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Abstract

Existence of positive solutions are established for second and higher order
boundary value problems even in the case when y = 0 may also be a solution.

1 Introduction.

We are concerned with boundary value problems of nonsingular type. In particular
in Section 2 we discuss the second order problem

"+o(t) f(t,y,y) =0, 0<t<1
(11) { )(0) = /(1) — 0,

and in Section 3 we discuss the n'" order focal problem

()P y™ = o) f(t,y, ¢y y® V), 0<t <1
(1.2) yD(0)=0, 0<i<p—1
yD(1) =0, p<i<n-—1;

here 1 <p <mn—1 is fixed. We are interested in solutions y to (1.1) or (1.2) with
y >0 on (0,1] even if y = 0 is a solution of (1.1) or (1.2). This paper provides
a new technique for showing that (1.1) or (1.2) has a solution y > 0 on (0, 1].
The stategy involves using (i). approximating problems, (ii). a Leray—Schauder
alternative, (iii). lower type inequalities [2], and (iv). a limiting argument (via
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the Arzela—Ascoli Theorem). This technique will enable us to obtain new and very
general existence results for both (1.1) and (1.2).

To conclude this section we gather together some results which will be used
throughout this paper. Suppose y € C"71[0,1] N C™(0,1) satisfies

(=) Py™ >0 on (0,1)
yD0)=a>0 0<i<p-—1
yD(1) =0, p<i<n-—1

In [2] we showed

(1.3) y D) == y@(1) = sup [y (8)]
t€l0,1]

for t € [0,1] and 7 € {0,...,p— 1}.
Next we present an existence principle for

y'+o(t)F(t,y,y) =0, 0<t<1
(1.4) y(0)=a>0
y'(1) =b>0.

Theorem 1.1. [8]. Suppose

(1.5) ¢ € C(0,1) with ¢ >0 on (0,1) and ¢ € L'[0,1]
and
(1.6) F:[0,1] x R* — R is continuous

are satisfied. In addition suppose there is a constant M > a + b, independent of A,
with

lyli = max {|ylo, |y'[o} # M
for any solution y € C*[0,1] N C?%(0,1) to

v+ Ao(t) F(t,y,y) =0, 0<t<1
(1.7)a y(0) =a
y'(1) = b
for each X € (0,1); here |ulo = supjyq) |u(t)]. Then (1.4) has a solution y €
CY0,1] N C?*(0,1) with |y|; < M.
Finally we present an existence principle for
(_1>n_p y(n) = ¢(t> F(t7 y? y/7 cet y(p_1)>7 O < t < 1

(1.8) yD0)=a>0 0<i<p-—1
yD(1) =0, p<i<n-—1
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Theorem 1.2. [4]. Suppose (1.5) and

(1.9) F:]0,1] x R? - R s continuous

hold. In addition suppose there is a constant M > a Zf;ol il!, independent of A,

with
[ylp—1 = max {[ylo, -....... y® Vo # M

for any solution y € C"71[0,1] N C™(0,1) to
(1) Py = Xo(t) F(t,y, 9/, ...y ), 0<t<1
(1.10), yD(0)=a, 0<i<p-—1
yD(1) =0, p<i<n-—1
for each X € (0,1). Then (1.8) has a solution y € C"1[0,1] N C™(0,1) with
[ylp—1 < M.
2 Second order problems.

In this section we discuss the second order problem

"+o(t) flt,y,y) =0, 0<t<1
(2.1) { )(0) = /(1) — 0.

Throughout this section we will assume the following conditions hold:

(2.2) ¢ € C(0,1) with ¢ >0 on (0,1) and ¢ € L'[0,1]
53 f:0,1] x [0,00) x [0,00) — [0,00) is continuous with
(2:3) f(t,u,p) >0 for (t,u,p) € [0,1] x (0,00) x (0, 00)

(2.4) f(t,u,p) < w(max{u,p}) on [0,1] x (0,00) x (0,00) with
' w > 0 continuous and nondecreasing on [0, c0)
c

2.5 sup > 1
(25) ce(0,00) W(E) fy O(s)ds
and

for a constant H > 0 there exists a function g continuous
(2.6) on [0,1] and positive on (0,1), and constants « >0, >0

with a+ 3 <1 and with  f(t,u, p) > ¥g(t) u® p°
on [0,1] x [0, H] x [0, H].
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Theorem 2.1. Suppose (2.2)——(2.6) hold. Then (2.1) has a solution y € C[0,1]N
C?(0,1) with y >0 on (0,1].
Proof : Choose M > 0 with
M
w(M) [y ¢(s)ds
M

Next choose € > 0 and € < 5 with

(2.7) > 1.

