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Abstract

In this paper we investigate connections between the class of Cohen strongly
summing multilinear operators and other classes of multilinear mappings,
such as multiple summing and strongly summing mappings (in the sense of
Dimant). As a consequence of our results, we show that if Y is a £,«-space
and Xj, ..., X;,, are Ly-spaces (1 < p < coand 1/p +1/p* = 1), then every
multiple p*-summing m-linear operator is strongly p*-summing.

Introduction

The concept of absolutely summing linear operators goes back to Grothendieck
in the 1950s, but just in 1967 and 1968, the classical works of Pietsch [15] and Lin-
denstrauss and Pelczynski [7] clarified Grothendieck’s precious ideas and con-
tributed decisively to the vigorous development of the theory. Since Pietsch’s
paper [16] , several generalizations of absolutely summing operators to the mul-
tilinear setting have been investigated. For example, we can mention the classes
of multiple summing -also called fully summing - and strongly summing multi-
linear mappings. The class of multiple summing mappings was firstly vaguely
sketched by Ramanujan and Schock [17] , and introduced independently by Matos
[8] and Bombal, Pérez-Garcia and Villanueva [2, 14] , and exhaustively explored
in the recent years (we mention, for example, [9, 11, 13, 18] ). The class of strongly
summing multilinear operators was introduced by Dimant in [6]. In this paper
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we will be interested in connections between the classes of multiple summing,
strongly summing and Cohen strongly summing multilinear operators (this last
class was introduced by Achour and the first named author in [1] ).

The main goal of this paper is to translate, to the multilinear case, some results
obtained by Cohen in [5] for linear operators. As a consequence of our multilinear
results, we obtain a nice connection between the classes of multiple summing and
strongly summing multilinear operators (in the sense of Dimant). Precisely, our
main result states that if Y is a £,+-space and X, ..., Xy, are L,- spaces (1 < p <
0), then every multiple p*-summing m-linear operator is strongly p*-summing,
where p* is the conjugate of p. For other recent papers comparing different classes
of multilinear mappings related to summability, we refer to [3, 4, 12].

This paper is organized as follows.

In section 1, we recall some notion and properties concerning Banach spaces
and £, -spaces.

In section 2, motived by the work of Cohen, we establish the relation between
Cohen strongly m-linear and multiple p-summing m-linear operators acting on
Ly-spaces.

Section 3 and final section, contains the relationship between a multilinear
operator T and its adjoint T* for certain classes of summability. As consequence,
we compare the notion of Cohen strongly p-summing m-linear operators with
the concept of strongly p-summing m-linear operators, when the space Y* is an
L,-space. We end this section and the paper by announcing our main result.

1 Notation and preliminaries
We shall begin this section by recalling briefly some basic notations and terminol-

ogy. Let X be a Banach space, then By is its closed unit ball and X* its (topolog-
ical) dual. Consider 1 < p < oo. We denote by I, (X) (resp. I; (X)) the Banach

space of all sequences (x;) in X with the norm
o0 1
1)l ) = (ENxil]P) 7 < oo
1
n 1
(resp. H(xi)1§i§nHz;;(x) - @“xin)p)

and by I/ (X) (resp. I (X)) the Banach space of all sequences (x;) in X with the
norm

s 1
1ol (x) = sup (X[ {xi, x%)[P)7 < oo
X*eBx* 1

==

(resp. || (xnllyg o) = sup (%] (x;,x%)[7)P).

X*eBx* 1

Let1 < p < oo and let A > 1. A Banach space X is said to be an £, )-
space if, every finite dimensional subspace E C X is contained in a finite dimen-
sional subspace F C X for which there is an isomorphism u : F — ZglmF with

Ju| ||u=t|| < A. We say that X is an £,-space if it is an £, ,-space for some A > 1.
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Let now m € IN and let Xy, ..., X;;, Y be Banach spaces over K (K = R or C).
We will denote by £ (X1, ..., X;u; Y) the space of all continuous m-linear operators
from X1 X ... x X into Y. If Y = K, we write £ (X3, ..., Xin). Inthe case X1 = ... =
Xm = X, we will simply write £ ("X;Y).

We shall finish this section by announcing the definition of multilinear opera-
tors of finite type, as stated in [8].

Definition 1.1 [8]. An m-linear operator T € L(X7, ..., Xm; Y) is said to be of finite
type if it is generated by the mappings of the form

Ty®]m:1x;f =X ®.0x,y: (xl, s xm> — X3 (x1> X (MY (1)
for some non-zero xjeXi(<j<mandycy.

The vector space of all m-linear operators of finite type is noted by £ f(Xl, e X3 Y).

