A topological vector space is Fréchet-Urysohn if
and only if it has bounded tightness
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Abstract

We prove that a topological vector space E is Fréchet-Urysohn if and only
if it has a bounded tightness, i.e. for any subset A of E and each point x in
the closure of A there exists a bounded subset of A whose closure contains x.
This answers a question of Nyikos on C,(X) (personal communication). We
also raise two related questions for topological groups.

1 Preliminaries and theorem

The Fréchet-Urysohn property has been intensively studied in both topology and
functional analysis, see [9] and [12]. A topological space X is Fréchet-Urysohn if
for every subset A of X and every x € A (the closure of A in X) there exists
a sequence in A which converges to x. Examples of such spaces are metrizable
spaces and one point compactifications of discrete spaces. Countable tightness
of X is a natural generalization of the Fréchet-Urysohn property: X has countable
tightness if for every subset A of X and every x € A there exists a countable subset
B of A with x € B, cf. [1].
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Pytkeev [13] and independently Gerlits [7], see also [1] and [10], proved that,
for a completely regular Hausdorff space X the space C,(X) of continuous real-
valued functions on X is Fréchet-Urysohn if and only if C,(X) is sequential iff
Cp(X) is a k-space. In general these three properties are different. As an instance,
the space (¢) with countably infinite dimension endowed with its strongest lo-
cally convex topology is sequential, therefore a k-space, yet not Fréchet-Urysohn
[12]. The space C,([0, 1]) is an example of a space with countable tightness which
is not sequential, hence not Fréchet-Urysohn [1, I1.1.4, I1.3.5]. For compact X the
Cp(X) is Fréchet-Urysohn iff X is scattered, cf. [1, IIL.1.2] and [11] (see also [4] for
recent improvements of this result). More generally, C,(X) is Fréchet-Urysohn
if and only if X is an w-space (defined later, also see [10]). C,(X)N is Fréchet-
Urysohn for Fréchet-Urysohn C,(X) [1, 11.3.2], but there exist Fréchet-Urysohn
spaces Cp(X) and C,(Y) whose product does not even have countable tightness
[14, Theorem 7].

There is another interesting tightness-type condition formally weaker than the
Fréchet-Urysohn property.

Let E be a (Hausdorff) topological vector space (tvs). If for every subset A
of Eand x € A C E there is a bounded set B C A such that x € B, then E
is said to have bounded tightness, see [3] and [6]. Recall that a subset of a tvs
E is called bounded if it is absorbed by each neighborhood of zero in E. In [6,
Corollary 1] it is shown that if a locally convex space E has bounded tightness
then E is bornological, and this fact has been used in [6, Theorem] to show that
every locally convex space in class & introduced in [2] has bounded tightness
if and only if it is metrizable. Especially interesting seems to be the following
question posed by Nyikos (personal communication):

Are the bounded tightness and Fréchet-Urysohn properties equivalent for
spaces Cp (X)?

The affirmative answer of the theorem is also motivated by the partial positive
results in [3, 5, 6].

Theorem 1. For a tvs E the following assertions are equivalent:

(1) E is Fréchet-Urysohn.

(2) For every subset A of E such that 0 € A there exists a bounded subset B of A such
that 0 € B.

(3) For any sequence (A, ),, of subsets of E, each with 0 € A,,, there exists a sequence
B, C Ay, n € IN, such that | J,, By, is bounded and 0 € |J,,<j By for each n € IN.

The authors wishes to thank the referee for his/her valuable comments which
led to the final form of the paper.

2 The proof and some observations and questions

Clearly (1) implies (2). Now assume (2). It is obvious that (3) holds if 0 € A,
for infinitely many n. Therefore, we assume that 0 € A,\A,, for each n € N.

Consequently, there exists a null sequence (x,,), in E\{0}. For each n € IN there
exists a closed neighbourhood U, of zero such that 0 ¢ U, + x,. Let each C;, =
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U, N Ay. Clearly 0 is in each C_,,\Cn and not in the set
A= Un (Cp+ xn)

However, 0 € A: For U, an open neighborhood of 0, there exist k € IN with
xx € U and, V, a neighborhood of 0 with V + x; C U. As thereisy € V N Cy we
also have y + x, € UN A. Thus 0 € A\ A.

