COMPACT WEIGHTED COMPOSITION OPERATORS
BETWEEN GENERALIZED FOCK SPACES
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ABSTRACT. Let 1 be an entire self-map of the n-dimensional Eu-
clidean complex space C™ and u be an entire function on C"”. A
weighted composition operator induced by 1 with weight u is given
by (uCy f)(z) = u(z)f(1(2)), for z € C™ and f is the entire func-
tion on C™. In this paper, we study weighted composition operators
acting between generalized Fock-types spaces. We characterize the
boundedness and compactness of these operators act between ]-'g (c™)

and .7-';(((:") for 0 < p,q < co. Moreover, we give estimates for the
Fock-norm of uCy, : ]-'g — .7:; when 0 < p,q¢ < oo, and also when
p=ocand 0 < g < oco.

1. INTRODUCTION

Let C™ be the n-dimensional complex Euclidean space, and let dv be the
usual Lebesgue volume measure on C™. Throughout this paper, we assume
that ¢ € C%(C™) is a given real valued function on C" such that

mwgy < ddcd) < Muwyg

holds uniformly pointwise on C" for some positive constants m and M
where d is the usual exterior derivative, d° = £(0 — 9), and wo = dd|- |* is
the standard Euclidean Kéhler form on C". Let H(C™) be the space of all
entire functions on C™. For 0 < p < oo, the generalized Fock space ]—'g (c™
consists of functions f € H(C™) such that

5= [ 1P i) < o

that is ]-'ZZ((C") = LP(C", e P?dv)NH(C™). Similarly, for p = oo one can de-
fine the generalized Fock-type space F3°(C™) as F3°(C") = L>(C", e~ ?dv)N
H(C™); that is F3° is the space of functions f € H(C") such that

[ flloc,o = sup |f(2)]e™?*) < co.
zeCn
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Fora>0and 0 < p < oo, if ¢(z) = %|z|2, we get the weighted Fock spaces
FP. For the overview of the studies on F£ we refer to the monographs [22]
2
and [26]. If ¢(z) = % — mlog|z|, where m is a non-negative integer, we
get the Fock-Sobolev spaces FP™, these spaces were first introduced by
H. Cho and K. Zhu in [6]. Tt is well-known that for 1 < p < oo, F} is a
Banach space under the norm || - ||p,¢. Also, for 0 < p < 1, the space ]-"g
is an F-space under d(f,g) = ||f — gll; ,- Moreover, the Hilbert space F;
is a closed subspace of L?(C",e~2%dv) with the Bergman Kernel K(-,-).
The Bergman orthogonal projection P : L?(C", e~2%dv) — ]-"i is given by
integrating against the kernel Ky(w, z) = K4 .(w); that is
Pf(z) = Ky(z,w) f(w)e 22 do(w).
C’n
It is known for n = 1 [7] and for n > 2 [11] that there are positive
constants 6 and C' such that for any z, w € C™

|K (2, w)|e” P e9W) < gm0zl (1)
For any z € C™ and r > 0, we use
B(z,r) ={weC":|lw—2z| <r}
to denote the Euclidean ball centered at z with radius . Then using Propo-

sition 3.3 of [19], there are positive constants r, Cy, and C such that for
each z € C" and each w € B(z,r) we have

|Ky(z,w)|e @ e W) > 01| Ky4(z, 2)[e "2 > Cs. (2)

Using the previous inequalities (1) and (2), it is easy to see that for some
positive constants C5 and Cy we have

Cs < | Kopze ?P|pg < Cu. 3)

Let u be a positive Borel measure on C", the average of pu on B(z,r)

is 5556’::;; Since the Lebesgue volume v(B(z,7)) = fB(z ny v~ r?" is a

constant over all z € C", we call u(B(z,r)) an averaging function of y. For
t > 0, we define the t-Berezin transform of p as follows

gt(z):/ 1Ky (2, 0) L@+ 00D gy (o).

