Optimal energy decay rate for Rayleigh beam
equation with dynamical boundary controls

Ali Wehbe*

Abstract

We consider a Rayleigh beam equation with two dynamical boundary con-
trols. First, by a multiplier method, we show that the smooth solution has
a polynomial energy decay rate. Next, using a spectrum method, we justify
that the polynomial energy decay rate is optimal.

1 Introduction and main result

In this paper, we consider the equation of Rayleigh beam, which is clamped at
one end and subjected to dynamical boundary controls at the other end :

Yt — VYzatt + Yzxzzx = 0, O<zx < 1, t > O,
y(ovt) = y:c(oat) =0, t >0, (1 1)
Yaa(1,8) +1(t) =0, t>0, '

where v > 0 is a physical constant, n, £ designate respectively the boundary feedback
controls.

In the case of static feedbacks: 7(t) = y.(1,t), £(t) = y¢(1,t) the stabilization
of the system (1.1) was well studied by Rao in [14]. In this work, we propose a
dynamical boundary force control £(¢) and a dynamical boundary moment control
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n(t) applied at the right end of the beam. The dynamical controls 7(t) and £(t) are
given by the following integral system :

Me(t) = yae(1,8) + () =0,
{ &(t) — ye(1,8) + £(t) = 0. (1.2)

The concept of dynamical controls has been introduced by the automaticians in the
finite dimensional case (see Francis [4]). In the infinite dimensional case, the concept
of dynamical controls is considered as indirect damping mechanisms proposed by
Russell [19].

Let y be a smooth solution of the system (1.1)-(1.2). We define the associated
energy E(t) by the following formula :

1( 1
B0 = 5 [ 62+ 02 sy b ) (13)
By a direct computation we have :
dE(t
% — () — €4(t) <0, Vit >0. (1.4)

Then the system (1.1)-(1.2) is dissipative in the sense that the energy E(t) is a
nonincreasing function of the time variable ¢.
Now, let

1
V={ye H'0,1) : y(0) =0}, Iyl = [ & +wdr,

1
W= {ye H0.1) ¢ y(0) = u(0) =0} [yl = [ vide
We define the energy space
H=WxVxRxR

endowed with the usual inner product. Let y be a smooth solution of the system
(1.1)-(1.2). We multiply the equation (1.1) by a function ¢ € W and integrate by
parts :

Now we define the linear operators A € L(W;W'), B € L(R; V), C € L(V, V') and
D € L(R; W) by the following way:

< Ay7¢ SWixW = (y7¢)W7 < Dn7¢ SWixW = 77¢x(1)7 v Y, ¢ € W7 n € Rv
<Cy, ¢ >vixy = (¥, 0)v, <BEod>viy = (1), Vy, o€V, E€R.

Then we can formulate the variational equation (1.5) as :
Cyy + Ay +Dn+ BE=0, in W'
Assume that Ay + Dn € V', then we obtain that :

Yy +C Y (Ay+Dn+BE) =0, in V.
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We next introduce the linear bounded operator B in ‘H and the linear unbounded
operator A as follows :

0\ " —z 4
-1
Bu — 0 C Au— C™'(Ay + Dn + BE) ’
n —2(1)
3 —2(1)

D(A) = {(y,z,n,g) €EH : z€ W and Ay—l—DnGV’}.

Setting u = (y, ¥4, 7, &), we rewrite (1.1)-(1.2) as a first-order system :
u+ (A+Bu=0, u(0)=muyeH. (1.6)

It is easy to prove that A is maximal monotone operator and B is monotone operator.
Then A + B generates a Cy semigroup S445(t) of contractions on the energy space
H (see Brezis [2]). Moreover, since A is skew adjoint and B is compact, then using
the compact perturbation theory of Russell [18] the system (1.1)-(1.2) is not be
uniformly stable (see Rao[14]). Moreover, using the decomposition theory of Sz-
Nagy-Foias and Foguel we can prove that the energy E(t) decreases asymptotically
to zero (see Benchimol [1]) for all uy € H.

