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compact operators
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Abstract

Chebyshev subspaces of K(cp,cg) are studied. A k-dimensional non-
interpolating Chebyshev subspace is constructed. The unicity of best appro-
ximation in non-Chebyshev subspaces is considered.

1 Introduction

Let K be the field of real or complex numbers and let (X,| - ) be
a normed space over K. Let extSx~ denote the set of all extreme points of Sx-,
where Sx+ is the unit sphere in X*.

For every x € X we put

E(x) = {f € extSx« : f(x) = [|x[|}. 1)

By the Hahn - Banach and the Krein - Milman Theorems, E(x) # @.
Letfor Y C X,
Py(x) ={y e Y:|x—y| =dist(x,Y)}.

A linear subspace Y C X is called a Chebyshev subspace if for every x € X
the set Py(x) contains one and only one element.
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Theorem 1 (see [3]) Assume X is a normed space, Y C X is a linear subspace,
and let x € X\Y. Then yo € Py(x) if and only if for every y € Y there exists
f € E(x —yp) with Rf(y) <0.

Definition (seee. g. [8]) Anelement yy € Y is called a strongly unique best
approximation for x € X if there exists v > 0 such that for every y € Y,

lx =yl = llx = yoll +rlly = woll

The biggest constant r satisfying the above inequality is called a strong unic-
ity constant. There exist two main applications of a strong unicity constant: the
error estimate of the Remez algorithm (see e. g. [13]), the Lipschitz continuity
of the best approximation mapping at xy (assuming that there exists a strongly
unique best approximation to xq) (see e. g. [5, 9, 11]).

Theorem 2 (see [17]) Let x € X\ 'Y and let Y be a linear subspace of X. Then
Yo € Y is a strongly unique best approximation for x with a constant r > 0 if and only
if forevery y € Y thereexists f € E(x —yo) with Rf (y) < —r|ly||.

Recall that a k - dimensional subspace V of a normed space X is called an
interpolating subspace if for any linearly independent f, f», ..., fx € extSx» and
for every v € V the following holds:

if fi(v)=0, i=12,.,k then v=0.

Every interpolating subspace is a finite dimensional Chebyshev subspace. If
VY C X is an interpolating subspace then every x € X has a strongly unique
best approximation in V (see [2]).

In this paper we consider X = K(cp, co) (the space of all compact operators
from cy to ¢y equipped with the operator norm). Here cy denotes the space of all
real sequences convergent to zero. For any x = (x;) € cp we put

[E4IPS = sup | x|

In [8, Theorem 3.1] it has been proved that if V C K(cp,co) is a finite-

dimensional Chebyshev subspace then every A € K(c, ¢p) has a strongly unique
best approximation in V.
However, in [8] no example of a non-interpolating Chebyshev subspace has been
proposed. If it were true that any finite-dimensional Chebyshev subspace of
K(co,co) is an interpolating subspace we would have obtained the proof of The-
orem 3.1, [8] immediately (see [2] for more details).

The aim of this paper is to show that for every k < co there exists a k-dimensional
non-interpolating Chebyshev subspace of K(co, o).

This result is quite different from the result obtained in [7]. In the space L(I{,co)
any finite-dimensional Chebyshev subspace is an interpolating subspace.

Additionally, we discuss the strong unicity of best approximation in some (not
necessarily Chebyshev) subspaces of K(co, cp).
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2 k-dimensional Chebyshev subspaces of K(cy, cp)

Let A € K(co,co) be represented by a matrix [a;j]; jen. Note that
(a;j)i2q € co for every j € IN.

Since each row of a matrix [ai]']i,]-eN corresponds to a linear functional on ¢y,
(aij)72: € I' forevery i € N.

Moreover, by the Schur Theorem (see [6])

hm(z | ai]- |) =0.
j=1

i—o00 i

Recall (see[4]) that extSy- (¢, q,) consists of functionals of the form e; ® x, where
X € extS;» and

(6@ x)(A) = Y a5 @
j=1

It is easy to see that

o
|All =sup Y |aj |-
i>1 j=1

Remark 1 Let X be a Banach space and let V' be a finite-dimensional subspace
with Vq,V,, ..., Vi as a basis.
V is an interpolating subspace if and only if for any linearly independent f1, fo, ..., fx €
extSx» the determinant of [f;(V;)];j=12,..x is not equal to zero.

