On the flatness of a class of metric f—manifolds

Luigia Di Terlizzi Jerzy J. Konderak Anna Maria Pastore

Abstract

We consider a metric f-structure on a manifold M of dimension 2n + s.
We suppose that its kernel is paralellizable by global orthonormal vector fields
£1,...,& and that the dual 1-forms satisfy dn® = F where F is the associated
Sasaki 2—form and k = 1,...,s. We prove that if n is greater than one then
M cannot be flat. This is a generalization of a result by D.E.Blair proved for
contact metric manifolds. We also give a counterexample in the case n = 1.

1 Introduction

In recent years we have observed a rapid development of symplectic geometry and
then also of contact geometry. We are interested in the Riemannian aspect of contact
manifolds and their generalizations. Many results are due to the Japanese school.
As a main reference for contact Riemannian manifolds we refer to the books by D.E.
Blair [3, 4] and to the vast bibliography therein.

D.E. Blair proved that a contact metric manifold cannot be flat if its dimension
is 2n 4+ 1 with n greater than one, cf. [2]. He also constructed an example of a
3—dimensional contact metric manifold with vanishing curvature tensor.

From the same point of view we study a certain generalization of a contact metric
structure, cf. [1, 9]. We consider a manifold M of dimension 2n + s with n > 0 and
s > 0, equipped with an f-structure as introduced in [10], i.e. a tensor field ¢ of
type (1,1) such that ¢3 + ¢ = 0. We suppose that the kernel of ¢ is a parallelizable
subbundle of T"M. Hence there exist global vector fields &1, ..., & which span the
kernel of ¢. Let n',...,n® be their dual 1-forms. According to the definitions of [8],
the set consisting of M with the geometric structures (¢, &1,...,¢, 0% ..., n%9), g
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a compatible metric, is called an almost S-manifold if dn* = F forall k =1,...,s
where F'is the Sasaki 2—form defined by g and ¢. Examples of such manifolds may
be constructed using the suspension method [6] or using the pull-back of toroidal
bunldles, cf. [5, 8]. The almost S—structure may be also viewed as a Riemannian
almost C'R—manifold of codimension s such that the orthogonal bundle is paralleliz-
able; however we shall not use this approach in the current paper.

In the present paper we extend the result proved in [2] to almost S—manifolds.
In Section 3 we obtain preparatory identities of the curvature tensor of an almost
S-manifold. Then in Section 4 we apply these identities to prove Theorem 4.1 which
says that an almost S—manifold of dimension 2n + s cannot be flat if n > 1.

In Section 5 we consider the geometry of the pull-back of a fibration. Under
certain conditions on the fibration we get a natural structure of a Riemannian fibra-
tion on the pull-back bundle. Moreover we give conditions for the pull-back bundle
to be totally geodesically immersed in the original fibration. In Section 6 we use
the general construction on the pull-back bundle to obtain examples of flat almost
S—manifolds of dimension 2 + s, for all s > 0.

2 Preliminaries

Let M be a (2n + s)—-dimensional manifold equipped with an f.pk—structure, that
is an f-structure ¢ with a parallelizable kernel. This means that there are s global
vector fields &;,...,& and 1-forms 7', ..., n° on M satisfying the following condi-
tions: .
p&) =0, nop=0, P==I+> W, 1) =7

j=1
for all i,7 =1,...,s. We denote by X'(M) the module of differentiable vector fields
on M. On such a manifold there always exists a compatible Riemannian metric g,
in the sense that for each X,Y € X (M)

s

9(X,Y) = glpX, oY) + > 1 (X (Y).
j=1
Fixed such a metric on M, let F' be the Sasaki form of ¢ defined by F(X,Y) =
9(X,@Y) for X, Y € X(M). We denote by D the bundle Im¢ which is the orthogonal
complement of the bundle ker p =< &;,..., & >.
We assume also the following condition

F=dp'=---=dn° . (2.1)

Then the metric f.pk-structure (¢, &, 0, g) is called an almost S—structure and M
an almost S—manifold, cf. [8]. A metric f.pk—structure is said to be a K—structure
if F is closed and the structure is normal, i.e. N = [p, ] +23% ,dn' ® & = 0,
where [p, ] is the Nijenhuis torsion of ¢. A normal almost S—manifold is called an
S-manifold. Let V be the Levi-Civita connection of g. We recall some formulas
which will be used in the present paper, cf. [8],

Ve& = 0 (2.2)
Vep = 0 (2.3)
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fori,j € {1,...,s} and
20(Vxp)Y, Z2) = g(N(Y,Z),0X) +29(¢Y, pX)(2) (24)
—29(pZ, X )N(Y).
where X, Y, Z € X(M) and 77 = 325_, 77. We also consider the self-adjoint operators

h; == %Egigo (2.5)
where i = 1,...,s. In [8] many properties of these operators are proved. We list
below those which will be used in the paper.

