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ABSTRACT. In this paper, the concept of quasi-coincidence of a bipo-
lar fuzzy point within a bipolar fuzzy set is introduced. The no-
tion of (€, € Vq)-bipolar fuzzy subalgebras and ideals of BCK/BCI-
algebras are introduced and their related properties are investigated
by some examples. We study bipolar fuzzy BCK/BCI-subalgebras
and bipolar fuzzy BCK/BC1I-ideals by their level subalgebras and
level ideals. We also provide the relationship between (€, € Vq)-
bipolar fuzzy BCK/BCI-subalgebras and bipolar fuzzy BCK/BCI-
subalgebras, and (€, € Vq)-bipolar fuzzy BCK/BCI-ideals and bipo-
lar fuzzy BCK/BCI-ideals by counter examples.

1. INTRODUCTION

In 1965, the concept of fuzzy sets, a remarkable idea in mathematics,
was proposed by Zadeh [45]. In this traditional concept of fuzzy set, the
membership degree expresses belongingness of an element to a fuzzy set.
The membership degree of an element ranges over the interval [0,1]. When
the membership degree of an element is 1, then the element completely
belongs to its corresponding fuzzy set, and the membership degree of an
element is 0 means an element does not belong to the fuzzy set. Based on
this tool, different fuzzy algebraic structures have been developed by many
researchers, fuzzy BCK/BCI-algebras is one of them. The BCK/BCI-
algebras are two classes of algebras of logic which was initiated by Imai
and Iseki [8] in 1966 as a generalization of the concept of set-theoretic
difference and propositional calculi. The fuzzy structures of BCK/BCI-
algebras worked out by many researchers such as Jun [18, 19, 23, 35], Liu
[28], Lee [27], Bej and Pal [2], Jana et al. and others [8-16, 31] have done
much investigations on BCK/BC1I/G/B-algebras related to these algebras.

In 1994, the notion of bipolar fuzzy sets was proposed by Zhang [49,
50] as a generalization of fuzzy sets [45]. Bipolar-valued fuzzy sets [24,
25] are seen as an extension of fuzzy sets whose membership degree range
is enlarged from the interval [0,1] to [—1,1]. In a bipolar fuzzy set, the
membership degree 0 of an element means that the element is irrelevant to
the corresponding property, the membership degree (0,1] of an element
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indicates that the element somewhat satisfies the property, and the mem-
bership degree [—1,0) of an element indicates that the element somewhat
satisfies the implicit counter-property. Although bipolar fuzzy sets and
intuitionistic fuzzy sets are similar, they are different sets as introduced
by Lee [25]. Bipolar fuzzy sets have various applications in fuzzy alge-
bras. For example, bipolar fuzzy ideals [1] in L A-semigroups, bipolar fuzzy
subalgebras and ideals [26] of BCK/BCI-algebras, bipolar fuzzy a-ideals
in BCK/BCI-algebras [27] and bipolar valued fuzzy BCK/BCI-algebras
[42] are some of them.

In 2004, Murali [38] introduced the definition of a fuzzy point belong-
ing to a fuzzy subset under a natural equivalence on a fuzzy subset. The
quasi-coincidence of a fuzzy point to a fuzzy subset, as mentioned by Pu [39]
(1980), played a vital role to derive some types of fuzzy subsystems. Bhakat
and Das [3, 4] utilized the concept of (o, 8)-fuzzy subgroups by using the
‘belongs to’ relation (€) and ‘quasi-coincident with’ relation (g) between a
fuzzy point and a fuzzy subset. It is seen that (€, € Vq)-fuzzy subgroups
are an important generalization of Rosenfeld’s [41] fuzzy subgroup. Similar
types of generalizations have been made to the other algebraic structures
by Zhan [46, 47, 48]. Jun et al. [14-16] introduced the concept of (a, 8)-
fuzzy subalgebras and ideals and investigated their related properties. Ma
et al. [29, 30, 31, 32] introduced some kinds of (€, € Vg)-interval-valued
fuzzy ideals of BCI-algebras. In 2015, Muhiuddin et al. [36, 37] studied
subalgebras of BCK/BCI-algebras based on (a, 8)-type fuzzy sets. These
works are enough to motivate us and, to the best of our knowledge, no
other works are available on (€, € Vg)-bipolar fuzzy subalgebras and ideals
in BCK/BCTI-algebras and other fuzzy algebraic structures. For this rea-
son we have developed the theoretical study of (€, € Vg)-bipolar fuzzy
BCK/BCI-subalgebras and (€, € Vg)-bipolar fuzzy ideals of BCK/BC1I-
algebras.

The remainder of this article is structured as follows: Section 2 proceeds
with a recapitulation of all required definitions and properties. In Section 3,
concepts and operations of (€, € Vq)-bipolar fuzzy BC K /BCI-subalgebras
are introduced and properties are investigated. In Section 4, (€,€ Vq)-
bipolar fuzzy ideals of BCK/BCI-algebras are proposed and their proper-
ties are discussed in detail. Finally, in Section 5, conclusions and the scope
of future research is given.

2. PRELIMINARIES

In this section, some elementary aspects necessary for this paper are
included.

By a BCI-algebra we mean an algebra (X, ,0) of type (2,0) satisfying
the following axioms for all z,y,z € X:
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(i) ((wey)*(@s2)%(z%y) =0
(i) (w+(@sy)ry=0
(t3i) zxx =0

(iv) zxy=0and yxx =0 imply z =y.

We define a partial ordering “<” by x < y if and only if z xy = 0.

If a BCI-algebra X satisfies 0 x x = 0 for all z € X, then we say X is a
BCK-algebra. Any BC K-algebra X satisfies the following axioms for all
r,y,z € X:

(1) (z*xy)xz=(r*z)*xy

(2) ((w%2)%(y*2) s (@ey) =0

(3) zx0==x

(4) zry=0= (z42)k(y*2)=0,(sy) * (2 52) = 0.

Throughout this paper X always means a BCK/BCI-algebra without any
specification.

A non-empty subset S of X is called a subalgebra of X if x xy € S for
any z,y € S. A nonempty subset I of X is called an ideal of X if it satisfies
(I1) 0 € I and,

(L) xxyelandy el imply z € 1.

We refer the reader to the books Huang [7] and Meng [34] for further
information regarding BCK/BCI-algebras. A fuzzy set A in a set X is of
the form

te(0,1], if y=u;

We denote a fuzzy point with support z and value t as x;. For a fuzzy
point z; and a fuzzy set A of a set X, Pu and Liu [39] gave meaning to the
symbol 2;® A, where ® € {€, ¢, € Vg, Aq}. To say that z; € A (respectively,
x+qu) means that pa(x) > t (respectively, pa(x)+t > 1), and in this case,
xy is said to belong to (respectively, be quasi-coincident with) a fuzzy set
A. To say that z; € VqA (respectively, z; € AgA) means that z; € A or
1A (respectively, z; € A and x,qA). To say that z;¢A means that z;®A
does not hold, where ® € {€, ¢, € Vg, € Ag}.