Proof. = We apply the definition of a k - dimensional interpolating subspace
and the theory of linear equations. This completes the proof. n

In the sequel, we denote by lin{Vy, V,, ..., Vi} the k-dimensional subspace of
K(co,co) with V4, V3, ..., Vi as a basis.

Example1 Let V = [v;j]; jen, where vy = %, v;j=0, i,jeN, j>2.
It is obvious that V = lin{V} is a one-dimensional interpolating subspace of

,C(Co,Co).

Theorem3 Let V = lin{Vl, Vz,..., Vn}. Let Vm = [(Um)ij]i,jelN/ m = 1, 2, e, N
If V is a Chebyshev subspace then

) oo fi(Va)
L o o

F) - (Vi)
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forany fi,.., fu € extS,C*(CO,CO) such that f, = e; ® xim m = 1,2,.. n, where

im 7 iy for m # k.

Proof. Assume (3) does not hold. Therefore there exist f1, ..., fu € extSicx (¢ o)/
fm =€, @xm, m=12,.,n, where iy # iy for m # k such that detD = 0,

where _ -
) oo fi(Ve)

A . fu(V) |

Since detD = detD7, there exists v = (y1,Y2, ..., yu) # 0 such that DTy = 0.

Consequently,
n

Zymfm’)}:o- 4)

m=1

Since y # 0, replacing f, by —fu if necessary, we may assume y, > 0 for

m=1,2,..,n and
n

Zymzl.

m=1

Set C={1€{1,2,..,n} : yy >0}
Fix (dj)jen with the following properties:

di>0, jeN and Zidj:l'
]:

Define A = [aipj]ip,jeN € ,C(CO/ CO) bY

Lll'p]':O for pgéC, jEN,
aipj:dj~sgnxip(j) for peC, jeNN.

Note that ||A|| =1 and
E(A) ={fp : peC}.
By (4) and Theorem 1, 0 € Py (A).

Since detD = 0, there exists x = (x1, X2, ..., X;) # 0 such that Dx = 0.
Put

n
V=23 xuVu
m=1

Note that V #0 and f,(V) =0, m=1,2,..,n.
By Theorem 2, 0 is not a strongly unique best approximation for A in V. By
[8,Theorem 3.1], V is not a Chebyshev subspace and the proof is complete. n
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Theorem4 Let V =1in{V}, V € K(cp,c9), V #0.
V is a Chebyshev subspace if and only if V is an interpolating subspace.

Proof.  The classical work here is [12]. In I', the one-dimensional subspace
lin{v} is Chebyshev iff for every x € extS;~ the following holds

Y x(j)oj) # 0.
=1

Note that for any x € ¢y we obtain V(x) = [f1(x), f2(x),...], where the function-
als f; correspond to elements of I'.

It is obvious that if for any j, lin{f;} is not a Chebyshev subspace of I', then
lin{V'} is not a Chebyshev subspace of K(cy, cp).

This proves the theorem. m

Note that by a result of Malbrock (see [10] , Theorem 3.3) each one-dimensional
subspace V = lin{V'} C L(cp,cp) is a Chebyshev subspace iff there exists § > 0
such that

(ee]

| Y x(j)vij | > 6,

j=1
where | x(j) | = 1, j € N.

Corollary  Let V C K(co,co) be a one-dimensional Chebyshev subspace. Every
operator A € K(co,co) has a strongly unique best approximation in ).

Proof.  Obvious. For more details we refer the reader to [2]. [ |

It is clear that (3) is satisfied for any n-dimensional interpolating subspace.
However, (3) is not sufficient for an n-dimensional (n > 2) subspace to be Cheby-
shev.

Example2 Let V = 1in{Vy, V,}, where

10 10
20 ... 30
Vi=| 10 ..., Va=|350

Note that V satisfies (3). We claim that )V is a non-Chebyshev subspace.
Indeed, define A = [a;i]; jen by

a;p =100, a; =0 foreach (i,j) #(1,2), i,jeN.
It follows that
—&1 — K2 100 0O
—%ocl — %ocz 0 .
A— (V1 +apVp) = —%al — %«xz 0 . . .|, a,xmeR.
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Hence

HAH = ||A — (6OOV1 — 600V2)|| =100 = inf]R ||A — ([lel + 0£2V2)H.