Suppose v is an entire function mapping C™ into itself and v is an entire
function on C™. Then the weighted composition operator uCy, is defined on
the space H(C™) of all entire functions on C" by (uCly f)(z) = u(z) f(¢¥(z)),
for all f € H(C™) and z € C™. The composition operator Cy, is a weighted
composition operator with the weight function w identically equal to 1.
It is well-known that the composition operator Cyf = f o1 defines a
linear operator Cy which is bounded on spaces of entire functions on C".
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During the past few decades much effort has been devoted to the study of
these operators with the goal of explaining the operator-theoretic properties
of uCy in terms of the function-theoretic properties of the induced maps
u and . One of the reasons is that it provides a connection between
operator theory and complex analysis and doing that helps to gain a deeper
understanding of both areas. For the studies on the spaces of analytic
functions, we refer to the monographs [8, 12, 13, 20, 27, 28]. Also, see [22]
and [26] for the studies on the spaces of entire functions.

Recently, several authors have studied the boundedness and compactness
of weighted composition operators on Fock spaces; for example see [1, 2, 3,
5, 18, 21, 23, 24, 25]. The authors of these papers used classical techniques
which were used by many authors in Bergman and Hardy spaces, see for
example [8, 9, 10, 17, 20, 27, 28]. In this paper we use similar techniques.
The purpose of this paper is to extend some previous results to a very
wide class of exponentially weighted Fock spaces. In fact we use Carleson
measures techniques to characterize the boundedness and compactness of
a weighted composition operator uC'y, acting between Fock spaces ]—'g (c™
and ]-"; (C™), for 0 < p,q < oo. In addition, we give estimates for the Fock-
norm of uCy : Fj — FJ when 0 < p,q < oo, and also when p = 0o and
0<g<oo.

2. PRELIMINARIES

The notion of Carleson measure is a crucial tool in investigating the
boundedness and compactness of weighted composition operators on spaces
of entire functions. In the early 1960s [4], while he was working on the
Corona problem, Carleson developed inequalities that relate a behavior of
a function f € HP(D) in the unit disk with its behavior on the unit circle.
The underlying measures, in those inequalities and their generalizations to
other spaces, are frequently called Carleson measures. These measures have
been extended and found many applications in the study of composition
operators in various spaces of functions, for example see [8, 12, 13, 27, 28]
for the study of Carleson measures in Hardy and Bergamn spaces, and see
[6, 14, 15, 16, 19] for the study of Carleson measures in Fock-type spaces.
Now we define the (p, q)-Fock Carleson measure and vanishing (p, ¢)-Fock
Carleson measure as well.

Let 0 < p,g < oo and let p be a positive Borel measure. We say
p is a (p, q)-Fock Carleson measure if the inclusion map 2, : F,(C") —
L4(C", e~9%dp) is bounded; that is if there exists a constant C' such that
for all f € F} the following inequality holds

(/n |f(z)|qeq¢(z>du(z)>p/q <C [ |f(2)Pe PP du(z).

(C'n.
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Also, we say p is a vanishing (p, ¢)-Fock Carleson measure if the inclusion
map 1, : Fj(C") = LI(C", e~ 9%dp) is compact; that is

lim | fn(2)|7e™ P dp(z) = 0
n—00 Jon

for any bounded sequence {f,} € }'g that converges to zero uniformly on

compact subsets of C™.

The following three lemmas are from [14]. They characterize (vanishing)
(p, q)-Fock Carleson measures, when 0 < p, ¢ < 00, in terms of the ¢-Berezin
transform fi; and the averaging function p(B(+,r)). These lemmas were first
obtained by Schuster and Varolin [19] when p = ¢ > 1.

Lemma 2.1. Let 0 < p < q¢ < o0, and let 4 > 0. Then the following
statements are equivalent.

(1) pis a (p,q)-Fock Carleson measure;
(2) iy is bounded on C™ for some (or any) t > 0;
(3) w(B(-,9)) is bounded on C™ for some (or any) 6 > 0.

Lemma 2.2. Let 0 < p < ¢ < o0, and let 4 > 0. Then the following
statements are equivalent.