A fuzzy set A in a BCK/BC1I-algebra X is said to be a fuzzy subalgebra
of X if it satisfies pa(x *xy) > min{pa(z), pa(y)} for all x,y € X.

A fuzzy set A of X is said to be a fuzzy ideal of X if it satisfies ()
114(0) = pa(z)) and (i) pa(z) = {pa(z *y), pa(y)}, for all z,y € X.

Proposition 2.1. [18] A fuzzy set A of X is called a fuzzy subalgebra of
X if and only if it satisfies x; € A,ys € A = (T * Y)min(t,s) € A for all
x,y € X and t,s € (0,1].

Proposition 2.2. [20] A fuzzy set A of X is called a fuzzy ideal of X if
and only if it satisfies (i) xy € A= 0, € A, (i1) (xxy) € Ay, € A =
Tin(t,s) € A, for all x,y € X and t,s € (0,1].
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Definition 2.3. [24] A bipolar fuzzy set A of X is defined as

A= {(w, ui(2), pi (x)) : x € X}

where pk : X — [0,1] and pY : X — [~1,0] are mappings. The positive
membership degree pk(x) denotes the satisfaction degree of an element x
to the property corresponding to a bipolar fuzzy set A = {(z, & (z), u¥ (x) :
r € X} and the negative membership degree X (z) denotes the satisfac-
tion degree of an element x to some implicit counter property of A =
{(z, p(x), 1 (z) : . € X}. If uh(z) # 0 and pY (x) = 0, this case is re-
garded as having only a positive satisfaction degree for A = {(z, uki (z), p (z) :
r € X}. If uf(z) = 0 and plY(z) # 0, = does not satisfy the property
of A = {(z,pf(x),p(z) : * € X}, but somewhat satisfies the counter-
property of A = {(x, uk (z),pY () : x € X}. In some cases it is possible
for an element = to be pf(x) # 0 and &y (x) # 0 when the membership
function of the property overlaps that of its counter-property of its portion
of domain (Lee [25]). We shall simply use the symbol A = (ut], ulY) for the
bipolar fuzzy set A = {(z, pk (z), p¥ ())|x € X}.

Definition 2.4. [49] For every two bipolar fuzzy sets A = (uki, u) and
B = (u5, 1) in X, we define

(AU B)(2) = {max{pf(x), pp(2)}, min{p} (z), p3 (x)}}

(AN B)(z) = {min{p} (z), pj (x)}, max{p} (x), p ()} }.
Proposition 2.5. [26] A bipolar fuzzy set A = (pk, uY) of X is called a
bipolar fuzzy subalgebra of X if it satisfies py (x * y) > min{uk (z), pk (y)}
and pl (z x y) < maz{ph (x), p (y)} for all x,y € X.

Definition 2.6. [26] A bipolar fuzzy set A = (uk, p) of X is called a
bipolar fuzzy ideal of X if it satisfies the following assertions

(i) 15 (0) > 1R () and p(0) < i ()
(i4) ply(z) = min{uf (2 *y), ph(y)}
(i) 1 () < maz{u (@ * y), u (9)} for all 2,y € X.
3. (€,€ Vvq)-BrroLAR Fuzzy BCK/BCI-SUBALGEBRAS

In this section, (€, € Vq)-bipolar fuzzy subalgebras of BCK/BCI-algebras
are defined and some important properties are presented.

Definition 3.1. Let A = (uf, ulY) be a bipolar fuzzy set in a set X of the
form
Py te(0,1], if y=u;

N _ me [_170)a if Yy =21
MA(y)_{()’ if y+# .
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A bipolar fuzzy point with support x and values t and m is denoted by
(x,t,m). For a bipolar fuzzy point (x,t,m) and a bipolar fuzzy set A =
(uh, 1Y) in a set X, we give meaning to the symbol (x,Puk;, ., ®uy),
where ® € {€,q,€ Vq,€ Aq}. To say that z; € pk; (respectively, x.qu’y)
and T, € plY (respectively, xmqul ) means that pf(x) >t (respectively,
phi(x) +t > 1 ) and plY () < m (respectively, pu¥ (z) + m < —1 ), and in
this case we say that xy is said to belong to (respectively, be quasi-coincident
with ) and x,, s said to belong to (respectively, be quasi-coincident with) a
bipolar fuzzy set A = (uk, ulY). To say that x; € Vq (respectively, ¥, € Aq)
and x,, € Vq (respectively, x,, € Nq ) means that x; € pli or zyquk
(respectively, ©, € p& and x.quk; ) and z,, € pf or z,qul) (respectively,
T € uY and zpmqu ). To say that (x,Puly, v, ®ulY) means that x,du’
does not hold and z.,,®u¥ does not hold, where ® € {€,q, € Vq, € Nq}.

Definition 3.2. Let A = (u%, 1Y) be a bipolar fuzzy set of X and (m,t) €
[—1,0] x [0,1], we define U(uky, ulY;t,m) = {z € X|uk(z) >t and p¥ (z) <
m} is called a t-level cut of pl, and m-level cut of uly of the bipolar fuzzy
set A= (u, n}).

Theorem 3.3. A bipolar fuzzy set A = (uk,uY) of X is called a bipo-
lar fuzzy subalgebra of X if and only if the following assertion is valid
Ty € Mivys € M,IZ = (l‘ * y)min(t,s) € Mﬁ and Tm € Mgvyn € M% =
(T * Y)max(m,n) € plY, for allz,y € X, t,s € (0,1] and m,n € [-1,0).

Proof. Assume that Proposition 2.5 is valid. Let x,y € X and t,s € (0, 1]
and m,n € [—1,0) be such that z¢, ys € pk and 2,y € p&. Then pf (z) >
t,uk(y) > s and pf (z) < m,p (y) < n which imply, from Proposition
2.5, that pf(x x y) > min{pf(2),pf(y)} > min{t,s} and pf (z x y) <
max{pd (z), u¥ (y)} < max{m,n}. Hence, (z xy) € pk and (z xy) € p¥.
Assume that x,rq) € pf and y,rq) € pl, and 2,5, € pf and
Yu(y) € u®Y hold for all z,y € X. Then (x x Ymin{uk (@) 8 (5)} € wh

and (x * y) W)y € plY by Theorem 3.3. Thus, uk(z xy) >

max{p}y (z),n )
min{uf (z), 14 (y)} and @Y (z * y) < max{ply (z), uY (y)} hold for all x,y €
X. Hence, the proof is completed. |

Definition 3.4. A bipolar fuzzy set A = (uk, uX) of X is called an (€, €
Vq)-bipolar fuzzy subalgebras of X if it satisfies the following conditions
(i) x € pl,ys € plf = (z* Y)min(t,s) € Vauk, for all z,y € X and
t,s € (0,1]

(i1) 2m € p,yn € plY = (v % Y)max(m,n) € vaulY, for all z,y € X and
m,n € [—1,0).

