A note on the irreducible characters of the
Hecke algebra H,(q)
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Abstract

In this note we present a formula for the irreducible characters of the
Hecke algebras H,,(q) of type A,,—1, in terms of irreducible characters of the
symmetric group corresponding to classes with a single cycle of length greater
than one.

1 Introduction

A number of prescriptions for calculating the irreducible characters qxﬁ of the Hecke
algebras H,(q) of type A,,_1 are known. Thus in the literature we may find :

i) a purely combinatorial algorithm (ref. 1).

ii) a procedure derived from the relation between the Ocneanu trace on H,(q)
and the Schur functions (ref. 2).

iii) a method using the properties of the fundamental invariant of H,(q) (ref. 3).

iv) an improved version of the “Murnaghan—-Nakayama” rule for the characters of
the Hecke algebra (ref. 4).
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The main purpose of this note is the construction of an algorithm for qxﬁ whose
components are the simple characters of S,,. Our approach relies on the A. Ram
formula (ref. 5) :

-1
X = M I (@ = D" ag (1)

Z”zn |

where ¢(p) is the number of non-vanishing parts of the partition pu, X,’) and ¢*
are, respectively, the simple and the induced characters of the symmetric group S,.
Hereafter, Section 2 is dedicated to recall some characteristics of the representations
theory of S,,. Section 3 considers anew Ram’s result. Finally, Section 4 contains our
method for evaluating the characters of H,(q).

2 The Induced characters of the Symmetric Group Sh

Let n be a positive integer. The partitions of n are designated by A = (A1, Aa, ..., \g)
where A = A\ > Ay > ... > )\, are positive integers with n = Ay + Ay + ... + Ag;
p(n) is the number of partitions of n.

Let C' be a class of the symmetric group S,, characterized by its cycle structure
(12,2737, ...) This symbol denotes that the permutations in C' contain o 1-cycles,
0B 2-cycles, v 3-cycles, etc., where n = a + 20+ 3y + .. ..

Xf\1a,2ﬁ,3v,...) is an irreducible or simple character of S, corresponding to the par-
tition A and to the class (1%,2°,37,...) and Y is the irreducible character table of
Sp. The character tables of \S,, for n < 10 may be found in ref. 6.

To each partition of n corresponds a subgroup S, of S, given by the direct
product Sy, XSy, X...xS)y,. Such subgroups are called canonical or Young subgroups
of S,.

For each Sy, we have :

The character induced in S, by the identity representation of a canonical subgroup
is

! ! !
A ol ol !
N = E : 3
P20 alagl... BBl byl ®)

where

ZOéiZOé, Zﬁz‘Z@ Z%‘:%---- (4)

The sum is over all the integer solutions of the system of equations (2) and (4).
¢ is the induced character table of S,, (for n = 4, see ref. 7). The Tables y and ¢
are of dimensions p(n) x p(n).
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3 The Ram’s formula revisited

The purpose of this section is the derivation of a special case of A. Ram’s formula
for the irreducible characters of H,(q). Note that in equation (1) nj,ng, ns,...
correspond to a, 3,7, .... From the algorithm for the induced characters of S,,, we
deduce the expression

lags . =1 for A=n.

Moreover, if n = p, from eq. (1) we obtain :

= znq‘l Y. (5)

Z”zn |

To a cycle of length m appearing p times we shall associate a Q-term defined by

Q= {((({,J_ll 32_1 m=l (6)

pa) m>1
where _1 =q¢" " g+ 1.
q _—
For a class (1",2"2,3"s . ..) the Q-terms combine according to

Q1Q>° Q5" . ..

where r =n; +ng +ns+....

Hence

Qr ng N3 — (q — 1)n1+n2+n3... . (q2 — 1)n2 . (q3 - 1)713 o

192 w3 q— 1 (q _ 1)n2 (q _ 1)713

TN n 1 7 n;
QIQQM ... = q_—12(q—1w p=mn,l(n)=1. (7)

Finally, we have
A Q105 Q3* A
QXTL - ; 1”27/1/1'2”277/2“" XV (8>

It must be pointed out that

e , X, is valid for the irreducible characters of H,(q) corresponding to the classes
with a single cycle of length n.

e In ,x) the factor involving the induced character of S,, does not appear.

Let gy = (190,200 30 ) g = (192,252 3% ) oo e = (195,25 3% ) be
s classes. From the combination gy . .. s results :

(1041+042+---+Oés’ 2ﬂ1+ﬂ2+---+ﬂs’ 371+72+...+%’ - )
We shall focus our attention on (1% ¢). If n > ¢, each partition of ¢ written as

(14,2737, ...) yields the combination (1"~%) (1%,2°,3,...). To clarify the point,
we set n =5 and ¢ = 3.
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Then (12> ’ (13> = (15>7 (12> ’ (172> = (1372>7 (12> ' (3> = (1273>
For a partition A and the class (1"7*, £) the irreducible characters are given by

A QIQ2°Q3° )
len_[ag = Z 1n1 n1!2n2n2! . .X(ln_[)a(1n1=2n2=3n3“'). (9)

The sum is over all the partitions of ¢, n > /.
For example

Xi\3,2
2

A A
X X1z,
qx?2,3=—615(q—1)2+ (q—l)(q+1)+—§3(q2+q+1)-

e If n = { we recover equation (8)
e Ifn>1and ¢ =0, ;xin = Xin (see App. A).

Table I and Table II display X7, , for n >2,3,...,7.