(1) p is a vanishing (p, q)-Fock Carleson measure;
(2) (2) = 0 as z — 0 for some (or any) t > 0;
(3) w(B(z,6)) = 0 as z — 0 for some (or any) § > 0.

Lemma 2.3. Let 0 < ¢ < p < o0, and let 4 > 0. Then the following
statements are equivalent.

(1) wis a (p,q)-Fock Carleson measure;

(2) wp is a vanishing (p, q)-Fock Carleson measure;

(3) fix € LP/P=9(dv) for some (or any) t > 0;

(4) w(B(-,6)) € LP/P=D(dv) for some (or any) § > 0.

The following lemma characterizes (vanishing) (oo, ¢)-Fock Carleson mea-
sures, when 0 < ¢ < o0, in terms of the ¢t-Berezin transform fi; and the
averaging function u(B(-,7)). The proof of this lemma is just a simple
modification of the proof of Theorem 2.8 [14] with p = co. So we omit the
trivial proof’s details.

Lemma 2.4. Let0 < g < 00, and let p > 0. Then the following statements
are equivalent.

(1) pis a (00, q)-Fock Carleson measure;

(2) p is a vanishing (0o, q)-Fock Carleson measure;
(3) fix € LY(dv) for some (or any) t > 0;

(4) u(B(-,0)) € LY(dv) for some (or any) 0> 0.
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3. BOUNDEDNESS AND COMPACTNESS

The results of this section concern boundedness and compactness of
weighted composition operators mapping JF4(C") into FJ(C") for 0 <
p,q < oo. Our results will be expressed in terms of the following inte-
gral transform that generalizes the Berezin transform. Let ¢ be an entire
self-map of C" and u be an entire function of C". Then for w € C™ and
0 < p < oo, we define

Bupllul)(w) = [ |Kgu(@(@)Plu()Pe ),

Moreover, the results we obtain will be given in terms of certain measure,
which we define next. Let ¢ be an entire self-map of C™ and u be an entire
map of C". For each p > 0, we define a positive Borel measure p , on C*
by

. (E) = / u(z)Pe PP du(z),
Y~ I(E)

where F is a Borel subset of C". Now we are ready to present our main
results.

Theorem 3.1. Let 0 < p < g < o0, let ¢ be an entire self-map of C™, and
let u be an entire function of C". Then the operator uCy : ]-"g — .7-'; s
bounded if and only if sup By 4(|ul)(w) is finite.

weCn

Proof. First, suppose uCy, is bounded from ]—'g into .7-';. For a fixed w € C",
set fu(2) = Kg(z,w)e ®™). Then using (3), we get f, € F}, and there
exists a positive constant C such that || fu|/p,¢ < C1. By boundedness of
uCy, there exists a positive constant C such that

||qu(fw)HZ,¢ < C2waHZ,¢ < CiCs.
Then,

[ 15t fte @) < €1

Taking the supremum over w € C", we get sup By 4(Jul)(w) < cc.
weCn

To prove the converse, for a fixed w € C", set F,(2) = Ky(z, w)e” **).
Using (2), for each z € B(w,r) and for some positive constant C' we have

|Fy(2)|? > Cet®),
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Now integrating both sides against the measure Ay 4, where dAy 4(2) =
e®dpy 4(2), we get

CAyq(B(w,r)) S/ |Fu(2)[1e™ 9 dNy 4(2)
B(w,r)

< / 1Ky (2 0) [T~ 95y o (2)

:/ | K0 (0 (2)|u(2) 1”@ DD gy ().
Therefore, we get
CAyq(B(w, 7)) < By,q(|ul)(w). (4)
By our hypothesis, sup By q(Jul)(w) < oo, and we get Ay o(B(w,r)) is
weCn

bounded on C". By Lemma 2.1, this is equivalent to Ay 4 is a (p, ¢)-Fock
Carleson measure. Therefore, by definition of Carleson measure, for any
f € F} there exists a constant C3 > 0 such that

[ G @ 0 < Cal 7l
The last inequality equivalent to

[uCy(Hllg.e < CallFI5,40
which gives the boundedness of uCy. O

As an immediate consequence of Theorem 3.1 and Lemma 2.1, we get
the following corollary.