Example 3.5. Let X = {0,a,b,c} be a BCI-algebra with the following
Caley Table 1 as follows.
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TABLE 1
*10 a b ¢
0|0 a b ¢
ala 0 ¢ b
blb ¢ 0 a
cle b a 0

Let A be a bipolar fuzzy set of X defined by 1% (0) = 0.6, p%(a) = 0.7,
1y (b) = pli(c) = 0.3 and p{ (0) = 0.8, pY (a) = p (c) = —0.3, pfy (b) =
—0.7. Then A is an (€, € Vq)-bipolar fuzzy subalgebra of X but not a bipolar
fuzzy subalgebra of X as pk(a+a) = 0.6 # 0.7 = min{uk(a), pf(a)}.

Corollary 3.6. Theorem 3.8 shows that every (€, €)-bipolar fuzzy subalge-
bra is precisely a bipolar fuzzy subalgebra and vice versa. Obuviously, every
(€, €)-bipolar fuzzy subalgebra is an (€, € Vq)-bipolar fuzzy subalgebra.

In general, the converse of the corollary is not true, justified by the
following example.

Example 3.7. Consider (€,€ Vq)-bipolar fuzzy subalgebra of X which
is given in ezample 3.5. It is seen that A = (uk, u") is not an (€,€)-
bipolar fuzzy subalgebra of X because (a,0.63) € i and (a,0.68) € u”, but
(a*a,0.63 A0.68) = (0,0.63)Eu.

Theorem 3.8. Every (€, q)-bipolar fuzzy subalgebra of X is an (€, € Vq)-
bipolar fuzzy subalgebra of X .

Proof. The proof of the theorem is straightforward. O

In general, the converse of the theorem 3.8 is not true by the following
example.

Example 3.9. Consider an (€, € Vq)-bipolar fuzzy subalgebra of X given
in Ezample 3.5 such that (a,0.6) € ufy and (c,0.22) € u?, but (a*b,0.6 A
0.22) = (b,0.22)guk; as pf(b) +0.22 < 1. Again, (b,—0.25) € p and
(¢, —0.45) € pX, since (b*c,—0.25V —0.45) = (a, —0.25)guly as u¥ (a) —
0.25 > —1. Therefore, A = (ufy, uX) is not an (q, €)-bipolar fuzzy subalge-
bra of X.

Theorem 3.10. A bipolar fuzzy set A = (uli, pY) of X is an (€, € Vq)-
bipolar fuzzy subalgebra of X if and only if it satisfies

pa (@ y) > min{pf (), ui (y), 0.5}
and

pi (2 +y) < max{pj (z), py (y), —0.5}
forallz,y € X.
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Proof. Let A be an (€, € Vq)-bipolar fuzzy subalgebras of X and z,y €
X. If min{pf(z), u5(y)} < 0.5 and max{pQ (x), ) (y)} > —0.5, then
pl(+ y) > min{ply (2), pf (y)} and pff (z * y) < max{pd (), 1) (y)}. As-
sume that pf(x *y) < min{pk(z), pf(z)} and pfY (x * y) > max{u¥ (z),
Y (y)}. Let us choose t € A and m € —A such that pf(z xy) < t <
min{p (), u5(y)} and pf (z *x y) > m > max{p (z),xX(y)}. Then
xr € plyy ye € ply and m, € pl, ym € pl but (= % Y)miney = (@ *
Y):€, € Vqul and (x x Ymax(m,m) = (T * Y)mE, € Vgu, a contradiction.
Hence, pk (z+y) > {uk (z), pk (y)} whenever min{pf (z), uf(y)} < 0.5 and

Y (z * y) < max{pX (), ufY (y)} whenever max{uy (x),uY(y)} > —0.5.
Suppose that min{u% (z), pX(y)} > 0.5 and max{py (x), Y (y)} < —0.5.

Then, x5 € pu, yos € pk and z_g5 € Y, y_o.5 € Y, which imply that
(% * Y)min(0.5,05) = (T *Y)os € Vauk

(T * Y)max(—0.5,—0.5) = (x *y)-0.5 € Vaul.

Thus, pk(x+y) > 0.5 and pfY (x *y) < —0.5. Otherwise, 4 (z *y) + 0.5 <
0.5+ 0.5 =1 and plY (z xy) — 0.5 > —0.5 — 0.5 = —1, a contradiction.
Therefore,

P g, P P

pra(x * y) = min{py (x), i (y), 0.5}
pi (2 y) < max{p} (x), i (y), —0.5}

for all z,y € X. Conversely, assume that the conditions of (€,€ Vq)-
bipolar fuzzy subalgebras of X is valid. Let x,y € X and t,s € (0,1]
and m,n € —A such that z; € ,ui, Ys € ui and x,, € ug, Yn € uf.
Then, ii(z) > 1, ph(y) > s and 2 (2) < m, p(y) < n. 1 ply(o s y) <
min{t, s} and pf (z * y) > max{m,n}, then min{uf; (z), u(y)} > 0.5 and
max{pd (z), uY (y)} < —0.5. Otherwise, we get

ply (2 y) > min{ply (), ply (y), 0.5} > min{pl(x), w(y)} > min{t, s}
p (wxy) < max{p (x), g} (y), =0.5} < max{p} (X), p} (y) < max{m,n},
a contradiction. It follows that
ph(z % y) + min{t, s} > 2uf (z xy) > 2min{pk (), uk(y),0.5} =1
i (x x y) + max{m, n} < 2} (z + y) < 2max{u} (x), p} (y), —0.5} = —1.
Hence, (T % §)min(t,s) € Vau'y and (T * Y)max(m,n) € Vaul) . Therefore, the

bipolar fuzzy set A is an (€, € Vq)-bipolar fuzzy BCK/BCI-subalgebras
of X. Hence, the proof is completed. O

Theorem 3.11. A bipolar fuzzy set A = (pk, ufY) of X is an (€,€ Vq)-
bipolar fuzzy subalgebras of X if and only if the level subset

U, pliit,m) = {z € X | ply(x) > ¢ and plf (x) < m}
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is a bipolar fuzzy subalgebras of X for all m € [—0.5,0) and for all t €
(0,0.5].