®1,K €

Theorem 5 Let Vi, V3, ...,V be given by

00 T
00 v 0
00 v3j 0

v = :

where vj; #0 foreach i€ N, j¢€ {1,2,..,n} and

limv;; =0 foreach je€{1,2,..,n}.
1— 00
The following statements are equivalent:
(i) For every choice of distinct jy,...,Jx from {1,2,..,n}, V(ji, ... jk) =
lin{Vj,, ..., V. } is a Chebyshev subspace of K(co,co),
(ii) V1<k<mn, Vi<ji<p<..<j<n,
V1 <1 <ip < ... <1y,
Vxu €R | xp|=1,m, 1=1,2,..k

det[ X0, lm=12,.k 1=12,.k 7 0.

Proof.  First, we assume that (ii) holds.
If k=1 then V(j1) is an interpolating subspace for every j; € {1,2,...,n}.
Let 1 < k < n and assume that for any ji,...,.jx € {1,2,..,1n},jp # jo P # 49,
Vi :=V(j1, ..., jx) is a Chebyshev subspace.
Suppose that there exist 1 < j; < jo < ... < jk < jx+1 < n such that

Vi1 = VY1, e Jio k1)

is a non-Chebyshev subspace. Without loss of generality we can assume that for
any k+1¢€{1,2,..,n}, ju=m, m=1,2,.., k+ 1. This means precisely that
Vin = [(Vi)ijlijen, where

(V: )i Oifis j=m

for ie N, me{1,2,..,kk+1}.
Since V41 is a non-Chebyshev subspace, there exists A = [a;]; jen € K(co, co)
such that § Py, (A) > 1. We can assume that 0, W € Py, (A), where W # 0.
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Let U = {i: |le;o Al| = ||A||}. Since A € K(co,c0), #U < oo.
For every i € U we put

E;={x €extS~= : (e;@x)(A) = ||A]}.
Since 0, W € Py, ,,(A), we conclude that for all i €/ and x € E;
(e; @ x)(W) > 0.

Let
Uy={ield :IxeE : (,®x)(W)=0}.

Since 0 € Py, ,,(A), U #@.
We will prove that for any i € U4; and x,y € E; such that
(e; @ x)(W) = (e @y)(W) =0,
x()=y(l), 1=1,2,.,k+1

On the contrary, suppose that (6) does not hold. Let x, y € E; be such that

(e @x)(W) =0, (e®y)(W)=0,

and
x(I) #y(l) forsome 1€{1,2,..k+1}.

Without loss of generality we can assume

x(j)=y(j) for j=12,..,p, p<k+1

and
x(j)=—y() for j=p+1, p+2,.,k+1
Hence
p . k+1 '
Y x(j)wij =0, Y. x(j)w = 0.
j=1 j=p+1
As
x(j)=—y(j) for j=p+1, p+2,.,k+1
we obtain
aj=0 for j=p+1p+2,..,k+1
By (5),
k
Y. x(Pwij—x(k+1wigp1 >0
j=p+1

k
Y —x(f)wi; +x(k+1)wipyq > 0.
j=p+1

813

(5)

(6)

(7)
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Therefore )

Y x(fwi = x(k+1)wipy1-
j=p+1

By (7), x(k+ 1)w; 1 = 0. Consequently, w;j.1 = 0. Hence W € V.
Since 0 € V; and V) is a Chebyshev subspace, (6) is proved.
We will show that there exists ag > 0 such that for every a € (0, ay],

E(A—aW) ={ei@x : iclh, (@x)(W) =0, (e;@x)(A) = [|A[[}. (8)
We first prove that

sup{f(A) : f=e®x,icl : f(W) <0} <
||A|| —2min{| aij | 1 EeEU, ] € {1,2,...,71}, ajj 75 0}, (9)

where A = [al‘]‘]i’]‘eN.
Letiel, f=e®x, f(W)<O0.Hence thereexists jo € {1,2,...,n} satisfy-
ing

x(jo) 75 sgn(aijo) for Lll']'o 7§ 0.

