Criteria for univalent, starlike and convex
functions

S. Ponnusamy V. Singh

Abstract

Let A denote the space of analytic functions in the unit disc A = {z € C :
|z] < 1} with the normalization f(0) = f/(0) —1 = 0. We are interested in
the following problems: Find conditions on aw € C (Reaw > —1) and p > 0 so
that the subordination condition

2f"(2) +af'(z) < a+pz, z€A,
implies that f is starlike or convex in A. Define

P(a,d) = {f € A: there exists a |y| < 7/2 such that
Ree(f'(2) + azf”(z) — 6) < 0}

for some o € C with Rea < —1. For a given «, we find a precise condition on
d so that f € P(«,¢) is univalent in A. Further, in this paper we also prove
several sufficient conditions for starlikeness and convexity for the convolution
f * g when both (or one) of f,g belong(s) to the class

R, ) ={feA: fl(z) +azf"(z) <1+ Az, z€ A},

where o € C\{—1} with Rea > —1.
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1 Introduction and main results

Let H denote the space of analytic functions in the unit disc A = {z € C: |2| < 1},
with the topology of local uniform convergence. We use two kinds of normalization
from the space H, namely

A={feH: f(0)=f(0)-1=0}, A={feH: f(0)=1}.

Let B denote the class of all functions w € H such that w(0) = 0 and |w(z)| < 1
on A. The concept of subordination has proved to be very useful in studies of
the range of values of analytic functions, see for example [L, p. 163-171]. Recall
that for f,g € H, we say that the function f is subordinate to g, written f < g, or
f(2) < g(2), if and only if there exists a w € B such that f(z) = g(w(z)) on A. Itis a
well-known result that this implies in particular f(0) = g(0) and f(A) C g(A), and
that these two conditions are also sufficient for f(z) < g(z) whenever g is univalent
in A. We remark that if f € H, f(0) = 0 and satisfies |f(z)] < M on A, then this
can equivalently be expressed in the form

f(z) = Mw(z), wEeB,

and write

f(z) < Mz, =ze€A.

We shall use either of these equivalent formulations according to our convenience.
For o real, 0 < a < 1, a function f € A is said to be in §*(«), the space of
starlike functions of order «, if and only if

2f'(z) 14+ (1 —2a)z
<
f(z) 1—2z
For « = 0, §*(0) = S* is the well-known space of normalized functions starlike

(univalent) with respect to origin. A function f € A is said to be strongly starlike
of order o, a > 0, if and only if

SO (1 o

and is denoted by S(a). If @ = 1, S(a) coincides with §* and if 0 < a < 1,
S(a) consists only of bounded starlike functions [BK] and therefore, the inclusion
S(a) € 8* is proper. In fact, even starlike functions of higher order are not bounded.
A function f € A is said to be in K(«) if and only if zf'(2) € S*(«). As usual
K(0) = K denotes the family of all convex functions in A. Also, for 0 < a < 1, let

2f'(2)
f(2)

, z€eA.

S.={feA: <1+az z€ A}

and

Ko={feA: zf'(z) € S,.}.
We need the following space of functions for our first result, namely, Theorem 1.3:
For —1 # o € C with Rea > —1, let

R, \) ={feA: f'(z2)+azf"(z) <1+ Xz, z € A}.

For convenience, we set 7A€(O, A) := R, and recall the following result.
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Lemma 1.1. For 0 < a < 1, the inclusion
Ry C S(Oz)

holds whenever

2sin(ma/2)
Veas \/5 + 4 cos(ma/2)

This lemma is a special case of Corollary 1.7 from [PS1]. The interesting feature
of this result is the sharpness part which was left open in the authors paper [PS1].
However, the sharpness part was recently verified in [RRS, Corollary 1.2]. Another
result which will of interest in this connection is the following from [P3].

Lemma 1.2. For 0 < A < 1/2, we have the inclusion Ry C S3x/(2-))-

A more general forms of these lemmas along with several interesting applications
may be found from the work of Ponnusamy [P3] and, Ponnusamy and Singh [PS1].