Proof. Assume that a bipolar fuzzy set A = (4, uY) is an (€, € Vq)-bipolar

fuzzy subalgebra of X. Let x,y € U(uk, ufY;t,m) with m € [-0.5,0) and
t € (0,0.5]. Then pk(z) > ¢, pf(y) >t and pf (z) < m, p¥ (y) < m. Then
from Theorem 3.10 that

ps (z + y) > min{ply (z), i (y), 0.5} > min{t,0.5} = ¢

p (* y) < max{p (z), pi (y), —0.5} < {m, ~0.5} = m
so that z xy € U(uk, ulY;t,m). Therefore, U(uk;, uY;t,m) is a subalgebra
of X.
Conversely, let A be a bipolar fuzzy set of X such that the set

Ulply, wist,m) = {z € X|pli(z) >t and p} (x) < m}

is a subalgebra of X for all m € [-0.5,0) and for all ¢ € (0,0.5]. If there
exist 7,y € X such that pf(z * y) < min{p% (), 4 (y),0.5} and ¥ (v *
y) > max{ul (z), 1 (y), —0.5}, then we take m € (—1,0) and t € (0,1)
such that pf(z xy) < t < min{pf(x), uf(y),0.5} and pf (x xy) > m >
max{pd (z), ul¥ (y), —0.5}. Thus, z,y € U(pky, p;t,m) with ¢t < 0.5 and
m > —0.5, and so zxy € U(ply, u;t,m) ie. pk(zxy) >t and plY (zxy) <
m which is a contradiction. Therefore,

1 (z + y) > min{p (z), 1y (y),0.5}

pi (z + y) < max{ul (2), 1 (y), —0.5},
for all x,y € X. Using Theorem 3.10, we conclude that A is an (€, € Vq)-
bipolar fuzzy subalgebra of X. O

Corollary 3.12. FEvery bipolar fuzzy subalgebra of X is an (€,€ Vq)-
bipolar fuzzy subalgebra of X.

In general, the converse of the corollary 3.12 is not true as seen in the
following example.

Example 3.13. Consider a BCK/BCI-algebra X = {0,a,b,c,d} with
the following Caley Table 2. Let us define a bipolar fuzzy set A of X as
follows: pX(0) = 0.6, pf(a) = pf(c) = 0.7, pf(b) = pf(d) = 0.2 and
Y (0) = —0.7, p (a) = plY (c) = —0.4, plY (b) = —0.6 and pY (d) = —0.3.
This example gives a (€, € Vq)-bipolar fuzzy subalgebra of X but not bipolar
fuzzy subalgebra of X because ph(axc) = 0.6 # 0.7 = min{p% (a), u{(c)}.

Let M be a subset of X. Let us consider a bipolar fuzzy set Ay =
(k. 18)) in X defined as follows:

P(x)— 1, if z € M,
HM\T) =\ 0, if otherwise.
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TABLE 2
*x|0 a b c d
0ojlo 0 0 0 0
ala 0 a 0 a
blb b 0 b 0
clec a ¢ 0 c
dld d d d 0
N,y -1, if ze M;
pin () = { 0, if otherwise,

for all z € X.

Theorem 3.14. Let M be a non-empty subset of X. Then M is a subal-
gebra of X if and only if the bipolar fuzzy set Ay = (uby, pd}) in X is an
(€, € Vq)-bipolar fuzzy subalgebra of X.

Proof. Let M be a subalgebra of X. Then U(,u]\P47 uf\v/[; t,m) is a subalgebra
of X for all ¢ € (0,0.5] and m € [—0.5,0) by the Theorem 3.11.

Conversely, let Ap; be an (€, € Vg)-bipolar fuzzy subalgebra of X. Let
z,y € M. Then

ph (s y) > min{uh (x), pd}, 0.5} = 1A 0.5 =05

pd(z * y) < max{uk, (x), uh;, 0.5} = =1V —0.5 = —0.5.

Here, uf;(z +y) = 1 and pf;(z xy) = —1 and thus, = *y € M. Hence, M
is a subalgebra of X. a

Theorem 3.15. Let M be a subalgebra of X. Then for every t € (0,0.5]
and every m € [—0.5,0), there exists a (€, € Vq)-bipolar fuzzy subalgebra of
X such that U(uly, plp;t,m) = M.

Proof. Let A = (uk, u%Y) be a bipolar fuzzy set in X defined as follows:
t, if xe M; m, if € M;
AC) _{ 0, if otherwise; and 413 (x) _{ 0, if otherwise;
for all x € X, where t € (0,0.5] and m € [—0.5,0). Then U(pk, u;t,m) =
M is obvious.

We assume that u4(p * ¢) < min{u4(p), u¥ (¢),0.5} and pl (p * q) >
max{pl (p), u (¢), —0.5} for some p,q € X. Since Im(A) = 2. Then it
follows that u%(p * ¢) = 0 and min{u%(p), uf(q),0.5} = ¢, and pf (p *
q) = 0 and max{u} (p),u} (¢), 0.5} = m. Thus, pi(p) = pl(e) =t
and pY (p) = p(¢) = m, and so p,q € M. Since M is a subalgebra of
X, pxq € M. Then pf(p*q) = t and p(p * ¢) = m, these are the
contradiction. Therefore, pf (z x y) > min{uf (x), uf(y),0.5} and pf (z *
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y) < max{uQ (z), 1Y (y), —0.5} for all x,y € X. Using Theorem 3.10, we

conclude that A = (uf,plY) is an (€, € Vvg)-bipolar fuzzy subalgebra of
X. g

Theorem 3.16. Let A = (u4, uV) be an (€, € Vq)-bipolar fuzzy subalgebra
of X, where pk(z) < 0.5 and p > —0.5 for allx € X. Then A = (uf, ulY)
is an (€, €)-bipolar fuzzy subalgebra of X.

Proof. The proof is straightforward using Theorem 3.10. g

Theorem 3.17. Let \ be an index set and {(u% , p )| i € A} be a family
of (€, € Vq)-bipolar fuzzy subalgebra of X. Then A = () (uf"i,ui) s an
ISTA

(€, € Vq)-bipolar fuzzy subalgebra of X.

Proof. Let us take z,y € X and t1,t2 € (0,1], and my,me € [—1,0) be
such that p4(z) > t; and p4(y) > ta, and plY (z) < my and pf (y) < mo.
Assume that (2 * ¥)min(t; t2) € Vau® and (z * Y)max(mi,ms) € Vquly. Then
ph(zxy) < min{ty, 2} and pk(z * y) + min{ts, t2} < 1, and pf (z * y) >
max{my, ms} and plY (x * y) + max{my, ma} > —1, which implies

ph(zxy) < 0.5 and pf (z *y) > —0.5. (3.1)