In this paper, we will prove that for any ug € D(A) the energy of the system
(1.1)-(1.2) has a polynomial decay rate :

2M
Eit) < EO)—, Vt>0 1.7
1)< BO V1> (1.7
where M > 0, depending on uy € D(A). To this end, we employ a nonlinear
technique (see Rao [15]). Moreover we prove that the polynomial energy decay rate
(1.7) is optimal in the sense that for any € > 0 there exists u§ € D(.A) such that the
associated energy satisfies the estimate :

C
E*(t) > tlje, t — +00.

Our approach is based on the theory of Riesz basis and earlier results of Littman
and Markus [11] on the hybrid system.

To our knowledge, the estimate (1.7) and the optimality are new. In fact, there
were several works on the energy decay rate for smooth solutions of the wave equation
9], [10]. In [10] Lebeau and Robbiano considered the boundary stabilization for a
wave equation. In particular, it was shown that the energy has a decay rate just

1
like O d >0 for any wug € D(A). Moreover, in [12] Morgiil considered

the Euler-Bernoulli equation with two dynamical boundary controls : the dynamic
boundary moment control n(t) + dyy.:(1,t) and the dynamic boundary force control
€(t) + daye(1,t) where d; > 0 and dy > 0. The stability of system (1.1)-(1.2) was an
open problem in the case d; = dy = 0.

Unlike the spectrum method, the multiplier method does not necessitate any
knowledge of the spectrum of the system. It is simple and can be adapted to the
study of other problems in any spatial dimension (see Rao-Wehbe [16]). Because the
essential difficulty intervening in the determination of the spectrum of the system,
the spectrum method is obviously limited to one-dimensional problems.
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2 Polynomial energy decay rate

In this section, using a multiplier method we establish the polynomial energy decay
rate for the smooth solution of the system (1.1)-(1.2).

Theorem 2.1. For any ug € D(A), let

| uo H2D(A)

M=0+DargE,

+ 9y + 17.
Then the following polynomial energy decay rate holds

2M
— t> 2.1
M+t viz0 (2.1)

E(0)
for the solution u of the system (1.6).

The idea of the proof is based on an earlier work of Rao [15]. We proceed in
several steps. We first recall the following result

Lemma 2.1. (i) Let u = (y,2,1,§) € D(A). Then we have
ye H*0,1)NW, z€ W such that y,.(1) +n=0. (2.2)

Moreover, the resolvent (I +.A)~t is compact in H. In particular, A is skew adjoint.
(i1) Let u= (y,z,n,§) € D((A—I— B)2>. Then we have

ye HY0,1))NW, z€ H*(0,1)NW such that
Yer(1) + 1 =0 and yuppe(1) —yv(1) =€ =0 (2.3)
where v=C~'(Ay+ Dn+ B¢) € V.

The proof is the same as in Rao [14]. We omit the details here.

Lemma 2.2. Assume that ug € D{ (A + B)2>. Let 0 < S <T < +oo. Then the
solution u of the problem (1.6) satisfies :

1 T 1 9 9 11 9
Z — — E < E E .

where My is given by :

| uo ||2D(A)

Mo=0+ VTR,

+ 7y + 8.



Optimal energy decay rate for Rayleigh beam equation 389

Proof. Assume that uy € D(A + B), then using (i) Lemma 2.1 we have y €
H3(0,1) and y,.(1,t) = —n(t) € L*(S;T). Multiplying equation (1.1)-(1.2) by
xy.F(t) and integrating by parts we obtain that :

1 T ! 2 2 2
3 /S /0 Yi — Ve + 3y, | E(t)dwdt = / Yy B +

/ / Yy, By (t)dxdt — [ / Yot Yo B (t)dx + / yztxymE(t)dm]
0

T

S
1

1 /T T
Ll (.yf(l,t) S0 + yixu,t))E(t)dt [ (rreJmaope. @)
Using poincaré’s inequality, we have :
1
/ yrydr < E(t), Vt>0.
0
This implies that
1 T o
—l / yt:cymE(t)dx] + /S / yery. By () dwdt < 3E(S)E(0), YT > S > 0.
0 s 0

Similarly we obtain that

1 ) T 1
— / Vet B (t)dz +7/ / Yot By (t)dxdt < 3vE(S)E(0), VT > S >0,
0 I s Jo

1 17 T /1
— / Yur TY e B (t)dx +7/ / Yt TYpe oy (t)dxdt < 3vE(S)E(0), VT > S > 0.
0 s s Jo