Foreachi,j=1,...,s
hi&; =0; 1/ o h; = 0. (2.6)
Furthermore for each X € X(M) and each i =1,...,s
hiop = —poh; (2.7)
Vx& = —pX —phX (2-8>
so that
Vx¢& €D. (2.9)
Moreover, for each X € D and for each 7,57 = 1,...,s we have
(Ve X) = (6, X]) = —2dip (€, X) = —2F(6, X) =0, (210)
Finally, for each X,Y € D we have
(Vx@)Y + (Voxp)pY = 29(X,Y)E (2.11)

where & = >im1&

3 Curvature identities

Let (M, ¢, &1,...,&,nt, ...,n% g) be an almost S—structure and R its Riemannian
curvature tensor.

Proposition 3.1. For each i,k = 1,...,s and for each X € X(M) the following

formulas hold

(Vehi) X = o(Re,xék) + X + phi X — ohp X — o((hp o b)) X)  (3.1)

(Veh)X = @(Rex&)+¢X — ohiX. (3.2)
Proof. From (2.2) and (2.8) we get
Rex& = —Ve(pX) = Ve (o X) + o([6: X)) + ohi([&6, XT) (3.3)

= —p(Vx&) — o((Vehi) X) — ohi(Vx&).
Then we apply ¢ to both sides of the above equation and get
o(Re;x&k) = Vx&i+ (Vegh) X + hi(Vx§)
= —pX —oh X + (Ve hp) X + php X + @o((hg o hy)X),

due to (2.2), (2.3), (2.9) and (2.10). Then (3.1) follows immediately. When k = i
equation (3.1) becomes (3.2). ]
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Corollary 3.1. For each i,k =1,...,s and for each X € X (M) we have

Rex€ — ¢(Repxtr) = 2((hoh)X +¢°X) (i #k) (3.4)
Rex& — ¢(Repx&s) = 2(R2X +¢°X) (i = k). (3.5)

Proof. Equation (3.3) can be rewritten as
Re,xéx = —p((Ve,hi) X) + ©* X — hiX + hp X + (hy o hy) X.
On the other hand, from (3.1), (2.3) and (2.7), we have
—o(Reipx&r) = o((Vehi) X) + 0° X + hi X — hp X + (hg o hy) X.

Finally, the last two equations give (3.4). Putting k& = i we obtain (3.5). ]

Corollary 3.2. If M is flat, then for each i,k =1,...,s we have:

hkohi=—¢2:[—2ﬁj®§j- (3.6)

Jj=1

Corollary 3.3. Ifl € {1,...,s} and if Rex& =0 for each X € D, then

hi=—p"=1-3 17 ®&. (3.7)

J=1

Proposition 3.2. Let | € {1,...,s} and suppose that the sectional curvature of
each 2-plane containing & vanishes. Then h; has rank 2n and D s decomposable in
two eigenspaces of hy. Moreover (3.7) holds.

Proof. Let X € D. Taking the scalar product of (3.5) with X we obtain g(h}X +
¢©*X,X) = 0. This implies |l X]|| = ||¢X]| = || X]|. If X is an eigenvector with
eigenvalue A, then |A||| X || = ||X]| so that A = +1 and hence, due to (2.7), pX is
an eigenvector of eigenvalue —\. Then the eigenvalues of h; are 0 with multiplicity
s and +1 with multiplicity n. Consequently TM =V, ® V_1 & V; where V) = kerp
and V_; @ Vi = D. Obviously h? = —p?. n

We shall denote by Vi and V! the eigenspaces of h; relative to the eigenvalues 1
and —1 where [ =1,...,s.

Remark 3.1. The above result holds replacing, for a fired | € {1,... s}, the con-
dition on the sectional curvature with the condition Re x& = 0 for each X € D.

Proposition 3.3. If M is flat, then all the operators h; coincide.