Now, we will show

f(A) =) x(j)ay < |Al =2 aij, | <
=1
||A|| —2min{| ajj | T EU, ] =1,2,..n, | ajj |7é 0},

and (9) is proved.
We conclude from (9) that there exist a9 > 0, b > 0 such that for every
a € (0,a0],

f(A—aW) <b <A,

where f € extSi« (¢ ), f(W) <O.
Assume «( is so small that

sup |lej o (A —agW)|| < [l Al.
ieN\U

Consequently, if f € E(A —agW) then f =e¢; ® x, where i € Uy and f(W) = 0.
Since
|A = aoW|| = [|A]| = dist(A, Vii1),

(8) is proved.
Since agW € Py, ,,(A), we conclude (see [16]) that

31 <g<k+2, FM, e Ag >0, Y Am=1
m=1
such that ]
Y Amles, @ x™)|y,., =0, (10)

m=1
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where (¢;, @ xm)(A —agW) = ||A — agW]||.
Let g be the smallest number having property (10). By (6), i; # i forj #1,j, | €
{1,2,...,q}. If g =k+ 2 then (see [18]) agW is the strongly unique best approxi-
mation for A in V.1, a contradiction.
Suppose that 1 < g < k + 1. This contradicts (ii).

Let us assume that Vy is a Chebyshev subspace of K(co,cp) for every 1 <
k < n. Suppose that (ii) is false.
Consequently, there exist

1<k<n, I<h<p<.<j<n
1 < <ip<..<i,
X €ER | xpy |=1,m 1=1,2,..k
satisfying
det[ Xy, m=12,...k, 1=1,2,..k = 0

It follows that there exist
k
M, Ak ER, Y. [ Aw[>0
m=1

such that ;
D Am(es, © )y, =0, (11)
m=1

where xn = (xn(1),x(2),...), x(1) = x.

Without loss of generality we can assume

k
A >0, m=1,2,.,k, Am=1.

m=1

We define an operator B = [b;]; jen by

senx’(j ) .. .
bij = 8 > (]), i€ {iy, i, .. i},

bij=0, i¢{iiy. i}, jEN.
Hence (e;, ® x')(B) = ||B||, m =1,2,..,k. By (11), 0 € Py, (B) and
dim span{e; ® x|V} <k,
where dim)V, = k. Therefore there exists V € V; \ {0} such that
(e;, @x™) (V) =0, m=1,2,..,k

Note that (see the proof of the formula (9))

sup{f(B) : f=e;, ®x, m=1,2,..k f(V) <0} <
||B|| —min{| sz | = il,iz,...,ik, ] = 1,2,...,71}.
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Hence there exist a9 > 0, b > 0 such that

f(B — 0£0V) <b< ||BH, f c eXtSK*(CO,CO), f(V) <0.
Consequently, ||B —agV|| = ||B||, a contradiction.
The proof is complete. m

Example 3 We will construct an n - dimensional Chebyshev subspace
V C K(co,c0)- Let 0 < t; < tp < ... < t,_1 be such that
1

lim —tl =0, m=1,2,..,n—1.
isoo 20

Define Vi = [(vm)ijlijen by

(O )im 21 b, (on)ij=0, i€N, j#m.
Hence V,,, € K(co,co) forevery m=1,2,..,n—1.

Let V,—1:=1in{V4, V,,..,V,_1} satisfy the formula (ii) forevery 1 <k <n —1.
We will construct an operator V;, € K(cg,cg) such that

Vy :=lin{V;, Vy, ..., V;_1, V;, } satisfies the formula (ii) for every 1 <k < n.

Our goal is to find x € R such that

lim — i = 0 (12)

i—o00 21

and

1 k : -
W(x, v, ., Y, i1, ey g, M, ) 1=

11 k—1 1 ll i
yl i1 tml SRS 21 mk 1 yl 211 xt
# 0, (13)
ik k—11 1k
yk ik tTi’l1 o yk ik mk 1 yk zlk

where k € {1,2,..,n}, iy,is .., ix €N, y,..,y* € {-1,1}, my,mo, .., m_q €

{1,2,..,n — 1}. Since W(x,y!,..., yk, i1, ..., ig, M1, ...M_1) is not totally equal to

zero, we conclude that the set of roots of W(x,yl,...,yk, i1, ooy ig, M1, . M_q) IS

finite for arbitrary but f1xed y ,. ,y , 1,y lf, MY, 1.