The basic operations that we shall encounter frequently is the usual Hadamard
product (or convolution) f * g of two analytic functions f,g € H:

f(z) = i aiz”, g(z) = i b2t = (f*xg)(z) = i apbp2".
k=0 k=0 k=0

Note that f x g is in ‘H. We use the notation H; % Hs to denote the set of all f x g
where f € H; and g € Ha. Here H; and H, are two subspaces of H. Now we are in
a position to state our preliminary but basic results on the class R(«, ).

Theorem 1.3. We have
(i) The inclusion R(a,\) C R(c/, ) holds whenever a # 0 (unless o/ = 0) and

B A
ol la+1]

/

o= o/l + [a| o+ 1]].

In particular, if |o — o/| < |a+ 1|(|a| — |/|), then
R(a,\) € R(a, ),

and if 0 < o/ < «, then - -
R, \) C R(a/, \).

Moreover, if Rea > —1, we have

N A
A bnooN = .
R(Oz, )CR)\, |1+(1/|

In addition, for Rea > —1, we have R(a, \) C S(B), if

0< A< 2|1 + «afsin(75/2)
\/5 + 4 cos(m3/2)

. (1.1)
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(ii) The inclusion - - -
R(a,\) *x R(a/, N) C R(a, \)
holds whenever N < 2|14 «/|. In particular, the space R(a, ) is closed under

convolution when A < 2|1 + .

(iii) The inclusion R(c, \) * R(o/, X') € S(B) holds whenever 0 < 3 < 1 and other
parameters are related by the inequality
AN < 4sin(m(3/2)

VST + )] = o dcos(mi)

In particular,

_ _ . A 4
(a) R(a,A) * R(a, \) € 8™ if 0<|1+ |_\/;

(b) R(a, \)* Ry CS* if 0<

(iv) The inclusion R(a,\)* R(a/, X') € K'(3) holds whenever 0 < 8 < 1 and other
parameters are related by the inequality
AN < 2sin(7(3/2)

V< (I14+a)(1+a)] — \/5+4cos(7rﬁ/2).

Here K'(8) denotes the family of functions f such that zf'(z) € S(5). (Note

then K'(1) = K). In particular, one has the inclusions

2

. — A
(a) R(a,\) * R(a, \) C K if 0 < ——— |1+a| < %

(b) R(a,\)*RyC K if 0<

As a consequence of Theorem 1.3, we also obtain the following corollary and its
proof will be outlined along with the proof of this theorem in Section 3.

Corollary 1.4. Let a € C with Rea > —1. Then
(a) R, \) * R(e/, ) C 8 whenever 0 < AN < |(1+ a)(1+ )],
(b) R, \) * R(a/, X) C Ky whenever 0 < 2AX < |(1 4 a)(1 + o)].

In order to state and prove our remaining results we need a number of obser-
vations. We recall these in the appropriate places. For example, if p € A’ is such
that Rep(z) > 1/2 in A, then using the Herglotz’ representation for p it follows
that for any analytic function F' in A, the function p * F takes values in the convex
hull of the image of A under F. This observation immediately gives the following
implication for f,g € A:

f e R(a, ) and Re <@> >% = fxgeR(N).
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Next, we recall the following simple result from [P1, Equation (16)]. If p € A’, then,
for each —1 # a € C with Rea > —1, we have

p(z) +azp'(z) <14+ Xz = p(z) <1+

e A. 1.2
s (12)

Lemma 1.5. Letpe A, a € C with Rea < =1 (aw # —1), § > 1 be such that
Ree{p(z) + azp'(z) — 6} <0, =z€A, (1.3)
for some |y| < /2. Then
Ree{p(z) — B} >0, z€A, (1.4)

where
1 tRea

B=p(6Rea)=1—-2(0—1) (1.5)

—dt
0 14 tRea
The estimate cannot be improved in general.

The proof of this lemma will be given in Section 3. Our next problem concerns
sufficiency conditions for starlike functions.

Problem 1.6. Let o be a complex number such that Rea > —1 (a # —1), and p
be a non-negative real number such that p < 2|1 4 «|. Find conditions on o and p
so that the subordination condition

2f"(2) +af'(z) < a+pz, z€A, (1.6)
implies that f is starlike or convex in A.

Affirmative answer to this problem is already known in the literature for exam-
ple in [PS1, S3] and [P3, Theorem 2]. At this place, it is appropriate to recall the
question of Mocanu [M] who showed that for 0 < p < 2/3, each function f satisfying
(1.6) with o = 0 is starlike in A. He asked for the largest p for which the subordina-
tion condition (1.6) with o = 0 implies that f is starlike. This question was solved
by V.Singh [S2, S3], see also Corollary 1.13 for a sharp result in a stronger form.