Corollary 3.2. Let 0 < p < g < o0, let 9 be an entire self-map of C",
and let u be an entire function of C". Then the operator uCy is bounded
from F} into F7 if and only if Ay 4 is a (p, g)-Fock Carleson measure, where

Ay q(2) = e1Pdpuy ().

The following theorem gives an estimate of ||[uClyll4,¢ in terms of L>-
norm of the integral transform By, ¢(|ul).

Theorem 3.3. Let 0 < p < g < 00, let 1 be an entire self-map of C™, and
let u be an entire function of C™. If uCy is bounded from ]-"g into ]-";, then
there exist two positive constants C, and Cy such that

Cil|By,g(Ju)llze < [uCyllgs < Coll By q([ul)l| L= (5)

Proof. For a fixed w € C", set fu,(2) = Ky(z,w)e ?). Tt is clear that
fw € F}; and there exists a positive constant C' such that || fulpe < C.

MISSOURI J. OF MATH. SCI., SPRING 2016 67



W. AL-RAWASHDEH

Now, we have the following inequalities.

By o(|u])(w) = /Cn Ifw(w(z))|q|u(z)|qe*‘1¢(2>dv(z)

= [[uCy (fuw)llg.e
< N fwllp lluCellg.q
< CY[uClyllg4- (6)

Taking the supremum over w € C", we get

Sup By ([u)(w) < CTuCullf

which gives the left-hand side of condition (5).

Now, we prove the other side of condition (5). By Proposition 2.3 of
[19], for each r > 0 there exists a positive constant Cy such that if f is an
entire function of C™, then we have

sup |f(2)e 4GP < Cy / F)Pe @ dow). (1)

z€B(a,r) B(a,2r)

Now consider the r-lattice {ay} in C™ and a positive integer N such that ev-
(o9}
ery point in C" belongs to at most N sets in { B(ay, 2r)}. Since U Blay,r) =

k=1
C", the covering property gives

oDl = [ 1@ () du(2)
— [ s = [ IO dn, ()
cn cn

oo

<[ e )
k=1 B(ak,r)

z€B(ak,r)

= q/p
= Z/\ﬂhq(B(@kaT)) ( sup |f(z)e¢(Z)|p>

q/p
<Y Mpg(Blar, 1) ( /B ( 2)|f(w)e¢(”)|pdv(w)> ,
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where the last inequality holds by using (7). Since ¢/p > 1, using the fact

Z byt < (Z bk> whenever 1 < m < oo and b > 0 for all k, we obtain
k=1 k=1

oo

q/p
>/ - )If(w)e‘¢(w)|pdv(w)>

k=1
< CyNP D Ay (Bax, )| 15 o

[uCy(IIE 4 < Cs sup Ap,q(Blak,r)) (

Using inequality (4), we get the desired result. O

The following lemma is a basic fact about the compactness of weighted
composition operators. The lemma was proved in a standard way in many
references, see for example Proposition 3.11 [8] in the context of analytic
function spaces and see Proposition 4.3 [19] in the context of entire function
spaces. The proof of this lemma can be obtained by simple modifications
of the proofs of Proposition 3.11 and Proposition 4.3 in [8] and [19], respec-
tively. Hence, we omit the trivial details.

Lemma 3.4. Let 0 < p,q < o0 and dd°¢ ~ wg. Let 1 be an entire self-
map of C" and v is an entire function of C" such that uCy is a bounded
from .7-'3; nto ]-";. Then uCy is compact if and only if whenever {f,} is
bounded sequence in ]-'g and fn — 0 uniformly on compact subsets of C™,
then [|uCy(fn)llq.6 — 0.

The next theorem characterizes the compactness of the weighted com-
position operator uCy that maps F; to Fj when 0 < p < ¢ < cc.