M > 1
w(M) [} ¢(s)ds +2¢

Let ng € {1,2,.....} be chosen so that % < e and let Ny = {ng,no + 1,.... }. We
first show that

m v+ o) fF(ty,y)=0, 0<t<1
2 Lo 2o

has a solution for each m € Ny; here

(2.8)

To show (2.9)™ has a solution we consider the family of problems

" Y ANSE) F ) =0, 0<t<1
(2.10)% {y<o>=y'<1>:$, me No

for 0 <A < 1. Let y € C*0,1]NC?(0,1) be any solution of (2.10)}". Then y' > L
and y > - on [0,1]. Also from (2.4) we have

—y'(t) < o(t)w(lylr) for t € (0,1);

here [y|1 = max{|ylo, |y'[o} and [ulo = supjyy; |u(t)]. Integrate from t to 1 to
obtain

(2.11) y'(t) <w(y)h) /tl o(z)dr + % for t €10,1].
In particular

(2.12) JO) <wllyh) [ ola)dr+ e

Also

(2.13) y() < wllyh) [ o) de +2¢

Combine (2.12) and (2.13) to obtain

|?J|1
(2.14) w(lyl) i ola)de +2¢
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Now (2.8) together with (2.14) implies |y|; # M.
Thus Theorem 1.1 implies (2.9)™ has a solution y,, with |y,,|1 < M. In fact

1 1
(2.15) — <yn(t) <M and — <y (t)< M for te€l0,1]
m m

and vy, satisfies
{ '+ o(t) flty,y) =0, 0<t<1
y(0) =y'(1) = ;.

Now (2.6) guarantees the existence of a function () continuous on [0, 1] and
positive on (0,1), and constants « > 0, # > 0 with a + < 1 and with

Pt ym(8), y5,(0) = ar(t) [ym (D) [y, (D] for (£, ym(t), 47, (1)) € [0,1] x [0, M]?.
The differential equation and (1.3) now imply

~ [y O] Py (t) = ¥ar(t) o) 17 [ym(1))* for ¢ € (0,1).
Integrate from ¢ to 1 and then from 0 to 1 to obtain

() 2 W7 [ (0= 5) [ o) o(s)s7as) ™ ar
and so

1-58
1—(a+B)

(2.16)  ym(1) > (/01 ((1 —8) /tlz/JM(s) B(s) 5° ds>m dt) = ao.
This together with (1.3) gives
(2.17) ym(t) > apt for te€[0,1].

Of course it is immediate that

(2.18) { {y9D}en, is a bounded, equicontinuous

family on [0,1] for each j=0,1.
The Arzela—Ascoli Theorem guarantees the existence of a subsequence N of
Ny and a function y € C*[0,1] with y%) converging uniformly on [0,1] to y¥/) as

m — oo through N; here j = 0,1. Also y(0) = 0 = ¢/(1) and y(t) > aot for
t € [0,1] (in particular y > 0 on (0, 1]). Now y,,, m € N, satisfies

gn(t) =ttt [ 50(6) F(5,un(s), () st [ 0(5) F(5.um(5), vn(5)) ds
for t €10, 1].

Fix t € [0,1] and let m — oo through N to obtain

y(0)= [ 50() Fls,0(9) () ds 1 [ 0(6) Fs,(5).u/(5)) ds.
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Example 2.1. Consider the boundary value problem

v+ ()’ —O 0<t<l1
2.19
(219 o £t -
with a >0, 8> 0 and a+ < 1. Then (2.19) has a solution y € C*[0,1]NC?(0, 1)
with ¥y >0 on (0, 1].
Remark 2.1. Notice y =0 is also a solution of (2.19) if a4 § # 0.