Theorem 1.7. Let f € A, « € C with Rea > —1 (o # —1), and p be such that
0 < u <2|1+al. Suppose that f € A satisfies the condition (1.6). Then we have
the following:

2f'(2)
—a| <bla,a,p), z€A,
f(2)
where
1
1l—a|l <bla,a,p) = ———{|1 —a—alp+ |1+ a|(2]1 —a| + :
1= al < bos ) = o] o+ 11+ 021~ al + )
2(1
In particular, if p < L+ af then one has
L+ ol + 1+«
2f'(2)

-1 <1

f(2)
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For different choices of a € C, we get different conclusions for the range of
2f'(z)/f(2) in the right half plane. For example, we have

Corollary 1.8. Let « > —1, 0 < p < 2(1 4+ «) and that f € A satisfy the condition
(1.6). Then, we have the following

(i) ZJ{(/i;) _ ’ < %. In particular, if p < 1, then f € S
(ii) ‘%S) — % 1= 30"”3;;(21(123)_4—”?#(1 i oz)' In particular, if either o €
(—1,1/3] with0 < p < (14+a«)/3 ora € [1/3,00) with0 < p < (1+a«)/(2+3a)
holds then
zf'(z) 2| 2
i) 3

Now, we are in a position to provide an improved version of Theorem 1.7 which
also provides solutions to Problem 1.6 in various forms as we see in the following
results.

Theorem 1.9. Assume the hypotheses of Theorem 1.7. Then f is conver in A
whenever u satisfies the inequality

2(1+ Rea)
(1+Rea)+ |2 —al+ |a|

0<pu<
H=3

We have the following simple corollary when « is a real number.

Corollary 1.10. Let o > —1 and p be such that

1
212 for —1l<a<?2
O<ps 14+«
5 for 2 <a < oo.
o

If f € A satisfies the condition (1.6) then f convex in A.

For a # 0, (1.6) can be rewritten as

f(z) + ézf”(z) <1+ L z €A,

a
and therefore, for example, if @ > 0, then (1.6) is equivalent to f € R(1/a, pu/c).

This observation, a simple computation and Corollary 1.10 yield the following

Corollary 1.11. If

1
0< A<
= 1
alta) >
1+ 2«

then we have R(a, \) C K.
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We can obtain some further bounds on p from the known results as we see in
the next theorem.

Theorem 1.12. Assume the hypotheses of Theorem 1.7. Then f € S (in particular,
f is starlike) if
1+ Rea
0<pu< :
== 1+ |al+ Rea

Moreover, f € Ky (in particular, f is conver) if

1+ Rea
0<2u < .
- 'u_1+|oz|+Reoz

Corollary 1.13. Let f € A satisfy the condition |zf"(z)| < p on A. Then we have
(a) feS for0<pu<1
(b) fe for0 < pu<1/2.

Both the results are sharp.

Proof. The desired bound follows if we choose & = 0 in Theorem 1.12. Sharpness
part follows if we consider the function f(z) = z + (/2)z2. n

The following result improves Corollary 1.8.

Theorem 1.14. Let a > —1 and let f € A satisfy the condition (1.6). If u is such
that

21+ «)
0 < m fOT’ —1<Oé7£1<00
<H_ 462
m fOT’ Oézl,

then f starlike in A. Moreover, if u is such that

1
% for —l<a#l<oo
O<p<q tTO7 5
T e for a=1,
then we have ,
G o1 Len
f(2)

Note that for a > 0, (1.6) is equivalent to f € R(1/a, p1/a). Therefore, as in the
case of Corollary 1.11, a simple computation gives

Corollary 1.15. We have
(a) R, \) C S* if

2(1+«)

2+ a20e/(1-a)
0<A< A2

1+ 2e?

for 0<a#1< o

for a=1,
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(b) R(a,\) C S if

(1+ «)
0<A< 1+ q2/1-a) for 0<a#1<o00
s 2¢?
14 e2 for a=1.

The proofs of Theorems 1.7, 1.9, 1.12 and 1.14 will be given in Section 3.