Proof. Let i,j € {1,...,s}. Since (3.6) implies h; = hj = h; o hj = hj o h; = —¢*
then h; = h; on D. On the other hand h;§, = 0 = h;&, for each k = 1,...,s and
then hz = hj. |
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In the flat case we shall denote by V, and V_ the eigenspaces with the eigenvalues
1 and —1 of all the A;’s.

Proposition 3.4. Letl € {1,...,s} be such that for each 2—-plane containing &, the
sectional curvature is zero and Rxy& = 0 for all X,Y € V! ; then the distribution
V! is integrable.

Proof. If X,Y € V!, then from (2.8) it follows that Vx& = Vy& = 0. Hence

0= Rxv& = —Vixyé& = —o([X,Y]) — ph([X,Y])

and then applying ¢, h([X,Y]) = —[X,Y]. Namely, from (2.6) we have that
n*h([X,Y]) = 0 and moreover nf([X,Y]) = —2dn*(X,Y) = —2F(X,Y) =
—2¢(X,Y) =0, forall k=1,...,s, since pX € VI. [

Proposition 3.5. Let | € {1,...,s}. Suppose that for each 2-plane containing &,
the sectional curvature vanishes and Rxy& = 0 for all X, Y € VL. Then, under the
supplementary assumption that Re x& = 0, for each k =1,...,s and each X € V!,
the distribution V@ < &, ..., & > is integrable.

Proof. In this case Vg, x1& = —Re,x& = 0, for X € VI, From (2.8) it follows
that o([&k, X]) + ohi([€k, X]) = 0 and then hy([&, X]) = —[&k, X] which means that
(&, X] € V'. Hence together with Proposition 3.4 we get the claim. ]

Under the hypotheses of Proposition 3.5, since VI® < &,...,& > is an inte-
grable distribution, there exist local coordinates uy, ..., us,+s such that

{ 0 0 0 0 }
aun—i—l’ Y 8“271’ 8u2n+1 Y aU'Zn-i—s

is a local basis of V!® < &,...,& > . Then we consider local functions p?, a =
1,...,n,7=n+1,...,2n + s such that the local vector fields

8 2%5 ) 8 ( )
X, =—+ pr— 3.8
Ol Pt Ou;

belong to Vfr. Xq,...,X, are linearly independent and hence they give a basis of Vfr.
From Proposition 3.5 we obtain [a%j, X eVip <&,..., & >fora=1,...,nand
j=mn+1,...,2n+ s. It follows that & is parallel along [%, X,]. In fact, locally
[%, Xo| = X +X5_, 07¢; where X € V! and o', ..., 0® are differentiable functions.

Then, due to (2.2), we get

V[%,Xa]& =Vx& + Zlajvgjfz = 0.
]:
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4 Flat almost S—manifolds

In this section we fix an almost S—manifold (M, p,&,...,&,nt, ..., % g) and we
suppose that M is flat. Hence we may apply the results of the previous section.

Lemma 4.1. Let Xq,..., X, be the local frame of V. defined in (3.8) then the
following formulas hold for a, 3,v=1,...,n

Vex.pXg = 0 (4.1)
Vx.(pXs) = Vx,(pXa) (4.2)
9([Xa, 9Xp], Xy) = 0 (4.3)

Proof. We have already proved that for each i =1,...,s, 7=n+1,...,n+ s and
B=1,...,n,¢& is parallel along [% Xp]. Using (2.8) and R = 0 we get

-
J

0= V[%J(ﬁ]& = V (VXBSZ) - Vxﬁ(V%fi) = —QV%(QDXB).

0
Buj

Since X, € V_ we immediately get (4.1). Using (3.8) we have [X,, X5 € V_&
< &, ...,& >. Furthermore:

9([Xa, Xpl, &) = —9(X5, Vx, &) + 9(Xa, Vx, &)
= —Q(Xﬁa —pXo — phiX,)
+9(Xa, X5 — phiXp)
= 49(Xﬁv ©Xo) =0

so that
[Xa,Xg] cV_. (4.4)

It follows that 0 = Rx,x,& = —2(Vx, (¢Xs) — Vx,(0X,)) from which we get (4.2).
Finally from (4.1), (2.8):