To see this we will apply Theorem 2.1. Notice (2.2), (2.3), (2.4) (with w(z) =
2°P), and (2.6) (with ¥y =1, @ =« and 8 = ) hold. Also

C
Sup = Sup = X
ce(000) W(C) fo d(s)ds  ce(oo0) P

o (2.5) is satisfied. Theorem 2.1 now establishes the result.
Example 2.2. Consider the boundary value problem

y(0) =y'(1) =0
with « >0, >0, a+8<1, v>0,17>0, 71 >0, and p > 0. If

c
2.21 < su
(221) a ce(ogo) B+ mo Y +m

then (2.20) has a solution y € C1[0,1] N C?%(0,1) with y > 0 on (0, 1].
Again we apply Theorem 2.1. It is easy to check (2.2), (2.3), (2.4) (with w(z) =
2 4o ax? +mp), and (2.6) (with ¥y =1, a = o and 8= 3) hold. Also

¢ c
Sup = sup
c€(0,00) w(C) fol ¢(8) ds c€(0,00) ,M[COH—ﬂ +n9c’ + 771]

0 (2.21) guarantees that (2.5) holds. Theorem 2.1 now establishes the result.

3 Higher order problems.

In this section we discuss the n'* order focal boundary value problem (here 1 <
p <n—1 is a fixed integer)

(=) Py™ =¢(t) f(t,y, sy ), 0<t <1
(3.1) y(0) =0, 0<i<p-1
yD(1) =0, p<i<n-—1;

here n > 2. Throughout this section we will assume the following conditions hold:

(3.2) ¢ € C(0,1) with ¢ >0 on (0,1) and ¢ € L'[0,1]

(3.3) f:10,1] x [0,00)? — [0,00) is continuous with
' f(t,ug, ...y up—1) >0 for (t,ug,.....;up—1) € [0,1] x (0, 00)P
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f(t, ug, ...o,up—1) < w(|u]) on [0,1] x (0,00)P with w > 0 continuous
(3.4) :
and nondecreasing on [0,00); here |u| = max{ug,....., up—1}

(3.5) { SUPee(000) m(g > Ko Wwhere ko= max{r;: j=0,..,p—1}
. and 7; = Sup;c(o ) fol |G(j)(ta s)| ¢(s) ds
and
for a constant H > 0 there exists a function ¢y continuous on [0, 1]
(3.6) and positive on (0,1), and constants «; >0 for i =0,...,p — 1

with ZP,O o; < 1 and with  f(t,ug, ..., up_1) > P (t) [TMog ul
on [0,1] x [0, H]?;

here G(t,s) is the Green’s function for

y " =0 on [0,1]
(3.7) (mzo,ogigp—1
yD(1)=0, p<i<n-—1

and GU(t,s) = 2= " G(t, s).

Theorem 3.1. Suppose (3.2) — —(3.6) hold. Then (3.1) has a solution y €
C" 10,1 N C™(0,1) with y > 0 on (0,1].

Proof : Choose M >0 and then € >0 and e < s s 7 With

=0 !
M

ko (M) + e (X5 &) -t

(3.8)

Choose ng € {1,2,.....} with nl—o < € and let Ny = {no,no + 1, .... }. We first show
that

( 1)” Py = o(t) [ty yPTY), 0<t <1
(3.9)™ () L 0<i<p-1

yD(1) =0, p<i<n-—1

has a solution for each m € Np; here f** :[0,1] x R? — [0,00) is a continuous

function with f**(¢, ug, ....., up—1) = f(t, ug, .....,up—1) for all ¢t € [0,1] and all w; >
%, i=0,...,p—1. To show (3.9)™ has a solution we consider the family of problems
(=) Py™ = Xo(t) f*(t,y, 0, ..., y" V), 0<t <1