2 Sharp version of a problem of Ponnusamy

Let a € C with Rea < —1 (a # —1) and ¢ be a positive real number such that
0 > 1. Define

P(a,6) = {f € A there exists a |y| < /2 such that Ree”(f'(2)+azf”(z)—6) < 0}.
In [P2, p.185], the following result was proved, but without the rotation factor.

Theorem 2.1. Let o € C with Rea < =2, and § > —Rea/2. If f belongs to
P(a,d), then Ree” f'(2) > 0 for all z € A. In particular, each function in the
family P(c,d) is univalent in A.

In [P2, p.185], it is also proved that (without the rotation factor)

02+ ')+ (
2+«

_ /
P(a,5)CP<a', “ oz)>’ for —2>a>d. (2.1)

Our first result gives a precise/sharp version of Theorem 2.1 in the following
form.

Theorem 2.2. Let f € A, a € C with Rea < —1 (a # —1), § > 1 and that
Ree™{f'(z) + azf"(2)} < §cosy, z€A, (2.2)
for some |y| < w/2. Then
Ree f'(z) > Bcosy, =z €A,

where
tRe [

521—2(5—1)/01 (2.3)

The estimate cannot be improved in general.

1 + tReadt

The proof of Theorem 2.2 is a consequence of Lemma 1.5 if we choose p(z) in
Lemma 1.5 as f'(z). In particular, we have

Corollary 2.3. Let a € C with Rea < —1 (a # —1). Then functions in P(c,0)
are univalent in A whenever

5 1 1 tRea p -1
oo ([ )
T

Proof. Let f € P(«,d). Then, by Theorem 2.2, the condition on ¢ implies that
the 3 in Theorem 2.2 satisfies 3 > 0 and therefore, we have that Ree” f'(z) > 0 in
A. Thus, each f € P(a,0) is univalent in A. ]
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Suppose that —1 > « > o’ and consider the equation

/ /
ef'(2) +azf"(2)] = <1 - g) T f(2) + e[ (2) + azf!(2)].

a a
Now, we observe that if f € P(a,d) then, by Theorem 2.2, the last equation implies
that

Re e {f'(2) + a/zf"(2)} < (1 - %) Beosy + b eos,

where (3 is defined by (2.3) (note that Reaw = ). The last inequality is equivalent

to state that
(o — )3+ o/5>

«

fer (o/,
Using the definition of 3, we find that

(@a—a)f+a's (1_g’>ﬁ+g5

« « (0%

- - (1-%) -0

a/ 1 tOé
_ 5_<1_E> (6—1) {1+2 0 Htadt}.

This observation gives the following inclusion theorem which improves (2.1).

Theorem 2.4. Let o, € R and —1 > o > /. Then, we have

o 1 ¢
C ANV r_ _ _ _ .
P(a,6) C P(a,d'), 6 =6—-(6-1) (1 a) {1+2 0 1+tadt}

3 Proofs of main results

The proof of Theorem 1.3 relies on the following lemma.

Lemma 3.1. [RSt]. If f,g € H, F,G € K are such that f < F, g < G, then
fxg=<F=x@G.

In this lemma, functions in K are not necessarily normalized.
Proof of Theorem 1.3 Let f € A have the form f(z) = 24+ >.7° 5 a,2™. Then,
by an elementary computation, we have

f'(2)+azf"(z) =1+ i(n + 1) (na + Day 12" = f'(2) * ¢pu(2)

n=1
where -
Pa(z) =D (na+1)2".
n=0

It follows that

FeR(@N) <= f'(2)xda(z) <1+ Az, z€A. (3.1)
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We have the inverse map ¢, of ¢, defined by

ole) = a2 T
so that .
(60 Yu)(2) = T

Note that the function v, (z) for Rea > —1 and the function 1+ Az are both convex
in the unit disc A. Now, we let h(z) = (f % g)(2). The proof of this theorem
essentially rely on the following equalities and the clever use of Lemma 3.1.

(@) 1(2) = 7/z) « 2

(b) zh'(2) = 2f'(2) * g(2)
(c) W'(z) +zh"(2) = f'(2) * g'(2), by (b),
(d) (W(2) + 20"(2)) * da(2) * Gar (2) = [['(2) * Pa(2)] * [¢'(2) * P (2)], Dy (c)-

We use Lemma 3.1 frequently in this proof. Suppose that f € ﬁ(a,)\) and g €

R(a’,N). Then, by (3.1), we have

F(2) % ¢a(z) <14 Az, z€A.