Now, we define Ay = {i € A | (%) min{t:.t,} € 1y, a0d (Z5Y)max{my,ms} €
phy, Y and Ag = {[i € A | (%y)minfer,13 015, YT € Al (B Y)mingere2) €15 ]
and [{Z € /\| (l‘ * y)max{ml,m2}qugi} N {.7 € /\| (l‘ * y)max{m1,m2}€'u§v]}'
Then A = AjUAz and A;NAy = 0. If Ay = 0, then (2% y)min{t,,to} € uii
and (= * Y)max{m,,ms} € ,u%, for all i € A, ie., uii(:c xy) > min{ty, ta}
and plY (2 % y) < max{my,my} for all i € A\, which indicate p/{(z * y) >
min{t;, 2} and pY (z *y) < max{mi,ma}. This is a contradiction. Hence,
Ay # (), and so for every i € Ay we have ,uﬁi (x *y) < min{t;, ta} and
phy, (zxy)+min{ty, to} > 1, and plY (zxy) > max{m;, mo} and pfY (z*y)+
max{my,ma} < —1. It follows that min{tq,%2} > 0.5 and max{my,ms} <
—0.5. Now, =y, € pk and x,,, € pf implies that pf(z) > t; and plY (z) <
m1, and thus, uii (x) > ,ui(a:) > t; > min{ty,t2} > 0.5 and u%_ (z) <
plY (x) < my < max{mi,ma} < —0.5 for all i € A. Similarly, we get
phy, (y) > 0.5 and 1y (y) < —0.5 for all i € A. We suppose that t = p/{ (z*
y) < 0.5 and m = pY (z+y) > —0.5. Taking that ¢ <r < 0.5 and m >n >
—0.5, we get x, € uii and y, € uf{i, but (2 * Y)min(r,r) = (2 * y)rmuﬁi
and z, € ,ugi and y, € '“Xw but (7 * Y)max(n,n) = (T * y)nei\/q,u%. This
contradicts that A = (pii,u%) is an (€, € Vq)-bipolar fuzzy subalgebra
of X. Hence, pky (xxy) > 0.5 and pf (z xy) < —0.5 for all i € A, so
ph(zxy) > 0.5 and p¥ (z * y) < —0.5 which contradicts (3.1). Therefore,
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(T * Y)minfty ) € vaut and (z * Y)max{mi,ma} € VquY and consequently,
A= (pk ,plY ) is an (€, € Vg)-bipolar fuzzy subalgebra of X. O

Corollary 3.18. Let {(uh ,u )l i € A} be a family of (€, € Vq)-bipolar
fuzzy subalgebra of X. Then u= () (uf{i,ugi) is a bipolar fuzzy subalgebra
€N
of X.
The following example shows that the union of two (€, € Vgq)-bipolar

fuzzy subalgebras of X may not be an (€, € Vg)-bipolar fuzzy subalgebra
of X.

Example 3.19. Let X = {0,a,b, c} be a BCI-algebra with the Caley Table
1 given in Ezample 3.5, and let A = (uf, ) be an (€,€ Vq)-bipolar
fuzzy subalgebra of X is defined as % (0) = 0.6, pki(a) = 0.7 and pk(b) =
pkh(e) = 0.3, and Y (0) = —0.8, &Y (b) = —0.7 and p¥ (a) = plY (c) = —0.3.
Then

p X, if t€(0,0.3];
Flual(t) = { (0,a), if te 50.3,0].4].

N X, if s€[-0.3,0);
Flya)(s) _{ {0,b}, if se(—0.3,—0.4].
Here X, {0,a} and {0,b} are subalgebra of X.
Let B = (uk, u¥) be an (€, € Vq)-bipolar fuzzy subalgebra of X is defined
as p5(0) = 0.4, ph(a) = pE(c) = 0.3 and ph(b) = 0.5, and p¥(0) = —0.7,
i (a) = ply (b) = —0.3 and ' (c) = —0.6. Then

(X, if te(0,03];
Flug](t) —{ 0,0}, if te(0.3,0.4].

N [ X, if s€[-0.3,0);
Flup](s) _{ {0,¢}, if se€(—0.3,-0.4].
Here X, {0,b} and {0,c} are bipolar fuzzy subalgebra of X.

Now, the union (AU B) [where A = (u%,uY) and B = (u5,uly)] of A and
B, respectively is given by (uk 5)(0) = 0.6, (uf; p5)(a) = 0.7, (15 5)(b) =
0.5 and (uj,p)(c) = 0.3, and (uhyp)(0) = —08, (ulyp)(a) = —0.3,
(1)) = —0.7 and (5, )(c) = —0.6. Hence,

b, [ x, if te(0,0.3];
Fluaus](t) = { (0,a,b), ift € (0.3,0.4].

N [ X, if s€[-0.3,0);
Fluaupl(s) —{ (0,b,¢}, if s€(—0.3,—0.4].

Since {0,a,b} and {0,b,c} are not bipolar fuzzy subalgebra of X. There-
fore, (AU B) is not an (€, € Vq)-bipolar fuzzy subalgebra of X .
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For any bipolar fuzzy set A in X, where ¢t € (0,1] and m € [—1,0), we
denote

pi = {z € X|ry € quiy}
and
pm, = {2 € X|zm € quiy },
and
(Al (t,m) = {:C € Xz € Vaul, and x,, € \/q,ug}.
Then it is obvious that [A] ) = U(ply, plfs t,m)Upd Upl). Here, [A](4,m)
is an (€ Vq)-level subalgebra of A.

Theorem 3.20. Let A = (u%,ulY) be a bipolar fuzzy set in X. Then A

is an (€,€ Vq)-bipolar fuzzy subalgebra of X if and only if [A]m) is a
subalgebra of X for all t € (0,1] and for all m € [—-1,0).

Proof. Suppose that A = (u4, uY) is an (€, € Vg)-bipolar fuzzy subalgebra
of X and let x,y € [A]y,m) for t € (0,1], m € [-1,0). Then, z; € vauk,
yr € Vauk and z,, € VaulY, ym € Vaul, ie., pk(z) >t or pk(z) +t > 1,
and pk(y) >t or pk(y) +t > 1, and also pl (z) < m or pf (z) + m < —1,
and 1% (y) < mor plY (y)+m < —1. Using the Theorem 3.10, we get, u% (z*

y) > min{ply (), p (), 0.5} and pf (v * y) < max{u} (z), u} (y), —0.5}.
Case 1. ph(z) >t and pf(y) > t, and plY () < m and plY (y) > m. If
t > 0.5 and m < —0.5, then

g (z % y) > min{py (x), s (y), 0.5} = 0.5

1 (x +y) < max{p} (z), ui (y), —0.5} = —0.5.
Hence, pk(zxy) +t > 05+0.5 =1 and plY (zxy) +m < —0.5-0.5 = —1,
and so z *y € qufy and z xy € qu¥. If t < 0.5 and m > —0.5, then

pia (x x y) > min{ply (2), wi (y), 0.5} > ¢
pi (@ +y) < max{p} (z), uy (y), 0.5} < m,
thus (z *y)¢ € Vau!; and (z * ), € Vaul. Therefore, z x y € [A] 1 m)-
Case 2. Let uf(z) > t and pf (y)+t > 1, and plY (x) < m and pl (y)+m <
—1. If t > 0.5 and m < —0.5, then

ply (% y) > min{py (), 1w (y), 0.5} = i (y) A0S =1—tN05 =11t

p (@ y) < max{p} (x), 1} (y), —0.5} = p™ (y) v 0.5
=-1-mV-05=-1-m

and so (z xy) € qul;, and (z *y), € gulY. If t < 0.5 and m > —0.5, then
ph(z* y) > min{p (x), u4 (y),0.5} > min{t, 1 —¢,0.5} =t
ph (2% y) < max{ph (z), u (), —0.5} > max{m, -1 —m, —0.5} = m.