Then using (2.5) we deduce that :

LTt 2 2 2
S [ =+ sk | E@dadt < 320+ DEO)E(S)

4 B(S) [ (yfa,t) £y (L1) + yzza,t))dt ~B(S) [+ €1, 1)t (20

On the other hand, from (1.4) we deduce that :
T T
/S <£2(t) +n2(t)>dt — /S E'(t)dt < E(S). (2.7)

Now assume that uy € D((A + B)2> then differentiating the system (1.6) with

respect to the variable ¢ gives :

[ (gr+ k) < is)
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where the energy of high order F(t) is defined by :

1 1
Ey(t) = 5 | Sars(t)(A+ B)ug 3= =

S 1) I ve=o.

Then we deduce that :

T
[ (0 400 + 2000 )ar =

/ST [(&(t) + €(t)>2 + (nt(t) + n(t)>2 + nQ(t)] dt
(0

Choosing € > 0 then we have :

[ o+ €1, B < 1 /S SO @B+ S [ g0

1
— t)dxdt. 2.
LEOBS) +5 [ [ kB (2.9)

1
Let € = 1 Use (2.8) and (2.9) in (2.6) gives (2.4). The proof is thus complete.

<

Lemma 2.3. Assume that ug € D(A+ B). Let 0 < S < T < +oo. Then the
solution u of the problem (1.6) satisfies :

[ [ 624~ Q) Bdwdt < (3y+ DES)BO). (210
Proof. Since ug € D(A + B), then using (i) Lemma 2.1 we have y € H3(0,1)

and y,,(1,t) = —n(t) € L*(S;T). Multiplying the equation (1.1)-(1.2) by yE(t) and
integrating by parts we obtain that :

T

T 1 1 1
[ (= o) Bysar = | [ vy o [ 0] -
S
T 1 T
/S/OytyEt(t)dxdt—v/S /0 YotV By () dxdt+
T
[ (om0 + et B @)
Using poincarré’s inequality, we have :
1 T 1o
—[ / ytyE(t)dx] n / / ey Ed(t)dedt < 3E(S)E(0), YT > S >0,
0 s Js Jo

and

[ / Yot E dx] +ry / / Yoty Br(D)dzdt < 3vE(S)E(0), ¥T > S > 0.
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This implies that

[ (s 2= 2 B0z < 36+ DEOBS)

jéf (nyz(1,t)4—5(t)y(1,t)>19(ty1t (2.12)

Now, choosing € > (. Then we have

/ST <77yx(1, t) +&(t)y(1, t)>E(t)dt <

2_15/; (772 + §2>E(t)dt + E/ST /01 v, B(t)dadt. (2.13)

1
Let € = 3 Use (2.7) and (2.13) in (2.12) gives (2.10).

Proof of the theorem 2.1 Assume that ug € D((A + B)2>. Using (2.4), (2.7) and
(2.10) we obtain that
T
/ E2(t)dt < ME(0)E(S), Y0 < S <T < +o00
S
where we have put :

| uo H%)(A)

M=0+ DT e

+ 107 + 16.
Thanks to a classic result of Haraux (see [6]) we deduce that :

oM
< BO)3 Y0 (2.14)

Now, let ug € D(A + B), by density (see Pazy [13]) there exists a sequence uj €
D ((A + B)2> such that uf — wug for the graph norm in D(A+ B). Then we have :

1 wiao Lo 2M,
Eu(t) = 5 I Sars®ug I°< 5 w5 I 37—, V120
where |2
un
M, = (v + 1)=—=2 1 104 + 16.
| ut (|7

Since uf — ug in D(A+ B) we get : M, — M and S, p(t)uf — Sais(t)ue in H.
Therefor we get

1 1 2M
E(t) = 5 | Sasn(t)ug [[3< 3 | uo 13 s vVi>0.