Since g € R(«/, N), by (1.2) with p(z) = ¢'(z) — 1, it follows that

/

gd(z) <1+ z, z €A,

1+ o

which in turn (again by (1.2) with p(z) = (¢(z)/2) — 1) implies that

9(2) N
e B P — A.
2z R 2(1 + o/)Z’ 2€

(i) Let f € R(a,\). Consider the identity
alf'(z) + a'2f"(2) = 1] = (e = &) [f'(2) = 1] + &'[f'(2) + azf"(z) — 1]

which holds for all @ and o’. It follows that

al )+ a'ap) =1 <A (5 4 )

and the desired inclusion is clear. Since f € R(a,\) implies that f/(z) < 1 + p%az,
we have

R(Oé, )\) C 'RA/|1+Q|.
Therefore, by Lemma 1.1, Theorem 1.3(i) follows.
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(i) We want to show that i € R(a, ) whenever X' < 2|1+ o’|. To do this, by
(a), it suffices to observe that

H(2) % ga(2) = F1(2) % gu(2) » 22

/
< (14 Az) % (1 + sz, since f'(2) * ¢o(2) < 1+ Az,
W
T Y

showing that h € R(a, \) whenever N < 2|1 4 o|.
(iii) From the last subordination result we obtain that

W(z) = I'(2) * $a(z) * Ya(2)

AN
< <1 + mz) ko (2)
AN

= Tt a)”

and the desired conclusion follows from Lemma 1.1.

(iv) We want to show that zh’' € S(), where (3 is as in Theorem 1.3(iv). To do
this, we use the identity (d), the Lemma 3.1, and the assumption that f € R(a, \)
and g € R(a’,N). Because of these, by (d), it suffices to observe that

(W (2) + 20" (2)) * da(2) * P (2) < (1 +X2) % (1+ N2) =1+ ANz

so that, by Lemma 3.1, this subordination implies that

AN
1+a)l+a)”

(zh)(2) =R (2) + 20" (2) < (14 AN'2) % 1o (2) * Yo (2) = 1 +

and the desired conclusion follows from Lemma 1.1. (]
Proof of Corollary 1.4. Let f € R(a,\), g € R(e/,X) and h = f % g. From
the proof of Theorem 1.3(iii) and Lemma 1.2, it follows that h € Sz, /(2—m) With
AN
2|(14 a)(1+ )|

m =

and the first part follows. Similarly, the second part follows from the proof of
Theorem 1.3(iv) because

AN
It+a)lta)

(zh)'(2) < 1+

Proof of Lemma 1.5 By hypothesis, we can write

e {p(2) + azp/(2) — 6} = (1 - 6)P(2)
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where Re e P(z) > 0, and therefore,
p(z) +azp'(z) =0 + (1 =) P(z) (3.2)

which can be equivalently written in terms of their Maclaurin series expansion as

1+ i an(p)2" + o (fj nan(p)z"> =5+ (1-90) (1 + ian(P)z"> .

n=1

Comparing the coefficients of 2" on both sides yields that
an(p)(1 4+ an) = (1 =d)an(P), n =1,

and, by (3.2), it follows that
p(z) =1+ an(p)2"
n=1

1. ni (11+‘a5n> an(P)2"
_ l1 L1-Y (/01 tomz"dtﬂ « P(2)

n=1

= {1 +(1-19) /01 : ia;zdt] x P(2).

The last equality may be rewritten as

e <M> = ll + (1-9) /01 e dt] * (€7 P(2)).

1-p 1-p 1 —toz
Thus, p(z) # B if and only if
1 (1=20) b (=t*2)
— 1— dt| . .
2<Rel 1—5/01—#12 (3:3)
This gives the condition that
5 — 1 tRea 1
< = A4
1—03Jo 1+tReadt_2 (3-4)
or equivalently,
5 1 tRea J
<1-2(0-1 / —dl 3.5
ﬁ — ( ) o 1 + tRea ( )

which is true by (1.5). Moreover, because Re e P(z) > 0, (3.5) also guarantees that
Ree"{p(z) — B} >0, z€A,

and we complete the proof. [
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Proof of Theorem 1.7 Let f € A satisfy the condition
2f"(2) +af'(z) < a+pz, z€A.