2 Multilinear operators on L, ,-spaces

The goal of this section is to study the relationship between the classes of Co-
hen strongly p-summing and multiple p-summing multilinear operators acting
on L,-spaces. We prove that the Banach space IT7. (X1, ey Xm; Y) of all mul-
tiple p*-summing m-linear operators from X; x ... X X;; into Y is included in
Dy (X4, ..., Xm; Y), the space of all Cohen strongly p-summing m-linear operators,
where X; (1 <j < m)isan Ly-space and Y is a Banach space.

The following class of multilinear operators was introduced in [1] as an exten-
sion of the strongly p-summing operators introduced by Cohen in [5]. But for the
convenience of the reader we start by recalling the linear case.

A linear operator T between two Banach spaces X, Y is strongly p-summing
for (1 < p < o0)if thereis a positive constant C such that foralln € IN, xq, ..., x,, €
Xandyj,.., v, € Y", wehave

| (T @) yiDhziza], < SN ge) sp 11F @) iy - 2.1)

Iy yEBy
The smallest constant C which is noted by d,(u), such that the inequality (2.1)
holds, is called the strongly p-summing norm on the space D, (X, Y) of all strongly

p-summing linear operators from X into Y, which is a Banach space. We have
Di1(X,Y) = B(X,Y).

Definition 2.1 [1]. Let 1 < p < oo. An m-linear operator T : X1 X ... X Xjy — Y
(Xj, Y are arbitrary Banach spaces and m € IN*) is Cohen strongly p-summing if, and

only if, there is a constant C > 0 such that for any x]1, . xi, € X, (j=1,...,m)and any
Vi, Yy €Y', we have

(7 () )

<C(L 1

n x{
I i=1j=1

P \
X‘)”SUP i W)y, - (2.2)
] ]/EBy 4
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The class of all Cohen strongly p-summing m-linear operators from X; x ... X
X,y into Y, which is denoted by me (X1, ..., Xm; Y) is a Banach space with the norm

dy(T) which is the smallest constant C such that the inequality (2.2) holds.
For p = o0, (2.2) becomes

ICT () 1 97))

The following characterization can be found in [1, Theorem 2.4].

m
lnngup I1

1<i<n

X} X) sup || (y; (v)
yeBy

j=1 j

Theorem 2.2. An m-linear operator T € L(Xj,...,Xm;Y) is Cohen strongly p-
summing (1 < p < oo) if, and only if, there exists a positive constant C > 0 and
Radon probability measure y on By+ such that for all (x!,...,x™) € X1 X ... x X, and
y* € Y*, we have

(T () )

Moreover, in this case
dy(T) = inf{C > 0 : for all C verifying the inequality (2.3)} .

1

< cft ] (... bGP a7 @3

Before stating another definition, let us remark that the inequality (2.3) is
equivalent to: for every x/ € By, (1 < j < m) and every y* € Y* we have

(T (xhed™) )| < €U 0 G dply™ )P @4

Definition 2.3 [2, 14]. An m-linear operator T : X1 X ... X Xy, — Y is multiple
p-summing (1 < p < 00), if there is a constant C > 0 such that for any x]l, . xi,j € X;

(j=1,...,m), we have
m Ny
( ’ Z>H s H (x{’>:]—1 K

As usual IT}(Xy, ..., Xy; Y) will stand for the Banach space of all multiple p-
summing m-linear operators from Xj X ... X Xy, into Y with its norm 7ty (T) =
inf{C : C verifies (2.5)}.

1

Ny, ,NMim

(

i1 eyim=1

(2.5)

Proposition 2.4. Let rq,...,1,; € IN*and 1 < p < oo be given. Let T be a multi-
linear operator from I} x ... x Ij" into Y. Then, T belongs to H’;’*(l;}, o 1Y) and to
Dyl ., I Y) with

dy (T) < i (T).

Proof. Consider a multilinear operator T : [} X ... x [j" — Y. Itis clear that
T € L§(X1, ..., Xm; Y). Thus we have obviously that T belongs to I, (LY 1Y)

and to D;"(l:}, o 1Y), Letnow (ek ):}_ be the standard basis in l;j (1<j<m.
Since T is multiple p*-summing, we have
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Y1seeim w1
X T (e e 1)
Ky =1
m 7j P
< m (T)l—[ sup () x; (ekj> P
X l,,]' =1 k]:1
< e (T).