150 MISSOURI J. OF MATH. SCI., VOL. 29, NO. 2



(€,€ vq)-BIPOLAR FUZZY BCK/BCI-ALGEBRAS

Hence, (z *y)¢ € Vauhy and (z * y)n € Vaul. Thus, z %y € [A]m).-
Case 3. pl(x)+t > 1and 4 (y) > t, and plY (x)+m < —1 and pf (y) < m.
If ¢t > 0.5 and m < —0.5, then

ply (% y) > min{ply (), 1l (y), 0.5} = pl(2) NO5 =1 -t A05=1—1t
1 (x xy) < max{p} (z), ) (y), —0.5} = u™ (z) vV 0.5
=—1-mV-05=—-1-m
and so (z *y); € quly, and (z % y), € qulY. If t < 0.5 and m > —0.5, then
wh (@ y) > min{pl (2), 41 (y), 0.5} > min{l —¢,,0.5} = ¢

ph (2% y) < max{ph (z), u (), —0.5} > max{—1 —m,m, —0.5} = m.

Hence, (z xy); € Vauk and (@ % y),, € Vgu¥. Thus, z xy € [A] (t,m)-
Case 4. ph(z)+t > 1 and pf(y) +t > 1, and p¥(z) + m < —1 and
p (y) +m < —1. If t > 0.5 and m < —0.5, then

ph(z x y) > min{ply (z), ui(y),0.5} > 1=t A05=1—1
pl (z % y) < max{pd (z), ul (), —0.5} < =1 —mV —0.5 = -1 —m.
Thus, (z *y)igul, and (z % y)mguly. If t < 0.5 and m > —0.5, then
ph(z*y) > min{pf (z), u4 (y),05} >1 -t A05=05>1
)

ph (2% y) < max{pd (z), u¥ (), —0.5}eq — 1 —mV —0.5 = —0.5 < m.

Therefore, (z *y); € pfi and (x * y),, € uY. Hence, (z * y); € Vgul, and
(% y)m € Vaul, ie., zxy € [A](¢,m). Therefore, [A]( ) is a subalgebra
of X.

Conversely, let A = (u4, plY) is a bipolar fuzzy set of X and t € (0,1]
and m € [~1,0) be such that [A]q ,,) is a subalgebra of X. If possible, let

pily (z x y) < t < min{pl(z), 1k (y), 0.5}

ph (2 y) > m > max{p} (2), p (y), —0.5}
for some t € (0,¢) and m € (—1,0). Then, z,y € U(pk, u;t,m) C (Al t,m)>
which indicate  * y € [A](ym). Thus, ph(z xy) >t or p!i(zxy) +t > 1,
and pf (x * y) <m or pl (z*y) + m < —1, and these are a contradiction.
Hence,

1 (z + y) > min{p (z), 1y (y),0.5}

Y (2% y) < max{u) (), Y (y), —0.5}

for all z,y € X. Now, by using the Theorem 3.10, we conclude that A =
(1hy, 1Y) is an (€, € Vg)-bipolar fuzzy subalgebra of X. O
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A bipolar fuzzy set A = (&, plY) in X is said to be proper if Im(A)
has at least two elements. Two bipolar fuzzy sets are said to be equiva-
lent if they have the same family of level subsets, otherwise they are non-
equivalent.

Theorem 3.21. Let A = (uk, 1Y) be an (€, € Vq)-bipolar fuzzy subalgebra
of X, where {A = (ph, p)|pk(z) <05 and ph (z) > —0.5} > 2. Then
there exists two proper non-equivalent (€, € Vq)-bipolar fuzzy subalgebras of

X such that A can be expressed as the union of them.

Proof. Let {ufi(z)|pki(x) < 0.5} = {t1,ta,...,t,} such that t; >ty > --- >
t., where r > 2, and {pX (z)|pd () > —0.5} = {m1, ma,...,m,} such that
my > mg > -+ > m,, where r > 2. Then the chain of (€ Vg)-level subal-
gebras of A = (uf], ulY) are given as follows:

[A](0.5,-05) € [Al(t1,m1) € [Altama) € -+ C [Al it m,) = X,
i.e.,
[Xlos € [l € ke €+ C [uk)e,
[T -05 2 [Ty 2 1y 2 2 [1hTm,
Let (v],€5), and (v, £X) be fuzzy sets defined in X as follows:

trif w e [ph]e;
to if € [Hi]tz\[ﬂi]tu

vi(@)=q °
trif w e [phl ekl s
and
ph(@) i € [pho.s);
i 0 if @€ [plen \ [ 0.5);
A(JC) = t3 if xe [ﬂlj]t%\[ui}tw
ty if e [phle \lnhle_,
my if T € [#’g]mr’
mr e o\
v my if @€ [y lm \1Alm, s
vy (x) = e ) N N
ms %f S [,MA]ms\[,uA]mz;
0 ifae [Ng]mz\[ﬂi\!]](—O.S);
ph () if z € [ ](—o5),
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and
my if z€ [N%]mr\[/ﬁg]mrﬂ?
me_1 it 2 € [uh]m,_ \[h]m, ;
@) =9 -
my if @ € [ oo \ [ s
my if e [/‘g]ml'

Then (v§,vY) and (¢, ¢ are (€, € Vg)-bipolar fuzzy subalgebras of X,
and v, &8 < pll and v €Y < pfY. The chain of (€ Vg)-level subalgebras
of V] ¢ and vl ¢ are respectively given by

[1hlos C il C [k, € -+ C [uh]e,,

and
(), € [l © -+ C [l
and
1] 05 2 [ )my 2 [0y 2 -+ 2 [t ]m,
and

(X )my 2 [ ]y 2+ 2 [l‘g}mr-
Therefore, (V5 &%) and (vY, £Y) are non-equivalent, and thus A = (v'U
PN UEN) O
AV UEa).

4. (€,€ vq)-BipoLAR Fuzzy BCK/BCI-IDEALS

In this section, (€, € Vq)-bipolar fuzzy ideals of BCK/BCI-algebras are
defined and some important properties are presented.

Definition 4.1. A bipolar fuzzy set A = (pk, uY) of X is called an (€, €
Vq)-bipolar fuzzy ideal of X if it satisfies the following conditions:

(i) z; € pf = 0, € vaul; and 0,, € pfY = x,, € vaull, for all z € X,
t e (0,1], m € [-1,0)

(i1) (z*y) € pk,ys € pf = Trnin(t,s) € vauly for all x,y € X, t,s € (0,1]
(i11) (% Y)m € WY, Yn € 1Y = Tmaxmn) € Vauiy for all z,y € X,
m,n € [—1,0).