By (1.2), it follows easily that

f’(z)—<1+1ia2, z €A,

which in turn implies that

f(z) p
el Ll A.
. < —|—2(1+a>z, S
Therefore,
O P IO I E
z 2|11+ «f z 2|11+ «f

Again, by the definition of subordination, we can rewrite (3.6) as
2f"(z)+ af'(z) = a+ pw(z), webB,

so that, by integration, we obtain
() + (0= 1)f(2) = az 4+ e /01 w(t2)dt.
It follows that
() —af(z) = (1—a—a)(f(z) - 2) + (1 — a)z + pz /O1 w(tz)dt

and therefore,
2?

12f'(2) —af(2)] = [(1 —a = a)l[(f(2) = 2)| + (1 — a)2| +u%-

Hence, because of (3.8), the last inequality shows that

2f'(2) ‘ ‘Z { ‘f(z) ‘ 2]
—a| < |=——=|{l—a—a||—==1|+|1—a|+p—=
f(2) f(2) z 2
1 { || ||
——— < l—a—ap +1—a|l+p——
] |
1- 2|q+a| 21+ 0 2
1
< — |l —a—ajp+ |1+ /2]l —a|+ .
el 1+ al (211 - af + )}

Thus for a = 1 this inequality simplifies to

2f'(2) ‘ o+ 114 o
f(z) 211+ al —p
and we observe that
w(la+ |1+ af <1
24+ al—p —

923

(3.6)

(3.7)

(3.8)

(3.9)

is equivalent to u < 2|1+ «|/[1 + |a] + |1 + «|]. The desired conclusion follows. =
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Proof of Theorem 1.9 Assume that f € A satisfies the condition (3.6). Our
aim is to show that f is convex in A. Thus, for the proof of the convexity, by (3.9),
we compute

1
f()_1+u/ta1t@ﬁ_1+u§:n+anw (3.10)
n=1

where
n

=Y 6l =3 —
n=1 n=1

It follows that

Y, — n+1 o
= 1
(/') = L4p nzlnm
n+oa—«ow
= 1+ E a2’ + E —_—a, 2"
'unzln+ Mnl n+ o

= f'(z2)+p <w(z) — a/ol talw(tz)dt) .

In particular,

1
2f"(2) = pw(z) — ,ua/ t* lw(tz)dt (3.11)
0
and " 1 1
— t*w(tz)dt
14+72f (Z) ::Ldumz) (ﬁjb u& Z) ] %71' (3‘12)
f'(z) 1+ p f) totw(tz)dt
Thus, for the convexity of f, we need to show that
"
14+ Zf/ (2) # —iT, for all real T
f'(z)

By (3.12), it can be easily seen that, for the convexity of f, this is equivalent to
verify that

1 f@'T {“’<Z> - O‘/Ol t* " w(tz)dt + /01 to‘lw(tz)dt} £

and, by a simple computation, this is indeed equivalent to

g {{w(z) +2—-a) /01 t“_lw(tz)dt} + 1 1;? [w(z) - oz/o1 to‘_lw(tz)dt]} #+ —1.

For convenience, we define

{ {w(z) + (12— /01 to‘_lw(tz)dt] + 1 ;;? {w(z) -« /01 t“_lw(tz)dt} H :

M = sup

TeR, weB
Then, in view of the rotation invariance of B, f is convex if uM < 2. Now, for
Rea > —1, we observe that

M < ‘w(z) +(2—a) /01 to‘lw(tz)dt‘ + ‘w(z) — a/ol talw(tz)dt‘

< 1+u+1+£
- 1+ Rea 1+ Rea
2(14+Rea) + |2 —al + |af

1+ Rea
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which shows that
1+ Rea)+ |2 —al+ o]

1+ Rea

=2

Therefore, f is convex whenever pM < 2. The desired conclusion follows from the
hypotheses. [

Proof of Theorem 1.12 Recall (3.11)

2f"(2) = pw(z) — pa /01 t* tw(tz)dt

and therefore,

|Zf"(2)|<u<1+ o >:u<1+|a|+Rea)