Theorem 3.5. Let 0 < p < g < 00, let @ be an entire self-map of C™, and
let u be an entire function of C"™. Then the bounded operator uCly : ]-'5 —
F§ is compact if and only if

lim By q(Jul)(2) = 0. (8)

|z|—00

Proof. Suppose first that uCy is compact. For any z € C", set F,(w) =
K4(z,w)e=?). Then, by estimate (1), there exist two positive constants
# and C such that for all z,w € C™ we have

| (w)]e™ ™) < Qe 0177wl

Therefore, F, converges to 0 uniformly on any compact subset of C™ as
|z| = oo. Hence, by compactness of uCy and Lemma 3.4, we get that
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lim [[uCy(F;)|lq,6 = 0. On the other hand, we know that

|z| =00
[uCy (F2)lIg,s = /C | ((w)) | u(w)|Te 1) d(w)
= By 4(lul)(2),
which gives the desired result.
Conversely, suppose that condition (8) holds. Using a similar argument

as that in the proof of Theorem 3.1, there exists a positive constant C
such that

Cidy,q(B(2,7)) < By q([u])(2)-

By our hypothesis we get that Ay 4(B(z,r)) = 0 as |z| — 0. Therefore, by
Lemma 2.2, we get that Ay 4 is a vanishing (g, p)-Fock Carleson measure.
Hence, by the definition of vanishing Carleson measure, for any bounded
sequence {f;} in }'g that converges to 0 on compact subsets of C" we have

0= lim f5(2)e?F|9dNy 4 (2)

j—o0 Ccn

lim | £ ()| dpy q(2)

j—o0 cn

im (9(2))]7u(z)| e %) du (2
Jm [ 1) e )

. NI,
]li)r{,lo Hqu(fg)wa

which gives the compactness of the operator uCy, by consulting Lemma 3.4.
This completes the proof. O

The following theorem characterizes boundedness and compactness of
the operator uCy, that maps F to F when 0 < ¢ < p < o0.

Theorem 3.6. Let 0 < ¢ < p < o0, let ¥ be an entire self-map of C",
and let u be an entire function of C™. Then the following statements are
equivalent.

(1) The operator uCy, : F§ — F is bounded;

(2) The operator uCy : Ff — F is compact;

(3) By,qg(Jul) € LY/ =9 (C", dv).

Proof. First, we prove that (1) is equivalent to (2). Suppose that uCy is
bounded. Then for any f € F%, there exists a constant C' > 0 such that
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HUCw(f)H;¢ < C||f||gy¢. On the other hand,

U G z u(z)|%e 13 dy(z
WPl = [ 1F@EIuC) e do(2)
= [ 1@ ()
= [ 1r@Pe ).
This gives,
L GIrean () < i, )

The last inequality gives that Ay 4 is a (p, ¢)-Fock Carleson measure. There-
fore, by Lemma 2.3, this is equivalent to Ay 4 is a vanishing (p, ¢)-Fock Car-
leson measure. Then for any bounded sequence {f;} in F? that converges

to 0 uniformly on any compact subset of C™ as j7 — oo, we have
q
lim fj(z)eﬂﬁ('z)’ g 4(2) =0,

J—00 Jon
q
q

this gives lim [[uCy(f;)[|7 4 = 0. Using Lemma 3.4, we get the compactness
j—0o0 ’

of uCy. Since (2) always implies (1), we get the equivalence of (1) and (2).

Second, we prove that (1) is equivalent to (3). Suppose that uCly is

bounded. Then, inequality (9) gives that Ay 4 is a (p, ¢)-Fock Carleson

measure. Again using Lemma 2.3 we conclude that the Berezin transform

Ay belongs to LP/(P=@)(C™ dv). On the other hand,

j\w)q(z) _ /(C |K¢7z(w)|qe_Q(¢(W)+¢(Z))d)\w,q(w)
= [ 1o ) e )

= [ Ko@) lu(w)re 1O do(w)
(C'n.