0= Rx,pox5& = —Vixaexs&i = ([ Xa, 0Xp]) + 0hi([Xa, 9 X5])

and then [X,, 0 Xg] — 335 7/ ([Xa, X5])&; + hi([Xa, Xp]) = 0. Taking the scalar
product with X, we get

g([Xav @XﬁL X’Y) = _g(hi<[Xav @Xﬁ])v X“f) = _g([Xav @Xﬁ]v X“{)

from which we obtain (4.3). n

Lemma 4.2. For each X,Y € V, the following formula holds:

(Vxe)Y =29(X,Y)¢. (4.5)

Proof. We observe first that ¢ Xi,...,¢X, are linearly independent and thus give
a basis of V_. From (2.11) we have that for each o, =1,...,n

(Vx.0) X5+ (Vox.9) (0 X5) = 29(Xa, Xp)E.
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Taking the scalar product with ¢.X,,, v =1,...,n, and using (4.1) we obtain

9(Vx,0)Xp,0X)) = —9((Vex.0)(9X3s), 0 X,)
= g(V¢XaX6’ QOX'Y)
= —9(Xp, Vox,0X,) = 0.

Hence (Vx,)Xs is orthogonal to V_. Now, from (4.2) and (4.3) we have

9(Vx. 9 X5, Xy) = 9(p(Vx. Xp), X5) = 9((Vx.0)Xp, X5)
—9((Vox,p)pXs, X5)
= 9(Vex. X5, X5)

= g(ng‘PXava)

= 9(Vx.pXp, X,)

so that g(p(Vx,Xp), X,) = 0. Then ¢(Vx, Xz, ¢X,) = 0, that is, Vx, Xz is or-
thogonal to V_. It follows that

I(Vx.0) X3, X)) = 9(Vx,0X3,X,)

= —g(pXy, Vi, X,) =0, (4.6)
Finally
9(Vx.0)X5,&) = 9(Vx,0X5,&) — 9(0(Vx,X5), &)
= —9(pX5, Vx.&) = 9(9 X, 0Xo + p(hiXa))
= 29(p X, pXa) = 29(X, Xa).
Hence equation (4.5) immediately follows. ]

Lemma 4.3. For each o, =1,...,s we have Vx, X3 € Vi and then
[Xa, X5] =0.

Proof. From the proof of Lemma 4.2 we get that Vx_ Xj is orthogonal to V_. Due
to (2.8) we have g(Vx,X3,§;) = —9(Vx,§, Xp) =0 for each j =1,...,s. Finally
from (4.4) [X,, Xg] € Vi NV_ and therefore vanishes. ]

Theorem 4.1. If (M* ¢ &, ..., &0 ...,n% q) is a flat almost S—manifold,
then n cannot be greater than one.

Proof. Suppose n > 1. Then there exist a,y € {1,...,n} such that X,, X, are
linearly independent. Let 8 € {1,...,n}. We write (4.5) for X, and Xz, then we
take the covariant derivative with respect to X, and get

Vi, Vx,0X5 = (Vx,0)(Vx,Xp) — 0(Vx,Vx,Xp3)
=2X,(9(Xa, Xp))€ — 459(Xo, Xp)pX,.

Taking the scalar product with ¢ X5, for any § € {1,...,n} and using Lemmas 4.2
and 4.3 we get
9(Vx, Vx,0Xp,0X5) = 9(0(Vx,Vx,X3), 0Xs)
= —4s9(Xa, Xp)g(p X5, 9 X5)
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that is:

9(Vx, Vx,0Xs,90X5) — 9(Vx, Vx, X5, X5) (4.7)
= —4Sg(Xa, Xﬁ)g(X’Ya Xé)

We interchange v and « in equation (4.7) and then subtract one from the other.
Since M is flat, using Lemma 4.3 we obtain

—45(g(Xa, X5)g(X, X5) = 9(X,, X5)9(Xa, X5)) =0

and in particular for & = 8 and v = § we have g(X,, Xa)9(X,, X,)—9(X,, X,)* = 0
which contradicts the linear independence of X, X,. [

Remark 4.1. Theorem 4.1 holds a fortiori for S-manifolds.

Corollary 4.1. Let (M, ¢, &1, g) be a K-manifold of dimension 2n+ s with n > 2
and also s > 2. Suppose that r of the n'’s are closed, 1 < r < s, whereas dn® = F
for the remaining s — r. Then M cannot be flat.