1+ Rea 1+ Rea sy
Thus, we can write
2f"(z) =mW(z), W € B,
so that, by integration, we obtain
LIW(t
f/<2) — 1+m/ ﬁdt
0 t
and
LW (t
f(z):z+mz/ <Z)(1—t)dt.
0
Hence, as in [S3, Theorem 1], we compute
G| mwE _ m
f'(2) ‘1+mf01@dt‘ “l-m
and
2f'(2) 1‘ m | fy W (tz)dt| _omp2

f(2)

Note that m/(1 —m) < 1 if and only if 0 < m < 1/2. This observation shows that
for 0 < p < —2tBea e have

iy (1 = a1 —m/2

1+|a|+Rea?
/
f(z)
and in particular, f is starlike in A. Similarly, for 0 < p < %, we have

z /I(Z)

f'(2)

and in particular, f is convex in A. [

<1
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Proof of Theorem 1.14 In view of the representation (3.10), namely

1
f'z)y=1+ ,u/o t* o (tz)dt,

it can be easily checked that for Rea > —1,

f(2) 1+ £ 1 /01(1 —t* Dw(tz)dt for a #1

_ a—
1

o 1+ ,u/ log(1/t)w(tz)dt for a = 1.
0

We need to consider the two cases & = 1 and a # 1 separately. Using the last two
equations we see that for av # 1,
2f'(2) 14 fy to hw(tz)dt

1(z) T 1+ L[5 (1 =t Dw(tz)dt (3.13)

For the starlikeness of f, it suffices to show that

2f'(2)
f(2)

But, by (3.13), it can be easily seen that this is equivalent to verify that

P 1=t LT L f o, 1=t B
2[/0 {t o pwlt)dt 4 g [T - e bw(t)de| -1

44T, T €eR.

which is same as

g[/01{1+(a_2)tal}w(t2)dt+ 1+iT 1{ata1—1}w(t2)dt] 4,

a—1 1—1T Jo a—1

Now, if we let

M = sup
TeR, weB

)

(3.14)
then, in view of the rotation invariance of the class B, it is clear that f € §* whenever
Myp < 2. Thus our aim is to find the value of M. We consider the positiveness of
the integrands in (3.14). If > 1, then, for all ¢ € [0, 1], we find that

/01 { 1+ (a — 2)1! } wit)dt + L[ {O‘ta_l —! } w(tz)dt

a—1 1—21T"Jo a—1

1+ (« —2)t0‘_1
a—1

>0<=1—-t"""+(a—1)t""">0

and the later inequality clearly holds for all ¢ € [0,1]. Again, for @ > 1, we note

that . .
at*™ — a—1 .
— >0« at —1>O, l1.e. th

Similarly, if —1 < a < 1, then, for all ¢ € [0, 1], we obtain that

a—1

1 — )t 1 1-—
t (@ ) >0<«—1- a
a—1 tl-a tl-a

<0
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and the later inequality is clearly true for ¢ € [0,1]. Also, for —1 < o < 1, we note

that
at® -1

: S0« at* ' —1<0, ie t<a/079,
a—

Next we deal the case o = 1. First we observe that

1 — ta—l 1 — (a—1)logt

Therefore, as @« — 1, we have

11—t

: +t* 1 — 1 +1log(1/t) >0 forall t € [0,1].
a_

Similarly, as « — 1, one has

14 (@ —2)t>t jat (1 — ot

>—>1+logt20 for all t € [1/e, 1].
a—1 o —

For a > 1, using the above observations, we estimate that

11 _9)et
M < / + (o tdt+/
0

a—1

at® 1 _

tdt
T a—1

I ( +a—2) a1/ 1= <1—at“‘1>dt+/1 t(ato‘_l—1>dt
a—1\2 a+1 a—1 al/(1-a) a—1
_ 1 (1+O“2)+ ( Q2/(1-a) _ LQ<1+a>/<1a>)+
—1\2 a+1 a—1 a—+1
1 « 1+a)/(1—a 1 2/(1—a
a—l{a+1<1_a(+)/( ))_5(1_a/( ))}
9 /(-0
B oz+1Jr 1+«

which shows that
) o2/ (1—a)

= + .
a+1 1+«
For a« — 1, we can easily obtain that

(3.15)

2+ 2

M = ,
2

because

lim o?/(1-%) = lim1 exp(2/(1 — a)log(l — (1 — a)) = exp(—2).