Then we prove (2.14) for any ug € D(A).
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3 Optimal energy decay rate
Let ug € D(A), we define the energy decay rate w by :

1

C
w(ug) = sup {O‘ eR: E(t)= 3 | Sasn(t)uo [|3,< t_a}'

From Theorem 2.1, we have w(ug) > 1 for any ug € D(A). In the following, we
will prove that this upper-bound is optimal in the sense that for any € > 0 there
exists uf € D(A) such that w(uf) = 1+ . We first recall the following result (see
Littman-Markus [11]) :

Lemma 3.1. Consider a C°-semigroup Sa(t) acting on a real or complex Hilbert
space 'H, with infinitesimal generator A. Assume that :

(i) The eigenvalues A, of the operator A has the following form \,, = —o,, +1i7, such
that

op > a>0,0>0.

a
nd’
(ii) The system of root vectors {®, }n>1 associated to the eigenvalues A, form a Riesz
basis in H.

(i) Let ug € H such that

b 1
uozg an®,, |a,| < t b>0, q>§.
n>1

Then there exists a constant C > 0 depending on ug such that

C
” SA(t)UO ”H < m, Vvt > 0.

Remark 3.1. In fact, the Lemma is proved by mean of Riesz basis property. More-
over the corresponding series is evaluated by an equivalent improper integral. So if

we assume that
a b

Op ~ — and a, ~ —.
n nd

Then we have

C
|| SA(t)UO ||H ~ m, Vvt > 0.

Now we define the function logarithm by :
_ T T
In(z) =In|z| + 7arg(z), where 1< arg(z) < 1 + 27. (3.1)
Let A € C be an eigenvalue of A+ B and ® = (y, 2,7, &) the corresponding eigen-

vector. Then we have
(A+ B)P = ).
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This gives that

Yzzxx — fy)\zymv + >\2y = 07 O<z<l1 ,
y(0) = y,(0) =0,
Yoa(1) + —2 (1) = 0 (3.2)
A—1 )’\
1) — A 2y (1) — —y(1) = 0.
Yawa(1) = 7Aa(1) = 3—=9(1) =0

Since A is skew adjoint and B is compact, using Lemma 10.1 in Gohberg and Krein
[5], for any £ > 0, there exists 7. > 0 such that the spectrum of the operator A + B
is contained in the union of the disc |A| < r. and the two sectors :

3 3
g—5<arg(>\) < g—l—&, ; —e<arg(A) < ;—l—a.
On the other hand, the eigenvalues of A + B are in conjugate pairs. Then we only
the spectrum in the sector Dy :

Al >> 1, and g —e <arg(\) < g—l—&. (3.3)

Next for all A € Dy, we define two holomorphic functions () and w(\) by :

o) \/7)\2 + VPN = AN o \/7)\2 — VPPN X
— w — .
2 ’ 2

(3.4)

Then, we find that a general solution y of (3.2) is given by
y(z) = C4 (w sinh(0x) — 6 sinh(wx)) + Cow ( cosh(0zx) — cosh(wx)) (3.5)

where ('} and (5 are complex constants. Notice that A = 0 is not be an eigenvalue
of A+ B. Hence by writing the bounded conditions at x = 1 in (3.2) in matrix
form and taking the determinant of the coefficient matrix, We deduce that A is an
eigenvalue of A + B if and only if A is zero of the function :

f()\) = P2620 + P166 + P(), (36)

where Py, P, and P, are given by :

Po() = ( —qwh + ”W + wem = A&“’i» sinh(w)+
( — N 24 s o AQ?AV_V?; — W) cosh(w), (3.7)
R =22 G - S, 55)
Py() = (wﬁ + “’W wem + A&“’f 1)> sinh(w)+

2 2 _\2 2 4 4)\2
(s o

(A=1)2 A3 — 1) ) cosh(w). (3.9)
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3.1 In what follows we analyze the spectrum of A+ B
In this subsection we give a good asymptotic expansion of the eigenvalues of A+ B.

1 1 1 1
Theorem 3.1. Let a = \/ytanh(—) — v+ — and b = — tanh(—) + . Then
v (\ﬁ> 2y 29? val

we have the following asymptotic expansion of the eigenvalues of A+ B

ﬁ)\n21<nﬂ+——i+ +2(— 1)"COSh_1(L) L ) bf+0<1> (3.10)

2 nm 2n’m VY nAm? ) n2r?
for sufficiently large n € N.