Proof. 1t is known that in this case M is locally the product of an S—manifold M,
and a flat manifold My, cf. [7, Remark 3|. Since from Theorem 4.1 M; cannot be
flat we obtain the claim. [

5 On the pull-back of a Riemannian fibration

Let M’ B" and B be smooth manifolds. Let 7’ : M’ — B’ be a smooth locally
trivial, not necessarily vector, fibration and let u : B — B’ be a smooth map. Then
we can consider the pull-back bundle 7 : M — B such that the following diagram

MY

B —~— B
commutes; U is the canonical map from M to M’ such that U(a,b) = b where
(a,b) € M. We recall that (a,b) € M if and only if u(a) = #'(b). The standard
fibre of the pull-back bundle coincides with the standard fibre of «’ : M’ — B’
and the map U is a diffeomorphism when restricted to the fibres. Actually M is an
embedded submanifold of B x M’.

On the other hand the tangent maps dn’ : TM' — TB' and du : TB — TB’
allow us to define the pull-back vector bundle £ — T'B such that the following
diagram

E L. Tw

ml \dﬂ,

B - TB
commutes. The bundle E is defined explicitly in the following way:

E= U {(vX)eT.Bx M| du,(v) = dmj(X)}.

(a,b)eM
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We have a canonical projection IT from E to M, such that II(v, X) = (a,b) where
(v,X) € T,BxT,M'. Then it is easy to observe that Il : £ — M is a vector bundle
with the fibre over (a,b) € M consisting of all pairs of vectors (v, X) € T,B x T, M’
such that du,(v) = dm,(X).

Proposition 5.1. The vector bundle I1 : E — M is canonically isomorphic to the
tangent bundle of M.

Proof. Let (v,X) € E(qp) then v € T,B and X € T,M’'. There exists a curve
7 ¢ (—e,e) — B such that 7;(0) = a and 4;(0) = v. Since 7’ : M’ — B’ is
also a submersion, there exists a curve 7, : (—e,e) — M’ such that 12(0) = b
and 42(0) = X and u(vy1(t)) = 7'(12(t)) for all t € (—¢e,e). Hence it follows that
v(t) = (m(t),72(t)) is a curve in M which defines a tangent vector to M at the
point (a,b). Then we put ®(v, X') := 4(0). This defines the canonical ismorphisms
of bundles ® : E — T'M over M. It is easy to obtain the inverse of ®. If v(t) =
(m(t),2(t) : (—e,e) — M is a curve in M, then u(yi(t)) = 7'(72(t)) for all
t € (—¢,e). Hence du(41(0)) = dn’(42(0)). Then the inverse of ® is given by

B1(4(0)) = (1(0), 42(0)). -

In what follows we shall use E as the representation of T'M having in mind the
isomorphism & constructed above. Hence local sections of T'M will be represented
by the pairs (v, X) where v is a local vector field on B and X is a local vector
field on M’ such that for each (a,b) € M N (domain(v) x domain (X )) we have that
du(v,) = dr'(Xy).

Proposition 5.2. Suppose that (v, X), (w,Y) are local vector fields on M then,
under the canonical identification ® : E = TM we have the following formula for
the Lie bracket

[(Uv X)? (wv Y)] = ([Ua U}L [X7 YD

Proof. We observe that M is naturally immersed in the product manifold B x M’.
Hence we can consider the induced monomorphism of bundles TM — TB x TM’.
From the construction of the isomorphism & it follows that the following diagram

P

TM E 22, TBxTM

L |

M M injection B x M

commutes. Moreover the map F < T B x T'M’ is just the inclusion determined by
the inclusion M — B x M’. Hence (v, X), (w,Y) are vector fields on B x M’ such
that their restrictions to M are vector fields tangent to M. Thus the restriction
of the Lie bracket [(v, X), (w,Y)] to M gives the Lie bracket of (v, X) and (w,Y)
restricted to M. Hence our proposition follows. [ |

The fibration 7 : M — B determines its vertical bundle V(M) := ker dw. Then
we have the following straightforward characterization

V(M) = |J {(0,X)eTuBxT,M | drj(X) = 0}. (5.1)

(a,b)eM
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From now on we suppose that: (M’ k'), (B',¢’) are Riemannian manifolds; 7’ :
(M) — (B,g') is a Riemannian fibration; v : B — B’ is a totally geodesic
immersion. Then we put h :=c-U*}, g := c-u*g’, ¢ being a fixed positive constant.
The tensors g, h are Riemannian metrics on B and M, respectively. The horizontal
bundle of 7 : M — B is given by

H(M)= {(v, X) € TiapM|dmy(X) = dug(v), X is horizontal in TbM/}.