O(ﬂl

For —1 < a <1 (so that o — 1 < 0), it follows similarly that

1 1 a—2 al/(t=e) ata 1 at* -1
M < : / y dt / GUM, 7
- a—1<2+a+1)+0 t+ 1/1a) a—1

2 a2/(1_a)
a+1 + 1+«
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and therefore, M is again given by (3.15). The first part follows.

Let us now proceed to the proof of our second part. To do this, using (3.13) and
also with the help of the positiveness of the integrand as described above, we deduce
that for a # 1,

) 1‘ a5 ) witz)dd
f(z) |1+ 245 o (1 = to () dt|
o |t dt

1— L [0 (t —to)dt

IN

al/(1—a) a _ate
I ey L Ll S et
1 1
- (3-25)
= a m [ ! { a olat/(=a) QZ/(l_a)}
2/(1—«a
L [1_ o @ @ @i
I —a (2 2 a+1 a+1

o 1 042/(1*6“)(1—04)+ l—a Jrozz/(lfo‘)(l—oz)
o l-a -5y 2(a+1) 2(a+1) 2(a+1)

u 1 + 2&2/(170‘)
2(1 + OZ) 1-— 2_(1+Lo¢) '

Note that for o # 1,

The case for a = 1 is essentially the limiting case and we complete the proof. [

4 Conclusion

We conclude the paper with following observations. As for the starlikeness of the
class R(a, ) for a > 0 is concerned, the following informations are known: For
a > 0, we have

(a) R(a,\) € S*if 0 < A < 2(1+ «)/V/5, see Theorem 1.3(i) and (1.1).

(b) R(a, \) C S* if

2(1+a)
0 < A < 42;, a2a/(1foc)
~ 1873 for a=1,

for 0<a#1<x

1+ 2e2

see Corollary 1.15(a). For « = 1 and o = 1/2, it is easy to see that the
inclusion (b) is better.

|
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(¢) R(a,\) € S1if 0 < A< (14 «)/2, see Theorem 1.3(i) and Lemma 1.2.

(d) R(a,\) € S;if 0 < A < a, see Theorem 1.3. We observe that for a > 1, (d)
is better than (c).

(e) R(a,A) C Sy if

(1+ «)
0 \ < m for O<Oé7é1<00
SAS 2e?
for a =1,
1+ e?

see Corollary 1.15(b). Note that for o = 1, (e) is clearly better than (¢) and

(d)-

Apart from the above mentioned results, one can get additional information by
looking at the other possibilities. For example, if we add (3.10) and (3.11), we find
that

(ﬁ%@Y—l:u<w@y+ﬂ—axgﬁkhﬁdﬁ) (4.1)
so that

Crey - <u (141, (12

This observation shows that if f satisfies the condition (1.6) then f € Sy if

[1—qa
1+ ——— ) <1.
M( + 1+ Rea) —
Equivalently, for o > 0, we have

R(Oé, )\) C 81
if 1
o “(;“ fo<a<l
<A<
Tra o>t

A comparison with (c) and (d) above shows that the last inclusion is not better.
On the other hand, if f satisfies the condition (1.6) then from (4.2) we see that f is

convex if
2(1+Rea)

(1+Rea+[1—a|)V5

In particular, functions f satisfying the condition (1.6) are convex if

O<p<

(Rea > —1).

a+1

= if —1<a<1
if > 1.
a5

In view of (4.3) and Corollary 1.10, a simple calculation shows the following:
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Corollary 4.1. Functions f € A satisfying the condition (1.6) are convex if

for —l<a<+yb5-2

for VE—2<a<l1

1+« 9
0<p< T for 1§a§\/571
1+« 9
T a for \/gilga§2

1
ra for a > 2.
2c

In particular, we have

Corollary 4.2. For a > 0, the inclusion R, \) C K holds whenever

1
w for 0<a<i
a(l+a) for L<a< V-1
1(1+2CY) 2 2
all + o V51
0< A< ———=  for <a<l
14+« 1
7 for 1§a§\/g_2
a(l+ o) 1
IR

Similarly, one can list down the conditions on o and A for functions satisfying
the condition (1.6) or functions from R(a, \) to be in K.
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