4 A product method for the irreducible characters of H,(q)

Let A be a partition of N and ('), (X”), (\"), ... subpartitions of A i.e., N = N4+ X"+
N+ ... Besides let u = (14,28,3% ...) be a class of N, N = A+ 2B +3C + ...
which stems from a combination of the classes ', u”, i, ... respectively. (In all

these classes a single cycle has a length > 1).
Proposition
X = (o) - () - (X)) -
FEach factor of the right-hand side member of the expression is evaluated by means
of (8) or (9).
By way of example we shall calculate the irreducible character ¢x3,, of Hg(q)
where A is a partition of N = 6.

. >\ o >\/ >\// _ >\/// >\Ll) . >\l/ >\VL >\l/LL
(a) : aX321 = qX3 " qX21 = ¢X31  aX2 T ¢X3 " qX2 - ¢X1

)\/ _"_ )\// — )\/// _"_ )\LV — )\V _"_ )\VL _"_ )\VLL — 6
(b) : Using the results of Table I, we get :

A
X2 14

12

A Xi\fs 3
aX321 = ﬁ(q—l) +4
X§\2,12
4

A
+ %(H D(g® +q+1).

(q—1)%(q+1)

A
X3,13

(¢— D+ 1)+ =—(¢—1)(¢" +q+1)

To particularize, let A = (5,1). The irreducible characters of Sg are in such a case :
5,1 5,1 5,1 5,1 5,1
X5 =9 Xoa =3 Xaki2 =17 X3z =2 and x33,=0.

24q3 — 24q>
Therefore : qxg:%’l = % = 2¢° — 2¢°.
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Proof : For briefness we are going to consider the case (qxl’);) (qxl’)x).

By means of eq. (8), we may write :

: ), QTO™=QE ... |, QrOYQY ...
() (gxpr) = D =S\ NN L= e
P

> 1”177,1!2”277,2!... 1N1N1!2N2N2!...

>\/ >\// QS—FRQS’LQQ?S o e >\//
(o) (o) = Z zp: 1N TN 122 Na g TN AR
Let m; = n; + N;; we have :
r+R yma yms
>\// Ql QQ Qg “e . A
(qXM qXMN Z Z 1migmz 77,1!N1!77,2!N2! XV Xp ’
ml'mg‘
Multiplying b —— =1
plying by Z - N)

o = S HE A ey e
1 M q » 1m1m1!2m2m2!... voae 77,1'77,2 NllNg
If we take into account a class p = v/, the sums involving the indices v and p can
be expressed as a single sum over the partitions ordered from 1##" to (i, 1”).
g s
Remark that :

mqlms! 1o
> L2 g (see Sect. 2)
and using expression (1), we obtain :

/ " 1 j - 1 / //
() (X)) = CEE > I1 % O

that is :
(QXZ\/> (qu;”) - qX(M/ //)

The proof of the general case follows the same pattern.
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APPENDIX A

From eq. (1) we get :

ot = G ST e
if v =17, ¢}, = n! A
Hence : o} = e _1 Iy n! 1:[ %xi\n
A nl o (g—1)" A
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TABLE | : IRREDUCIBLE CHARACTERS  ,x7. ., n>2...,5
A A
X n X n—27
Xinzp = -0 = 1) + =52+ 1) n>2
A A A
X n X n—27 X n—37
Xinsg = 50— 1P+ T2 - Dig+ ) + =52+ +1) n>3
A A A
X1n Xin—2 X1n—1 92
Xinig = 5o (0= D+ 220 = DXg+ D) + = (g - (g + 1)
n>4
Xi\n—Sg 3 Xi\n—44 3 2
t—g (- D+ =@ e et )
A A A
A Xl" 4 Xl"_2 2 3 Xl"—4 22 2 9
w55 = ———(q—1 =(q—1 1 : -1 1
A A
X1n— X1n—
R - D - D)+ TR - g+ ) n>5
A A
X n— X n—
TN - D) TR P P gt )
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TABLE Il : IRREDUCIBLE CHARACTERS qu\n—f,z n>6,7
A A A
X1n X n—2, X n—4 92
qu\"_Gﬁ = 7/?10 (q - 1>5 + 148 - (q - 1>4<q + 1) + 116 2 (q - 1>3<q + 1>2
A
X1n—6 93 X1n-3
= DX+ )’ + %(q —1)*(¢*+1)
A
n— X n— 2
P2 ()P = 1)+ TR (1) (¢ + g+ 1)
A A
X n—4 X n—=6
+= =D =)+ =2 e+ Dt - 1)
A A
n— X n—
X15575<q5_1>+ 166’6(q5+q4+q3+q2+q+1)
A A A
A — Xl" — 1 6 Xl"—272 _ 1 5 1 Xln_4,22 o 1 4 1 2
Xin-rg = g0 =10+ == (g = 1) (g +1) + — =g = 1) (¢ + 1)
A A
" X n
M2 (g 1)+ 1)+ (g - 1) - 1)
A
X n—>5 X n—7 92
+=22 (P = D) - Dg - D+ 522 - D)+ g+ 1)
12 24
A A
Xln—(i 32 3 2 Xl"_44 2 4
: —1 : —1 —1
g @)+ -1 - )

X>\ —6 X>\ =7
2P ) (gt - )+ P2 (P - D (P P g+ )

8 12
A A
X n—>5 X n—"7
o=@ =)+ = - D+ P g+ 1)
Xi\"—6,6 6 Xi\"—7,7 6 5, 4, 3, 2 1
e U R e U K KA Y
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