

dt

∣

∣

∣

∣

≤ ka0‖un − u‖∞

∫ T

0
b(t)dt

→ 0,

(3.15)

by assumption (A) and (3.14), where a0 = max
0≤s≤C7

a(s).

By Lemma 2.12, we have

〈ϕ′
k(un), un − u〉 =

∫ kT

0

[(

|u̇n(t)|
p(t)−2u̇n(t), u̇n(t)− u̇(t)

)

−
(

∇F(t, un(t)), un(t)− u(t)
)]

dt,

and 〈ϕ′
k(un), un − u〉 → 0 by the assumption of ϕ′

k(un) → 0 and the boundedness
of {‖un‖}.

Then it follows from (2.6), (2.7) and (3.15) that

〈J′k(un), un − u〉 =
∫ kT

0

(

|u̇n(t)|
p(t)−2u̇n(t), u̇n(t)− u̇(t)

)

dt

= 〈ϕ′
k(un), un − u〉+

∫ kT

0

(

∇F(t, un(t)), un(t)− u(t)
)

dt

→ 0

(3.16)

Moreover, since J′k(u) is a bounded linear function, we get 〈J′k(u), un − u〉 → 0,
which combined with (3.16) implies that

lim
n→∞

〈J′k(un)− J′k(u), un − u〉 = 0 (3.17)

It follows from (3.14), (3.17) and Lemma 2.13 that {un} admits a convergent
subsequence, so we conclude that ϕk satisfies (PS) condition.

We prove that ϕk satisfies the other conditions of the saddle point theorem.
Set

ek(t) = k(cos k−1ωt)x0

for all t ∈ R and some |x0| = 1, where ω = 2π/T. Then we have

ėk(t) = −ω(sin k−1ωt)x0
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Hence we have

ϕk(x + ek) ≤
1

p−

∫ kT

0
|ω(sin k−1ωt)|p(t)dt −

∫ kT

0
F(t, x + ek)dt

≤
kT

p−
(ωp+ + 1)−

∫

[0,kT]\Eδ

γ(t)dt − N
∫

Eδ

|x + k(cos k−1ωt)x0|
q+αdt

≤
kT

p−
(ωp+ + 1)−

∫

[0,kT]\Eδ

γ(t)dt − NMq+αmeasEδ

≤
kT

p−
(ωp+ + 1)−

∫

[0,kT]\Eδ

γ(t)dt − NmeasEδ

for all |x| ≥ M + k, which implies that

ϕk(x + ek) → −∞ as |x| → ∞ (3.18)

by the arbitrariness of N.

Let W̃
1,p(t)
kT be the subspace of W

1,p(t)
kT given by

W̃
1,p(t)
kT =

{

u ∈ W
1,p(t)
kT ;

∫ kT

0
u(t)dt = 0

}

,

then we have
ϕ(u) → +∞ (3.19)

as ‖u‖ → ∞ in W̃
1,p(t)
kT . In fact it follows from Lemma 2.7 that

∣

∣

∣

∣

∫ kT

0
[F(t, u(t)) − F(t, 0)]dt

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ kT

0

∫ 1

0
(∇F(t, su(t)), u(t))dsdt

∣

∣

∣

∣

≤
∫ kT

0

∫ 1

0
f (t)|su(t)|α |u(t)|dsdt +

∫ kT

0

∫ 1

0
g(t)|u(t)|dsdt

≤ ‖u‖α+1
∞

∫ kT

0
f (t)dt + ‖u‖∞

∫ kT

0
g(t)dt

≤ C8

(

∫ kT

0
|u̇(t)|p(t)dt

)(α+1)/p−

+ C9

(

∫ kT

0
|u̇(t)|p(t)dt

)1/p−

+ C10

for all u ∈ W̃
1,p(t)
kT and some positive constants C8, C9 and C10.

Hence we have

ϕk(u) =
∫ kT

0

1

p(t)
|u̇(t)|p(t)dt −

∫ kT

0
[F(t, u(t)) − F(t, 0)]dt −

∫ kT

0
F(t, 0)dt

≥
1

p+

∫ kT

0
|u̇(t)|p(t)dt − C8

(

∫ kT

0
|u̇(t)|p(t)dt

)(α+1)/p−

− C9

(

∫ kT

0
|u̇(t)|p(t)dt

)1/p−

−
∫ kT

0
F(t, 0)dt − C10
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for all u ∈ W̃
1,p(t)
kT , which implies (3.19) by (3.3).

By (3.18), (3.19) and the saddle point theorem (see Theorem 4.6 in [14]), there

exists a critical point uk ∈ W
1,p(t)
kT for ϕk such that

−∞ < inf
W̃

1,p(t)
kT

ϕk ≤ ϕk(uk) ≤ sup
RN+ek

ϕk (3.20)

Arguing in a similar way in [22], we can prove that ‖uk‖∞ → ∞ as k → ∞.

4 Example

In this section, we give one example to illustrate our results.

Example 4.1. In system (1.1), let p(t) = cos ωt + 7, and let

F(t, x) = |x|4 + sin ωt

where ω denotes the positive constant 2π/T. Then

|∇F(t, x)| ≤ 4|x|3 and |x|−18/5F(t, x) → +∞

for every t ∈ [0, T] and all x ∈ R
N.

These show that all conditions of Theorem 3.2 are satisfied, where

α = 3, p− = 6, q+ =
6

5
.

By Theorem 3.2, system (1.1) has kT-periodic solution uk ∈ W
1,p(t)
kT for every

positive integer k such that ‖uk‖∞ → ∞ as k → ∞, but it is obvious that the results
in [1-2, 9-12, 16-17, 21-23, 25-26] can’t be applied to our example.

References

[1] N. P. Cac, A. C. Lazer, On second order, periodic, symmetric, differential sys-
tems having subharmonics of all sufficiently large orders, J. Differential Equa-
tions 127 (1996) 426-438.

[2] F. H. Clarke, I. Ekeland, Nonlinear oscillations and boundary value problem
for Hamiltonian systems, Arch. Rational Mech. Anal. 78 (1982) 315-333.

[3] X. L. Fan and X. Fan, A Knobloch-type result for p(t)-Laplacian systems,
J. Math. Anal. Appl., 282 (2003), 453-464.

[4] X. L. Fan and D. Zhao, A class of De Giorgi type and Hölder continuity, Non-
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