Therefore for all y , . ,y , 11,...,1x, mq,..mr_1 as above, the set of roots of
W(x, y ,. ,y 11, ey Bg, M1, .. mk_l) is countable. Since R is not countable we see

that there exists x € R satisfying (12) and (13).

Remark 2  An n-dimensional Chebyshev subspace proposed in Example 3 is a non-
interpolating subspace of K(co, co).

Proof.  Let us assume that V, = lin{V4,V;,.., V;;} is an n-dimensional Cheby-
shev subspace, where V;;,, m =1,2,...,n are defined in Example 3.



The unicity of best approximation in a space of compact operators 817

Put V = %Vl - %Vz. Note that V # 0 and vij =0, j=>3, i€, where
V = [vjj]; jen-

It is obvious that there exist x!,x?, ..., x" € extS;~ such that x™(1) = x™(2) =
1, m=1,2,.,n and f,:=e ®x", m=1,2,..,n are linearly independent.
Note that

This completes the proof. n

Lemma Let X bea normed space and let V be a finite-dimensional subspace of
X.Let T € X.If 0 € Py(T) and 0 is not a strongly unique best approximation for T
in V then

Jvey, V£0 : VfeET) f(V)=>o.

Proof.  Let us assume that
VveV, V#0, If€ET) : f(V)<O.
Setforany VeV, |V| =1,
—ry =inf{f(V) : f € E(T)},
—r=sup{-ry : VeV, ||[V]=1}

We show that r > 0.

If not, there exists (V,) C Sy such that —ry, > —1. Since V is
a finite-dimensional subspace, we may assume that V;, -+ V € Sy. Take f €
E(T), f(V) < 0. Hence for n > ny there exists d > 0 such that

<y, < fV) < f(V) <0,

a contradiction. Therefore

VveV, V#0, JfeET) f(ﬁ)<—r.

By the above,
VVeV, V#0, IfeET) : f(V)<-—r|V].

Hence 0 is a strongly unique best approximation for T, a contradiction. This
proves the lemma. n

Theorem 6 Let V C K(co,co) be an n - dimensional subspace such that
vveV, VieN ﬂ{].ENZUZ']'#O}<OO,

where V = [vjj]; ien and let T € K(co, co)-
T has a unique best approximation in V if and only if T has a strongly unique best ap-
proximation in V.
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Proof. ~ Let us assume that 0 is the unique best approximation for T in V.
Suppose that 0 is not a strongly unique best approximation.
Hence (see Lemma)

AVeEY, V40 : VYfeET) f(V)>0,

where f =¢; ® x' for some x' € extS;~.
Put ’ '
N={ieN :3x' €extS~ : e;@x" € E(T)}.

Since T is compact, we conclude that § N < co.
For every i € N' we set

Ei = {x' € extSe : (e; @ x)(T) = ||T||}.
Let i € N\ V. Hence there exists b > 0 such that
(e;@x)(T) <b<|T|, x€ extS.
Consequently, there exists g > 0 such that for every « € (0, ag],
| (e; @ x)(T —aV) |< b.

Therefore
sup | (e;@x)(T —aV)|<b<|T].
iEN\WN

Let i € N and let x' ¢ E,. From this we conclude that there exists jo € N such
that

sgnxi(jo) # sgn(ti]'o), tij, # 0,
where T = [tij]i,jGIN'
Set ]:{jEN : Ui]'#()}.
If sgnx'(j) = sgn(t;;) forany j € J, then there exists y' € E; such that
@y )(T) =TI,  (a@y)(V)=(g@x)(V).
By the above,
(e @x') (T —aV) < T — (e @ y')(«V) < |T.

Let sgnx’(jo) # sgn(tjj,) for some jy € J, where t;j; # 0.Since ] is finite, there
exists a9 > 0 such that

||1XOV|| < min{| ti]' | : jE I, ti]' 75 0}.
Let « € (0,a0]. Hence
(e; @ x') (T —aV) = Y x'(j) (tij — wvyj) + Y_x'(j) (t;; — awyj) <
j€l J€]
Yoltijl =20t [ +) [t | +al|V] =
j€] j&]
[T +al[VI[ =2 ti, [ < [T
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Finally,
IT —aV] = (T —aV),

where f=e;®x, i€ N, x' €E,.
Hence
IT —aV| = f(T —aV) <[T].

The proof is complete. n
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