. . , . i
Let x]l, e xil be in l;] (1 <j < m) such that xf = Z af{j,iekj. Consider y7, ..., y;, in

k=1

Y*. We have

IN

71 1yeeesVm
1 m *
<T (akl,iekl, . akm,iekm) Y >
n 7"1/~~/rm

Y
< Y X | et 1T (e ren,) ¥E)

Z ‘<T 1’ o X yl >’
i=1kq,...km=1
i=1kq,...km=1

If 1 < p < oo, we have by Holder’s inequality (used twice)

’<T 1’ X )yz>}

=

N
I
—_

n T m ) po1 TMpedm P L*
< Z( Z ”kl,i'-'ale,i )7 ( Z }<T(ek1, ’ekm) 3/1> )"
i=1 ky,ehm=1 k1 oorfem=1
n m ., Y1eeeitm 1
< YTI|HC X KT (exymer,) v )7
i=1j=1 ki yekm=1
n m ]'P 1 Tlpdm P L*
< QCTT|x)PC X (T (exyrem,) |7 )77 sup || (vi (y
i—17j=1 ki, km 1 yEBy

IA

3

<3

5 -
::]§

[T [}=]7 sup 157 0

p*

-
I
=
—.
I
—_

This implies that d}; (T)

IN

ZKT LX) Y1)

n Y1yeestm

< swp sup )akl Al (0 2 T (o) 97))
1<1<n k1 l 1k1 km_l
T1et'm
< Yo T (k) D sup 1 W) iy
1<i<n j= led k1 Sm=1
< ., sup || (i (y
1<1<n °°y€

We obtain, d7 (T) < ntj* (T). This completes the proof. ]



6 L. Mezrag — K. Saadi

The following theorem is the principal result of this section.

Theorem 2.5. Fix m € IN*. Let 1 < p < oo and let X1 <j<m be an
Ly r-space. Then

I (X1, e X3 Y) © DY (Xt oo X Y) and dif (T) < 7% (T) A

Proof. Letn € ]N*,x]i, "y x{l bein X;and T € H’;’* (X1, s Xm; Y). Since Xjis an
L, 1-space, then there exists a finite dimensional subspace M; C X; which con-

tains the linear subspace spanned by x]1', . x{l and an invertible operator S; : Z;j —
M; (dim M; = r;) such that HS]H HS]._1 H < A. Consider the following diagram

X, %X X Iy
Ti T im T7
M; X..X My — I} ox.xonr

(S1,--,Sm)
T kl T km
span{x},..,xy} x..x span{x}, .. x"}

where ij and k; are the canonical inclusion mappings and the operator T is defined
by the equality T=T (10851, im © S ) . Since T € HZ& (X1, ..y Xm; Y), it follows

m
that 77 (T) < e (T) 1—{ I8 j | HZ]H . Therefore, using Proposition 2.4, we have
that T € Dyt (I}, .., Iy Y) and dyt (T) < 7 (T) < 7o (T)I‘{Hsju Tf we let
]:

‘ . ot .
zf = Sj 1x£ in lp’ and yj, ..., y; in Y*, we have

l@@u, >mr
- 1§‘1 <T 11, )>)
< d’;(T) 21]1 z] )% upH(}/z i,
1= j=
gyﬁmnwminz %wwzn
i=1 1—1]:1

Since z = S xl, we obtain

ﬁwwwwmm!

< miﬁwwégwmml

1 1] 1

p*

Therefore, T belongs to D;’f (X1, 0y Xm; Y) and
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which finishes the proof. ]

3 Comparison of Dy'(Xj, ..., X,; Y) and LE(X1, o X3 Y)

In [8], the adjoint of an m-linear operator is defined as follows: let X3, ..., X;, Y be
Banach spaces. If T € L(Xj, ..., Xm; Y), we define the adjoint of T by

T*: Y — L(X1, 000 Xm), v — T* (%) 1 X4 X o X Xy — K (3.1)

with T* (y*) (x1, ..., x™) = y* (T (x!,...,.x™)) (K =R or C). A natural question
is to study the connection between multilinear operators and their adjoints for
different classes of summability. If X, ..., X, are Lo-spaces, Y is an infinite-
dimensional Hilbert space and T € L(Xj, ..., Xim; Y), Pellegrino and Souza [10,
Theorem 2.4] have shown that if T* is almost summing, then T is absolutely (1, 2)-
summing multilinear operator. Here, we show that, T belongs to the class of Co-
hen strongly p-summing m-linear operators if, and only if, its adjoint T* belongs
to the class of absolutely p*-summing linear operators. On the other hand, if T*
is strongly p*-summing linear operator then T is strongly p-summing m-linear
operator. As consequence, if Y is a Banach space such that Y* is an £,-space

then, the space D;’? (X1, oy X3 Y) is included in /Lf* (X1, ..., Xm; Y), the space of all
strongly p*-summing m-linear operators, which we define below.

In the next result, we characterize the class of Cohen strongly m-linear oper-
ators by using the adjoint operator like that given by Cohen in the linear case

[5].

Theorem 3.1. Let1 < p < oo. Let T € L (Xq1,.., Xp;Y) and T* its adjoint.
Then T belongs to D;”(Xl,..., Xm; Y) if, and only if, T* belongs to 7, (Y*, L(Xq, ...,
Xm)) and we have dyf (T) = 7tp+ (T7).