Example 4.2. Let X = {0,a,b,¢,d} be a BCK-algebra in Example 3.13
and a bipolar fuzzy set A of X defined by % (0) = 0.7, pk (a) = pki(c) = 0.3,
WE() = 1) = 0.2 and 1}(0) = ~0.9, uY(a) = 06, u¥(b) = ~0.4
plY (¢) = =0.7 and pX (d) = —0.3 is an (€, € Vq)-bipolar fuzzy ideal as well
as a bipolar fuzzy ideal of X.

Theorem 4.3. A bipolar fuzzy set A = (uk, uX) of X is called a bipolar
fuzzy ideal of X if and only if the following assertions are valid

(i) z¢ € ply = 0, € ply and x,, € pl = 0,, € &Y, for allz € X, t €[0,1],
m € [-1,0])

(ii) (z*y) € pk,ys € pk = Tmin(t,s) € pki, for all z,y € X, t,s € [0,1]
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(ii0) (@ % Y)m € p,Yn € 1 = Tmax(mn) € K, for all z,y € X, m,n €
[_170])

Proof. Assume that Definition 2.6 (i) is valid and z € X, ¢t € [0,1], m €
[—1,0] such that z; € p4 and x,, € p. Then pf(0) > pk(z) > t and
e (0) < plf (z) < m, and so 0; € pYy and 0,, € pfY. Since z,(,) € pk and
Ty(e) € plY for all z € X, it follows from () that Op) € pll and 0u2) € ply
so that pf(0) > pf () and py (0) < pfY (x) for all z € X. Assume that the
condition (i) and (#7¢) of Definition 2.6 holds. Let z,y € X and ¢, s € [0, 1],
m,n € [—1,0] be such that (z xy); € uk, ys € pk and (z * y),, € p¥,
Yo € Y. Then uR(a +y) > £, jh(y) > s and i (z *y) < m, p}(y) < n.
It follows from (4¢) and (i4i) of Definition 2.6 that

pa () > min{pfy (2 +y), piy (y)} > min{t, s}
Y (2) < max{p (w + ), wY ()} < mac{m, n}.
So, that Tmin(,s) € pk and Tmax(m,n) € plY. Again, suppose that (i) and
(#i1) are valid. Also, for every x,y € X, (x * y)#i(z*y) € ki, Yul (y) € uk
and (25Y) 5 (vey) € s Y () € 14 - HONCO, Tonin 18 2y ) € 1 and
Trnax{ud) (evy) o (1)} € plY by (ii) and (i), respectively and thus,

ph (x) > min{ply (z % ), phy(y)}

pi () < maxc{p (z * ), i (y)}-
Hence, the proof is completed. O

Remark 4.4. Theorem 4.3 shows that every (€, €)-bipolar fuzzy ideal is
precisely a bipolar fuzzy ideal and vice versa. Obviously, every (€, €)-bipolar
fuzzy ideal is an (€, € Vq)-bipolar fuzzy ideal.

Theorem 4.5. A bipolar fuzzy set A = (pk, uX) of X is an (€,€ Vq)-
bipolar fuzzy ideal of X if and only if it satisfies the following conditions:
(1) pk (0) > min{u% (z),0.5} and p¥ (0) < max{uly (z), —0.5} for allz € X
(id) ply(2) > min{p (z *y), pk(y),0.5} for all 2,y € X

(iii) p¥ (z) < max{u¥ (z * y), ul¥ (y), —0.5} for all z,y € X.

Proof. Suppose A = (uk, %)) is an (€, € Vg)-bipolar fuzzy ideal of X. Let
r € X be such that pf(z) < 0.5 and pfY (x) > —0.5. If pf(0) < pki(x)
and p (0) > p¥ (z), then 4 (0) <t < pf(x) and p¥ (0) > m > pl (z) for
some t € (0,0.5) and for some m € (—0.5,0), so we get x; € pl; and 0,€ut;,
and ., € plY and 0,,€pY . Since 4 (0)+t < 1 and 14 (0) +m > —1, so we
have 0;qu’; and 0,,gul. It follows that 0,€ Vgu’ and 0,,€ Vgul, a con-
tradiction. Hence, puf(0) > p&(x) and x4 (0) < p¥ (). Now if uf(x) > 0.5
and plY (r) < —0.5, then z¢ 5 € pk and z_g5 € &Y and thus, 095 € Vgul;
and 0_g5 € Vguly. Thus, pf(0) > 0.5 and p (0) < —0.5. Otherwise,
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ph(2)+0.5 < 0.5+0.5 = 1 and plY (z)+(-0.5) > —0.5—0.5 = —1, a contra-
diction. Consequently, pf(0) > {uf(x),0.5} and p (0) < {p (), —0.5}
for all x € X. Let z,y € X. Suppose that min{uf(z * y), u% (y)} < 0.5
and max{pY (z * y), u¥ (y)} > —0.5. Then pf(x) > min{uf (z * v), uk (y)}
and pY (z) < max{u¥ (zxy), u¥ (y)}. If not, then 4 (z) < t < min{u% (z
y), i (y)} for some t € (0,0.5) and plY () > m > max{uly (zxy), ul¥ (y)} for
some m € (—0.5,0). It follows that (zxy); € uk and y, € pk but Tmin(t,t) =
z.€ Vaul, and (2 x y)m € pf and y, € pfY but Tmax(m,m) = Tm€ Vauly
which is a contradiction. Hence, pf (z) > min{uf (z x y), u; (y)} whenever
min{uf (z + ), w5 (u)} < 0.5 and i (z) < max{u(z + y), p¥ (3)} when-
ever max{u¥ (z * y), pX (y)} > —0.5. If min{pZ (x * y), u% (y)} > 0.5, then
(z*y)os € ply and yo.5 € pky, which imply that 205 = Zmin(0.5,05) € Vauk
and if max{uly (x*y), p (y) < —0.5, then (zxy)_o5 € pu and y_g5 € p¥,
which imply that o5 = Tmax(—0.5,~0.5) € Vquly. Therefore, pf(z) > 0.5
and plY (r) < —0.5, because if p4(z) < 0.5 and p(z) > —0.5 then
PP () + 05 < 05405 = 1 and Y (z) + (—0.5) > —0.5 — 0.5 = —1,
which is a contradiction. Hence,

pi(x) = min{pfy (z * y), u (), 0.5}
g () < max{p (a + y), wi (), —0.5}

for all z,y € X.