Proof. If X is an eigenvalue of A + B, then A is a root of f(A) = 0. Then using
(3.6) we have

1/2
e = h + A
2P, 2P,
where A is given by :

A == P12 - 4P2P0.
By using asymptotic analysis, (3.4) can be given as :
o) = ar[1—— — O Lot (3.11)
=V 29202 8yt X6 )7 .
1 1 1
1 @) 3.12
w(A) = ﬁ( + 2)\2+ <)\4>> (3.12)

Then using (3.7), (3.8) and (3.9) we obtain that :

1
Py =\ l — vcosh(f) + ( — qsinh(—=) + %2 cosh(
Y

3/2 1 ; 1 3/2 1 1
+<(v P VT ) () + (24 7 )COSh(ﬁ)>p +0<§)]7 (3.13)
P1—4—2<1+cosh(\/_)+%s (\j_)> ! +O<%>>, (3.14)
and

—2—cosL sini—?’/zcosL 1

P2_Al v h(ﬁ)+<v h(ﬁ> g h<\ﬁ)>A

5/ ‘ 1 3/2 1 1 1
(( /+f——3/2>smh<ﬁ>+<2—w>cosh<ﬁ>)p+0<ﬁ)]- (3.15)

It follows from (3.13)-(3.15) that

—-P, A2 asay + a? — asay + 4dia 1

0 1 200 1 40 0

= + =414+ — O = 3.16
© 2P2 2P2 Z< + CL(])\ + 2@%)\2 + ’ ( )

where a; are given by :
1
agp = —y cosh(—),
val
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1 1
a; = —ysinh(—=) + ¥ cosh(—=),
val

VY

1 . 1 1
a9 = (73/2 —+ ﬁ + W) Sll’lh(ﬁ) + (2 + ’}/3/2) COSh(ﬁ),

2 1 2
ag =1+ cosh(—=) + —sinh(—),
’ (\/7) V4l (\ﬁ)
and ] ] ]
= (4% — ——— ) sinh(— 2 — ~3/2 h(—).

Since |\, | goes to infinity then, using (3.16), we obtain the first asymptotic expansion

. T ay as — ag + 41 1
6y — 2 _ o =], 3.17
2 nm -+ Z2 + apAay, * 2a9)3, " <)‘%n> ( )
_ T ax ag —aq —4i 1
6y o — (2 1 _ 19) 3.18
o1 = 1(2n + )7 + '3 + aoAon+1 + 2a0M\3,, 41 * <A§n+1> ( )

for sufficiently large n € N. Inserting (3.11) into (3.17) and (3.18), we obtain that :

. K a 1 1 as — ayg + 41 1
Aoy, = 2 — -t ——|—4+— 4+ 0|, 3.19
VA2 m7r+z2 + <a0 +273/2>A2n + Saohl. + <A§’n> (3.19)

1 1 — — 44 1

2 ap 2732 ) Agnia 2003, 11 A1

for sufficiently large n € N. Then we deduce that
1
n

This implies

Lo ! L ot (3.20)
VI A2n © 2inm 8in’rw n3)’ '
1 Nal 1
= — O —= 3.21
Nass 4An2m? * (n?’) (3:21)
for sufficiently large n € N.
Finally inserting (3.20) and (3.21) into (3.19) we obtain (3.10) for sufficiently

large n € 2N. The same analysis can be done for all Ag,;1. The proof is thus
complete.

3.2 System of root vectors

We first recall the following result (see Rao [17]).

Lemma 3.2. Let {®,}7 be a Riesz basis in a Hilbert space X, and let {®,} > n
be a w — linearly independent system. Assume that

S @, — D, %< oo

In|>N

Then {®y}n>n is a Riesz basis in the subspace Xy spanned by itself in X.
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Lemma 3.3. The system of root vectors of A+ B is complete in the energy space

H.

Proof. Since the operator A is selfadjoint with compact resolvent, then the
spectrum of A consists entirely of isolated eigenvalues with finite multiplicities (see
Brezis [2]). On the other hand, since B is a finite-dimensional and nonselfadjoint
operator, then the s-numbers of B are given by (see Gohberg and Krein [5]):

s1(B) =1, so(B) =1, s;(B) =0, Vj > 2.

We deduce that -
Z Sj(B) = 2 < 0.
j=1

It follows that the order of the compact operator B is one. From Theorem 10.1 in
Gohberg and Krein [5], we conclude that the system of root vectors of i(A + B) is
complete in the energy space H. The proof is thus complete.