Proof. Suppose that T € D}(Xq, ..., Xm; Y). By (2.3) we have

1

(T (b, ™), y*)| < dy (T HfoH (f 5. [y Y7 du(y*) P

for all x/ € X; (1 <j<m)andy* € Y*. Taking the supremum over all sequences

(xj)lg]ém with Hx]H < 1, we obtain
1
sup [T (y*) (x!, o, ™) | < dy (T) (f .. v Y|P du(y™))P .
(|2 |l <1
Then

1
17 ) < a2 (T) (f g, ™ GO duy™)) 7
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By Pietsch Domination Theorem, T* € mp« (Y*, L (Xy,...,X;n)) and we have
tp (T*) < dyy (T).
To prove the converse, suppose that T* € 7, (Y*, L (Xy, ..., Xin)). We have

(T (xd, ..., x™) 9 = T () (xjﬂ,...,xm)‘
< [T~ (}/*)HI—{WH'
Pl

Using Pietsch Domination Theorem for p*-summing linear operators, we obtain
(T (e x™)y) | < 7epe (T LTI (g, v )P dpy™)) 7"
j=1
Thus by (2.3) T is Cohen strongly p-summing and d) (T) < 71, (T*). ]

We also need the definition of strongly p-summing multilinear operators in-
troduced by Dimant in [6].

Definition 3.2 [6]. Let 1 < p < ocoand T € L (X1, ... Xu;Y). The operator T is
strongly p-summing if there exists a positive constant C such that for every x), ..., x), €

X; (j =1,...,m) we have
n
(X
i=1
The class of all strongly p-summing m-linear operators from X; x ... X Xj; into

Y, which is denoted by £f(Xj, ..., X;; Y) is a Banach space with the norm || T||
which is the smallest constant C such that the inequality (3.1) holds.

C sup (i ’QD (xil,..., x{”) ’P)%. (3.1)
PEBL(xy,.. Xm) 1=1

------

’T (x},...,xf"’) Hp)% <

ss,p

We add that, this definition does not coincide with Cohen’s concept for m = 1.
This kind of multilinear operators verify some analogous properties of those
in the linear case, in particular the Pietsch Domination Theorem.

Theorem 3.3 [6, Proposition 1.2]. Let T € L (X, ..., Xum; Y). The following asser-
tions are equivalent.
(i) The operator T is strongly p-summing.
(ii) There exist a regular probability measure p on (Bg(x, . x,) w") and a constant

C > 0 such that for every (x',..., x™) in Xy X ... X Xy, we have

|7 (x4, m)| < C(f s,

We have the following result.

N (xl, ...,xm> ’p du (CID))% (3.2)

,,,,, Xm)

Theorem 3.4. Let 1 < p < 0. If T € L(Xq,..., Xm;Y) is such that T is a
Cohen strongly p*-summing linear operator, then T is strongly p-summing multilinear
operator.

Proof. Suppose that T* is strongly p*-summing linear operator. We have by
(2.1)
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1

)% <dp (MY @ )P s (LI@)?

Let now x]1', x{l € X; (1 < j < m). We consider the linear operator T

Xiree X{ :
L(X1,.. Xm) = K defmed by

Ty, on (P) = @ (x}, .. xm).

We obtain

Z<T ™).y

S <T* () T1m>

i=1

< 4 (Ll

sup () [T, on(®)])?
deB j

1
*

— 4y (E) e ol

Taking the supremum over all sequences (y;),;, with ( Z Ik Hp <1, we

obtain

‘le

ZHT freer)|)

= sup {
i=1

(1 () )| Bl ) <1 }

n =
< dp (T%)  sup (Y |®(x}, ... x)|")P.
q)EBL(Xl =

[

Then, T is strongly p-summing and we have || T||, p < dpr (T*). n
Finally, if Y* is an £,-space we can give the following comparison between
the classes of Cohen strongly p-summing and strongly p-summing m-linear op-

erators.
Corollary 3.5. Let 1 < p < co. If Y* is an Ly-space then

DY (X1, oo Xi; Y) C L (X, ooey X Y).

Proof. Let T € D;”(Xl,..., Xm;Y). From Theorem 3.1, we know that T* is
p*-summing. Since Y* is an an L,-space, from [5, Theorem 3.2.3] we conclude
that T* is (Cohen) strongly p-summing. According to Theorem 3.4, we obtain
Tec Ll (Xi,.,XumY). n
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Our main result is the following corollary, that is a straightforward conse-
quence of Corollary 3.5 and Theorem 2.5.

Corollary 3.6. Let 1 < p < oo. Suppose that X; (1 < j < m) is an Ly-space and Y
is an Ly-space. Then

TU (X1, ooy X3 Y) © L2 (X1, X Y).

Acknowledgement. The authors are very grateful to an anonymous referee for
pointing out some mistakes in the previous version of this paper, and for a careful reading
that led to many improvements.
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