Conversely, assume that A satisfies the conditions (i), (i4), and (¢4¢). Let
r € X,t€ (0,1 and m € [-1,0) be such that z; € pf; and x,,, € &Y. Then
ph(x) > t and pf (z) < m. Suppose that % (0) < t and ¥ (0) > m. If
ph(r) < 0.5 and pfY (x) > —0.5, then pf(0) > min{uf (x),0.5} = pf(x) >
t and pfY(0) < max{ul}(x),—0.5} = p&¥ (z) < m, a contradiction. Hence,
we know that uf(z) > 0.5 and ¥ (z) < —0.5 and so we get

>

14 (0) + ¢ > 20 (0) > min{pfy (x), 0.5} = 1
ph (0) +m < 24y (0) < max{pY (z). — 0.5} = —1.
Thus, 0, € Vguk and 0,, € vVgu¥. Let z,y € X, t,s € (0,1] and m,n €
[—~1,0) be such that (z * y); € pl and ys € pk, and (z x y), € pfY,
yn € plY. Then pf(z*y) >t and pf(y) > s, and p¥ (z xy) < m and
pY (y) < n. Suppose that pf(z) < min{t, s} and pf (z) > max{m,n}. If
min{zf (z * y), pk (y)} < 0.5 and if max{pY (x * y), u&¥ (y)} > —0.5. Then
pia(e) = min{pl (2 + y), 0 (y), 0.5} = min{p (2 * y), pii(y)} > min{t, s}

pi () < max{p (z y), pi (y), —0.5} = max{u} (x+y), pi (y)} < {m,n}.
This is a contradiction. Hence, min{u% (zxy), % (y)} > 0.5 and max{uy (z*
y), k¥ (y)} < —0.5. It follows that

g () + min{t, s} > 2p8 (2) > min{ph (x xy), ph(y),0.5} =1

MISSOURI J. OF MATH. SCI., FALL 2017 155



C. JANA, M. PAL, AND A. B. SAIED

1 (@) + max{m, n} < 242 (2) < max{s (@ + ), 1 (9), 0.5} = —1
so that Tyin,s) € Vauk and Tmax(m,n) € vaqu¥. Consequently, A is an
(€, € Vgu)-bipolar fuzzy ideal of a BCK/BC1I-algebra of X. g

Theorem 4.6. A bipolar fuzzy set A of X is an (€,€ Vq)-bipolar fuzzy
ideal of X if and only if the set

Ulpi, pxstom) = {z € X| py(x) >t and p) (z) < m}
is a bipolar fuzzy ideal of X for all m € [—0.5,0) and for all t € (0,0.5].

Proof. Assume that bipolar fuzzy set A is a bipolar (€, € Vq)-fuzzy ideal
of X with m € [-0.5,0) and ¢ € (0,0.5]. Now, using Theorem 4.5(i), we
have u%(0) > min{uf(z),0.5} and also pf(0) < max{uQ(x),—0.5} for
any x € U(uh,plY;t,m). It follows that p4(0) > min{¢,0.5} = ¢ and
pY (0) < max{m,—0.5} = m. This implies that 0 € U(uf], uY;t,m). Let
z,y € X be such that z xy € U(pl], u;t,m) and y € U(uk, u¥;t,m) for
m € [-0.5,0) and for t € (0,0.5]. Then p%(z xy) >t and pf(y) > ¢, and
plY (z xy) < m and pfy (y) < m. Now using Theorem 4.5 (ii) and (iii), we
get
pi (x) > min{ply (2 + y), w4 (y), 0.5} > min{t, 0.5} = ¢
Y (2) < max{p) (z xy), uY (y), —0.5} < max{m, —0.5} =m

and so z € U(pl], p¥;t,m). Hence, U(uYy, u¥;t,m) for m € [-0.5,0) and
for t € (0,0.5], is a bipolar fuzzy ideal of X.

Conversely, let A be a bipolar fuzzy set of X such that U(uﬁ, u%; t,m) =
{x € X| ph(xz) >t and p%(z) < m} is a bipolar fuzzy ideal of X for
all m € [-0.5,0) and for all ¢ € (0,0.5]. If there is a € X such that
ph(0) < min{uk(a),0.5} and p& (0) > max{ul (a), 0.5}, then pk(0) <
t < min{pf(a),0.5} and plY (0) > m > max{ul}(a), —0.5} for some t €
(0,0.5) and for some m € (—0.5,0), 500 & U(u%, ul¥;t,m). Thisis a contra-
diction. Hence, 1% (0) > min{uf(x),0.5} and p&Y (0) < max{u¥ (z),—0.5}
for all z € X. Assume that there exist a’,b' € X such that p%(a') <
min{u (@'« b), i (),05} and i (a') > max{p(a V), 1 (o), —0.5.
We take )

to = 5 (g (a') + min{pf(a" 1), pf(¥),0.5})
and .
mo = 3 (3 (a') + max{p{ (o' % 1), i3 (), —0.5}).

We get to € (0,0.5) and mg € (—0.5,0), so that % (a’) < tg < min{uk (a’
V), pk(6),0.5}, and pf (a’) > mo > max{pl (a’ * b'), uY (v'), —0.5}. Thus,
a'xb € U(pl, p;t,m) and o' € Uk, plY;t,m), but o’ & Uk, plY;t,m).
This is a contradiction. Hence,

pih () > min{py (2 + y), uly (y),0.5}
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pa (o) < max{py (z * y), pi (y), —0.5}
for all z,y € X. It follows from Theorem 4.5 that A is an (€, € Vg)-bipolar
fuzzy ideal of X. O

Corollary 4.7. Fvery bipolar fuzzy ideal of X is an (€, € Vq)-bipolar fuzzy
ideal of X. The converse of Corollary 4.7 is not true in general, justified
in the following example.

Example 4.8. Consider a BCI-algebra X = {0, a,b,c} with Caley Table 1
given in Example 3.5, we define a bipolar fuzzy set A as follows pk (0) = 0.8,
phi(a) = pk(b) = 0.7, pf(c) = 0.6 and p¥ (0) = —0.8, u&Y (b)) = —0.7, and
phY (a) = plY (¢) = —0.3 is an (€, € Vq)-bipolar fuzzy ideal of X but is not
bipolar fuzzy ideal of X because pki(c) = 0.6 # 0.7 = min{uk (cxa), ut{(a)}.

5. CONCLUSIONS

In this paper, the notion of (€, € Vq)-bipolar fuzzy BC K/BCI-subalgebras
and (€, € Vq)-bipolar fuzzy BCK/BCI-ideals are introduced on BCK/BCI-
algebras and characterized their useful properties. We investigated the
relationship between (€, € Vqg)-bipolar fuzzy BCK/BCI-subalgebras and
bipolar fuzzy BCK/BCI-subalgebras, and also the relation of their corre-
sponding ideals.

In our future study of bipolar fuzzy structure of BCK/BCI-algebra, we
may consider the following topics: (i) bipolar (T, .S)-fuzzy soft BCK/BCI-
algebra, where T and S are triangular norm and co-norm respectively, (i)
bipolar (€,€ V q)-fuzzy soft BCK/BCI-algebra, (iit) (€,€ Vgq)-bipolar
fuzzy soft (p-, a- and g-)ideals and their relations. (iv) (€, € Vq)-bipolar
fuzzy relations.
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