= By q(|u])(2),
this gives the equivalence of (1) and (3). This completes the proof. 0
The following theorem estimates the Fock-norm of the bounded operator

uCly : Fjy — F§, when 0 < ¢ < p < oo, in terms of LP/(P=9)_norm of the
integral transform By, 4(Jul).

Theorem 3.7. Let 0 < g < p < o0, let ¢ be an entire self-map of C™, and
let u be an entire function of C". If the operator uCy from ]-'5 into ]-"; 1
bounded then there exist two positive constants C1 and Cy such that

Col| By q([ul)ll Loso-0 < [[uCyllg 4 < Crl[ By q([ul)ll Lo/
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Proof. First, using an argument similar to that in the proof of Theorem
3.3, for any w € C™ and some constant C' > 0 we have

By q([u)(w) < CUuCylg 4

Using Theorem 3.6, we get boundedness of uCy, is equivalent to By 4(Ju|) €
Lr/(P=a)(C™, dv). This implies

[1By.q([u)ll Lo/@-a < C1 ||UO1/J||Z,¢-

On the other hand, from estimate (2), for z € B(w,r) there exists a
constant Cy such that

|K g 0(2)|7e99) > 0yet9(),

Then,

Cz/ eq¢(z)duw7q(z) S/ |K¢,w(2)|q€_q¢(W)du¢,q(Z)
B(w,r) B(w,r)

< [ Koty o)
C’n

= [ et (e e )
= By.q(lul)(w). (10)

By Proposition 2.3 of [19], we have for any entire function f

F)]1eC) < ¢ / | ()69 d ()

B(z,r)

Integrating both sides against the measure jiy 4, then using Fubini’s Theo-
rem, the fact xp(.r) (W) = XB(w,r) () and inequality (10) we get

LG o)
<Ca [ e [ i) we O dow)dn. ()
<Cs [ 1 dow) [ Ko@) O (2

< CafCy [ (@)1 By (ul) w)do(w). (1)

n
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Now, applying Holder’s inequality with exponent p/q > 1, we get

JRICRe
< s/ ([ inwperea)”

o) (r—a)/p
< ([ B ud o)
= /GOl B () -0

This completes the proof. O

The following theorem characterizes the boundedness and compactness
of uCy : F3° — FJ in terms of the integral operator By 4(|u[). The proof of
this theorem is similar to that of Theorem 3.6, but this time we use Lemma
2.4 instead of Lemma 2.3. Therefore, we omit the trivial proof’s details.

Theorem 3.8. Let 0 < g < o0, let Y be an entire self-map of C", and let u
be an entire function of C™. Then the following statements are equivalent.

1) The operator uCy : F° — F1 is bounded;
Y @ [

(2) The operator uCy : F3° — .7-'; s compact;

(3) By.q(lul) € LH(C", dv).

The following theorem estimates the Fock-norm of a bounded operator
uCly « F3° — .7-';, when 0 < ¢ < oo, in terms of L'-norm of the integral
transform By, 4(|ul).

Theorem 3.9. Let 0 < g < 00, let Y be an entire self-map of C", and let u
be an entire function of C". If the operator uCy is bounded from F3° into
]-'g then there exist two positive constants C1 and Cy such that

Ca|| By q([ul)llLr < [luCyllg 4 < Crll By g(ful)llLr-

Proof. First, using an argument similar to that in the proof of Theorem
3.3, for any w € C™ and some constant C' > 0 we have

By,q(|ul)(w) < CuCyllg ,-

Using Theorem 3.8, we have boundedness of uCly, is equivalent to By, 4(|u|) €
L'(C",dv). This implies

1By q([ulllLr < CrlluCyllg 4-
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On the other hand, using an argument similar to that in the proof of
Theorem 3.7, for any f € F3° there exists a constant C> such that

[ 15 iniz) < Ca [ 1)1 0 By ul) o)
Cn Cn

< Callflly [ Boalu)whdvt)
= OOl ol B

This completes the proof. 0
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