Now, let A\, € C be an eigenvalue of A + B. We will numerate the eigenvalues
An, of high frequencies (Jn| > N) following the asymptotic form (3.6). We denote by
i, 1 <1< L, the eigenvalues of low frequencies with algebraic multiplicity m; > 1.
Let

the total number of eigenvalues corresponding to the low frequency. Accordinly, we
denote by ®,, the eigenvector associated to the eigenvalue A, of high frequency, and
by U, 1 < k < K the eigenvector associated to the eigenvalue py of low frequency.
Thus we obtain a system of root vectors of A+ B :

(@ |n] > N} {¥ 1<1< K} (3.22)
o)
e nYn T

225 yn(1)

where the function y, () is given by :
yn(z) = CT (wn sinh(0,z) — 0, sinh(wn:c)> +Cwy, ( cosh(6,x) — cosh(wna:)> . (3.23)

Using the boundary conditions in (3.2) we obtain that
Ct = —v,C¥

where v, is given by :

62 cosh(6,,) — w? cosh(wy,) + XA, — 1)1 <9n sinh(6,,) — wy sinh(wn)>

Up =

62 sinh(6,,) + 0w, sinh(w,) + A\, (A, — 1)716, ( cosh(6,,) — cosh(wn)>
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On the other hand, using (3.10), (3.11) and (3.12) we deduce that
1 1 1 1
VT = imr—i—igjLO(E), 0, = inﬂ+ig+0<g>, W = ﬁ+0<ﬁ>' (3.24)
This implies

sinh(6,) = i(—1)" + O <%> cosh(fn) = O (%)

I = sin L 1 cosh(w,) = cos ! 1
sinh(wy,) = h(ﬁ) —I—O<n2>, h(w,) h<7> +O<n2>.

As consequence we have
1
—o[L). 3.25
y (n) (3.25)

Theorem 3.2. The system of root vectors (3.22) of A+ B is a Riesz basis in the
energy space H.

Proof. Let \/75\” = i(nm+ g) We will defined the following function :

Un(z) = 7—5\% cos(nm + g)x
1
Taking C} = NGiY and inseting (3.24) and (3.25) in (3.23) then we have

1
n

(@) =)+ (). ) = sl +O(1), Wiz N 20

As consequence we have

where ®,, is given by

B _)‘gn(x)
d, = 1 (3.27)
f
n
It easy to see that the system (3.27) is a Riesz basis in the energy space H.
On the other hand, we have
~ 1 _ 9 1 ~ 2
1 - 2 An P | 1
1 [ Potel@) = Xufie@)] o+ |50 = |+ |5 wa(1)

(3.28)
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Inserting (3.26) into (3.28) we obtain that

S, -, |P< +oo.

In|>N

On the other hand, we know that the system (3.22) is w-linearly independent (see
Lemma A.6 in [3]), then applying Lemma 3.2 we conclude that the system (3.24) is
Riesz basis in the subspace spanned by itself in H, therefore in the whole space H,
since it is complete in ‘H (Lemma 3.3). This achieves the proof.

Theorem 3.3. The polynomial energy decay rate (2.1) is optimal:

inf ~ 1.
w4y (t0)

Proof. Let n € Z* by |n| > N everywhere. Now let € > 0, we define u§ by

1
Ug = ;Z 7713/24‘5 (I)n
Then we have \
(A+ B)ug = % ~3jare On-
n 1 . . . .

Using Theorem 3.1 we deduce that |— yorvd Eadee ywwd Since (P, )nez is a Riesz basis

n n
in ‘H, then we have :

A | C
2 n
| (A+B)ug I3~ > —3jare NZW<OO-
nez nez

This implies that u{ € D(A). Finally, thanks to Lemma 3.1 and Remark 3.1 (with
q=3/2+¢ and 6 = 2) we deduce that

1 . C.
E-(t) = 5 | Sars(t)uf 5~ 5

vt >0
where C; is a constant depending on uf. It follows that:
w(ug) =1+e.
On the other hand, from Theorem 2.1 we deduce that
w(ug) > 1, Yug € D(A).

Then we deduce that

1< inf w(u) <1+e.
uoED(A)

Since € can be arbitrarily small, we obtain the result. This achieves the proof.
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