1
(3.10) N0)==, 0<i<p-—1
(1

y()
yD(1) =0, p<i<n-—1

for 0 < A< 1. Let y € C"71[0,1] N C™(0,1) be any solution of (3.10)%*. Then

(3.11) y(t) = SHA (DTG 5) 6(s) [ (s, y(5), 4/ (8), s y® T (s)) ds

1
m = J! 0
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for ¢t € [0,1]; here G(t,s) is the Green’s function for (3.7). From [2, 9] we know

()" PGO(t,5) >0, 0<i<p—1 on [0,1] x [0,1]

and
(=) GO(t,s) >0, p<i<n-—1 on [0,1] x [0,1].
Consequently
. 1 A A
y () > — for t€[0,1] and 0<i<p—1 with sup [y? () =3D(1)
m 0,1]

for 0<i<p-—1.

Also (3.4) and (3.11) imply for j € {0,1,...,p— 1} and ¢ € [0,1] that

1 2t =1l
< e S i+ G 8)1605) lalya) ds < vy )+ 3
i=j i=0
here |y|,-1 = max{|ylo, ...., [y® V|o} and |uly = supjo 1] |u(t)|. Consequently for

7=0,1,...,p—1 we have

, p—1q
Yo < ko Y(lylp—1) +€ > q
i=0 ¥
and so

|y|p—1
3.12
(312) Fou(slpr) +e (300 )

Now (3.8) together with (3.12) implies |y|,—1 # M and so Theorem 1.2 implies that
(3.9)™ has a solution ¥, with |ym|p,—1 < M. Infact ~ < yW(t) < M for ¢ € [0,1]
and ¢ = 0,1,...,p — 1. Now (3.6) guarantees the existence of a function )y (t)
continuous on [0, 1] and positive on (0, 1), and constants «; >0, i =0,1,....p—1
with Y0 "o a; < 1 and with f(t,ym(t), ..., y® D)) > hpr(t) [Ty [y (1)) for
(t, Ym(t), oo, yPI(1)) € [0, 1] x [0, M]P. Thus

(3.13) ynlt) = pzof,+ [ 17 Gt 5) 6(5) F 5. (), i (5), e 8 (s)) ds

and (1.3) will give

0= [0 6O0.5)ols) (o) TT [+ 9i2(0)]" s

for t € [0,1] and j=0,1,...,p — 1. Consequently

(3.14) (j 1:[ [ } /01( )” el (1 S H s(P—Dai
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for j=0,1,...,p— 1. Let

min{y, (1), ..., % (1)} = y&(1).

From (3.14) we have

. . p—1 ; 1
s 2 ] [y es) H st
0
and so
. 1 1— %:_01 a;
yﬁrjf})(l) > / (—1)" P ;(do) (1,s) H g(P—iai = by.
0
This together with (1.3) gives
(3.15) yUol(t) > by tP70 for t e [0,1].
Consequently
(3.16) ym(t) > ap t? for t € [0,1];
here
bo lf j() == 0
ag =

bo .
(p—jo+1)(p—jo+2) if Jo € {17 D 1}-

The Arzela—Ascoli Theorem guarantees the existence of a subsequence N of Ny
and a function y € C?71[0,1] with y{) converging uniformly on [0,1] to y“) as
m — oo through N; here j = 0,1,....,p— 1. Also y®(0) =0 for 0 <i <p—1
and y(t) > aot? for t € [0,1] (in particular y > 0 on (0, 1]). Fix ¢ € [0,1] and let
m — oo through N in (3.13) to obtain

y(0) = [ (1777 Gt 5)9(5) F(5,5(s), /(). oy (s)) s

Thus (=1)"Py™ = &(t) f(t,y,y, ..., y® V) for t € (0,1) and y@(1) = 0 for
p<i<n-—1. [

Example 3.1. Consider the boundary value problem

(—)m Py =11 [y@]", 0<t<1
(3.17) yD0)=0, 0<i<p-—1
yD(1) =0, p<i<n-—1

with «; >0 for i =0,.....,p— 1 and 3! 0 a; < 1. Then Theorem 3.1 guarantees
that (3.17) has a solutlon y € C"10,1] N C™(0,1) with y >0 on (0,1].

Remark 3.1. Notice y = 0 is also a solution of (3.17) if 30— a; # 0.
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