(a,b)eM

According to the definition of h and to (5.1) the fibration 7 : (M,h) — (B,g) is
Riemannian; namely if (v, X), (w,Y) € H () (M), then we have that
h((v,X),(w,Y)) = ch'(X,Y) = cqd'(dr’'(X),dr'(Y))
= cf'(du(v), du(w)) = g(dm (v, X), dr(w,Y)).
Proposition 5.3. Let v, w be local vector fields on B and X,Y be local vector fields

on M’ such that (v, X), (w,Y) are tangent to the manifold M C B x M’, then we
have the following formula for the Levi—Civita connection of h

where V9, V" denote the Levi-Civita connections of (B, g) and (M', h'), respectively.

Proof. We assume that v, w are local vector fields on B’ such that their restrictions
to the image of u give the vector fields u,(v) and wu.(w). Since u is totally geodesic,
u(Viw) = V%/@. Since 7’ is locally trivial, we may assume that 7, (X) = ¥ and
7. (Y) = w. Then we observe that

dr' (VYY) = VL = du(Viw)

which follows from the fact that n’ is a Riemannian fibration. This implies that
V?U, xy(w,Y) is tangent to the manifold M and then V" is a well defined connection
operator on the vector fields on M. Moreover, we have that
V?U,X) (w7 Y) - V?w,Y) (Uv X) = (vg/wv V’;('Y) - (ngv7 V};'/X)
= (v, w], [X,Y)
= [(Ua X)? (wv Y)]
and then it follows that V" is torsionless. Finally we observe that U*(V"h) =

c-U*(VMR') = 0. Since U is an immersion, we get that V" is the Riemannian
connection of h. n

Corollary 5.1.

1. The map U : (M,h) — (M', 1) is a totally geodesic conformal immersion with
scaling constant equal to ¢ ;

2. R=c-U*R where R and R' are Riemannian curvature tensors of h and h’,
respectively;
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3. if (M',K') is of constant sectional curvature K', then (M, h) is of constant
sectional curvature %K’; in particular if (M', 1) is flat, then (M,h) is also

flat.

Proof. Property 1 follows from (5.2). Then 2 and 3 follow immediately from 1 and
the definition of the metric tensor h. ]

6 Examples

We shall discuss in more detail the following example.

Example 6.1 (cf. [2]). Let My = R?® with its standard coordinates (x,y, z). Then
on My we consider the following geometric objects:

e the Riemannian metric tensor hqg := i Jean Where gea, is the standard flat metric
on MO

e hy—orthonormal vector fields

0 . 0 : 0 o 0
& = 2008(2)6_26 + QSln(z)a—y, Co=—2 sm(z)% + 2COS<Z>8_y’ 2&
e the forms
Mo := COSQ(Z)dx + sz(z)dy, dno = sin(z) dz Ndz — cosz(z)dy Ndz

e the endomorphism ¢y € End(TM)) such that

0

0
900(2%) = —Co, ¥o(Co) = 2@, wo(&) = 0.

Then (Mo, &y, no, Fo, ho) is a metric contact manifold i.e. Fy = dny where Fj is the
2-form associated to hy and ¢y. Clearly the sectional curvature of hy vanishes.
We consider the action ¢ : R x My — M, of the Lie group G := R on M, given
by
o(t, (x,y,2)) = (a: + 2t cos(z),y + 2t sin(z), z).

The infinitesimal transformation determined by 1 € R = Lie(G) is just the vector
field &. We observe that the action ¢ preserves all given structures on M, i.e. for
each t € G we have that

(<Z5t)*h0 = ho, (<Z5t)*§0 = o, (<Z5t)*770 = To, (<Z5t)*<Po = o, (<Z5t)*Fo = Fy. (6-1)

Moreover we have that i¢ F, = 0. Since the action ¢ is free and proper, there
exists a natural structure of a smooth manifold on the quotient By := My/G such
that my : My — By is a principal fibre bundle with structure group G. Since ¢
acts by isometries, there exists a unique Riemannian metric gy on By such that
7o : (Mo, ho) — (Bo, go) is a Riemannian fibration. From the invariance of the given
structures on M, it follows that Fj is a tensorial 2—form and that it is projectable
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to a form €y on By. Moreover, from equations (6.1) it follows that ¢ is projectable
to a unique almost complex structure Jy on By. It is easy to observe that all these
structures on By are compatible. This means that .J, is orthogonal with respect
to go, and Q(X,Y) = go(X, Jo(Y)) for each X,Y vector fields on By. Hence
(Bo, go, Jo) is a Riemann surface and its Kahler form is just €. Moreover, we have
that 7€y = Fy. We will use this in the next example.