By hypothesis, there is B C A with B bounded and 0 € B. There exists subsets
B, C C, = U, N A, such that

B={]J (Bu+xn).

By construction, 0 does not belong to the closed sets

U, U+ x).

Therefore 0 is not in any Uy, (Bx + x¢)- This and 0 € B imply that

0e Unﬁk (Bk + xk),

for eachn € IN.
Let W and V be any balanced neighborhoods of 0with V —V C W. Fixn € IN.
There exists m > n, in IN, such that x; € V for all k > m. From

0e Umgk (Bk + xk),

it follows that there exist k > m and y € By with y +x, € V. From
yeV—-—x C V-V CW, wesee, for each n € IN, the set W meets |J,, By.
As any neighborhood of 0 contains W and V as above, 0 is in the closure of each
U<k Bk- Note also that |J,, B, is bounded. Indeed, as

B={J, (Bu+xn)

and C = {x,, : m € IN} are bounded and since

Uan CUn(Bn+xn)_{xm:mEN}:B_C,

then (J,, By, is also bounded too. We have proved that (2) implies (3).

(3) implies (1): Assume that 0 € A, and set A, := nA, for each n € IN. Since
0 is in each Ay, there exist B, C Ay, , as in (3). So each |J,< B is nonempty,
and, consequently, there exists a strictly increasing sequence (1), in N with By,
nonempty. For each k, let y;, € B;,. There exists a sequence (), in A such that
Vi = nxay for each k € IN. Since (ny), is strictly increasing and (vx), = (nxax) is
bounded, the sequence (a;), in A converges to zero in E. The proof is complete.
O

Gerlits-Nagy, McCoy and Pytkeev, see [7, 8, 10, 13], proved independently that
for a completely regular Hausdorff space X the space C,(X) is Fréchet-Urysohn
iff X is an w-space. Recall [10, p. 58 and Theorem 4.7.4] that a space X is an
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w-space if every open w-cover of X (i.e., a cover { of open subsets of X such
that every finite subset of X is contained in some element of {{) contains an w-
sequence (Uy,), (i.e., such that every finite subset F of X is eventually in the terms
of the sequence). Therefore C,(X) is not Fréchet-Urysohn iff there exists an open
w-cover i such that () each sequence in i frequently misses some point(s) of
some fixed finite subset of X. To see this we can also apply (3): Assume il satisfies
condition (}). For each nonempty finite set F C X, choose Ur € i containing F
and fr € Cp(X) satisfying ﬁ < fr <1, frlF] = {ﬁ}, and fp[X\Ufr] = {1}.
With each A, = {|F| - fr : finite F C X, |F| > n}, 0 isin each A, \ A,. For any
sequence (F,), of nonempty finite sets with corresponding U, = Uf, € i and
fn = fr, € Cp(X), there is a finite set F C X and a subsequence (1), of N with
all F\U,, # @, so that each

|Fnk’ S ’Fﬂk| 'f”k[P\Uﬂk]'

Thus, for unbounded (|Fy, |)x one gets that {|F;, | - fu, }x C {|Fa| - fuln C Cp(X)
is unbounded as it is so on the finite set F. Using (3) with B, C A, and each
U<k Bx accumulating at zero, we see that each sequence f, € U, ~x By is not
bounded. By Theorem 1 C,(X) is not Fréchet-Urysohn. Also this C,(X) does
not have bounded tightness, because if A := J,, A,, clearly 0 € A\ A and if B
is a subset of A accumulating at zero then each sequence f, € BN (U, <k Ax) is
unbounded.

In as much as the concept of boundedness for a tvs may be defined strictly
in terms of its additive group structure, it now appears that such boundedness
may be a concept model for obtaining the Fréchet-Urysohn property for some
topological groups. Of course, this is possible for many subgroups of the additive
group of a tvs. We end with two variant questions raised by this. Suppose G is
a topological group and P is a property of subsets of G. By P-tightness for G we
mean that for all A C G and all x € A there is B C A satisfying property P with
x € B. (1) What P-tightness properties ensure that G is Fréchet-Urysohn? And,
more specifically, (2) what boundedness properties for topological groups satisfy
the equivalences of the above theorem?
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