Remark 6.1. We observe that (By, go) is isometric to a helicoid. In fact if (i, v) are
global coordinates on a helicoid, then v : R? — By given by (i, v) = [(—2usin(v),
2p cos(v), V)] defines an isometry where the bracket [ ]o denotes the equivalence
class with respect to the action of G.

We extend the structures constructed in Example 6.1 to more general f.pk—
structures. We keep in mind the structures and notation of the previous example.

Example 6.2. Let s be a positive natural number. Then we put

S S S

M/I:M(]X"'XM(), BII:B(]X"'XB(), 7TII:7T0X"'X7T0.

The manifolds M’ and B’ carry natural product Riemannian metric structures h’
and ¢’ respectively. Then the projection ' : (M’,h') — (B’,¢’) is a Riemannian
fibration. We denote by P, : M’ — My and p, : B — By the projections on the
k—th component, for k = 1,...,s. We put B := By and u : B — B’ the diagonal
map i.e. for each z € B we have u(xz) = (x,...,z) € B’. Since u is an immersion,
we can apply the construction of Section 5. In such a way we obtain the pull-back
bundle 7 : M — B of ' : M" — B’ via the map u : B — B’. We also have the
immersion bundle map U : M — M’ such that the following diagram

M L M
B - B
commutes. It is clear that M may be described as
M ={(a,by,....,b;) € Bx (M')* [a=x'(by) = =7(bs) }
and U(a,by,...,bs) = (b1,...,bs). For any (a,by,...,bs) € M the tangent fiber to
M is
{W, X1, X) €ETBX T, M x -+ x T, M'lv =dr'(X)), I =1,...,5}.

We consider the constant ¢ = S% and define the Riemannian metric tensors h :=
S%U *h/ and g := S%u*g’ on M and B. From the general construction of Section 5
it follows that 7 : (M,h) — (B, g) is a Riemannian fibration. It is easy to observe
that g = %go. On the other hand

1
(w0, X1 X)), (0, Ve Ya)) = ?<h’(X1,Y1) o h'(xs,y;,)>.

We define the supplementary structures on M and B which derive from the almost
S-—structure on My. We put
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o nf = %(Pk oU)*ny for k =1,...,s; these are 1-forms on M.
e v € End(TM) defined by

QO(U, (le SR XS)) = (‘]O(U)v (SOO(Xl)a IR SOO(XS)))'
e the actions ¢ : Rx M — M, k=1,...,s, such that

Or(t, (a, by, ..., b)) := (a,by, ..., ¢(st,bg),...,bs)

for each t € R and (a, by, ...,bs) € M ; these actions define global vector fields
&1, ..., & which are vertical with respect to the fibration 7 : M — B ;

o ():= %QO is a 2-form on B.

We observe that dU (&) = (0,0,...,8&,...,0) for k=1,...,s. Moreover &i,...,¢&
are h-orthonormal and °¢, = n* for k= 1,...,s. Then for each k =1, ..., s we have

1 1
df* = SA(PoU)n = —(PeoU)dny

| =ls
= —(prouom) Qy=m7"Q.
s

On the other hand for given vectors (v, X1, ..., Xy), (w, Y1,...,Y;) tangent to M at
a point we have that

1 S
h((v, X1,..., Xs), p(w,Y7,...,Yy)) = = Z ho( Xk, (Yx))
k=1

= Y dno(Xy, Vi)
k=1

= ZW Qo (X, Yi)

1
- ;QO(U7 w)

= mQ((v, X1,..., Xs), (w, Y7, ..., Yy)).

Hence it follows that dn* = 7*Q = h(—,¢(-)) for each k¥ = 1,...,s and
(M, p,&1,...,&,n', ...,n° h) is an almost S—manifold. Since the map
u: (B,g) — (B',¢) is totally geodesic and (M’, 1) is flat, then from Corollary 5.1
we get that (M, h) is also flat.

Since dim M = 2+s, this example shows that the condition n > 1 in Theorem 4.1
is necessary.
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