A NOTE ON THE FUNDAMENTAL SOLUTION OF THE
HEAT OPERATOR ON FORMS

PAUL BRACKEN

ABSTRACT. An approximate solution of the heat equation on p-forms
on an n-dimensional manifold is constructed. This is used to create a
fundamental solution of the heat operator. It is shown there is a link
between this solution and the generalized Gauss-Bonnet Theorem on
manifolds.

1. INTRODUCTION

Let M be an n-dimensional compact oriented Riemannian manifold of
class C'° without boundary. Denote by A(M) the space of smooth exte-
rior p-forms and d: AP — APT! the exterior differentiation operator and
§: AP*1 — AP the adjoint of d with respect to the metric of M. The
Laplace operator A = —(dé + dd) acts on p-forms for 0 < p < n. The
operator A: AP — AP has an infinite sequence of eigenvalues 0 > A\ >
Ao > -+ > )\, = —oo. Each is repeated as many times as its multiplicity
indicates. The corresponding sequence {w,, } of eigenforms gives a complete
orthonormal set in AP with Riemannian inner product.

One of the objectives here is to construct a paramatrix for the heat
equation for a p-form w,

(%—A)w:o. (1.1)

This problem was discussed for functions by Minakshisundaram and Pleijel
[4] and for forms it was studied by McKean and Singer [3] and also Patodi
[5]. Let V be an open subset of M and w(z,y) a C*°(p,p) form on V x V.
For all x € M, the Riemannian metric induces a natural isomorphism of
APT (M) onto the dual of this space. Thus there is a natural identification
of APT¥(M) @ APT (M) with Hom(APT* (M), APT*(M)) and so for x € V
and v € APT*(M), w(z,y)(v) is a smooth p-form on U [1,2].

For p-forms, an approximate solution which will be called HX, (¢, z,y) is
constructed in a sufficiently small neighborhood of the diagonal in V' x V|
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t > 0 by beginning with

N

1 —r? i i

HY (t,w,y) = WG /4t <Z t'u *p(:z:,y)> . (1.2)
i=0

In (1.1), the variable r is the geodesic distance between x and y and
ubP(x,y) are smooth p-forms which are to be determined and u®?(x,z)
is the identity of APT(M).

Theorem 1. In order that (1.2) satisfies the heat equation (1.1), the
ubP(xz,y) must satisfy the following system of recursion relations

dg\ . . .
(i * éd_i) uP(z,y) + Veo,u P (z,y) — Ayu' P (z,y) =0,  (1.3)

fori=0,1,...,N — 1 and moreover,

o A » _ e—r2/4t N Nop
FTRE HN(tvxuy)__Wt u™ P (z,y). (1.4)

The integer N is chosen to be larger than n/2. These conditions determine
the double (p,p) forms u*P(z,y) uniquely in a sufficiently small neighbor-
hood of the diagonal.

Proof. Fix an arbitrary point x € M and introduce normal coordinates in
an open neighborhood U of x such that g;;(x) = ¢;; and  has the coordinate
representation (0, ...,0). Let F(r(z,y)) be a function of r depending only
on the geodesic distance of y from x and w is any C*° p-form defined on U.
Then the Laplacian with respect to y has the following structure in terms
of r:

d’F n—1dF 1 dg dF

A, (F = ==

J(F ) = (G50 + 20+ 2 e
2dF

+ ;W(r)vrarw + F(r)Aw, (1.5)

where g(y) = det(g;;(y)). For the case in which F(r) = exp (—%), substi-
tution in (1.5) implies that

2
Ay <exp <_E) w)
r2 r? 1 n—1 r 1
=e T — - — - — -V, Aw]| .
¢ K(zlt? 2t> 2 4gt>w g Vo T w}
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It is also found that
T‘_T2/4t

0
S Hy(tmy) = Aty

ot
2

n r 1 n-1 r dg
> P _ tl Z,p
XZ [(4# ( 2) TERECTREY +4gtdr> ()
+ 17V, u P (2, y) — 1A, u’p(a:y)}
e—r2/4t

ICTORE

N
rd - - - ) - )
X E [(z + @d_i) P (2, y) + IV o, ubP (2, y) — tszu“p(x,y)] .
=0

When the coefficients of t~! are equated to zero, (1.3) results and the
remaining equation is exactly (1.4). O

It is clear that (1.3) can be put in the equivalent form

, d . ,
Ve, u(z,y) + ( * 4_d_g) uP(z,y) = Ay u' P (2, y). (1.6)
Lemma 1. For an arbitrary vector field v € APT (M) , then in the open set
U, equations (1.6) have unique solutions under the condition u®?(v,r) = v,
u='P(z,y) = 0.
Proof. System (1.6) can be written in the form

Voo, (r'g ut(v,y)) = r'g A u' T P (v,). (1.7)
Suppose y is an arbitrary point of U and w,(t), 0 < t < r(z,y) the geodesic
joining points x and y. The curve w,(t) defines, with respect to the Rie-
mannian connection, an isomorphism 7y, ¢, of ApTufy(to)(X ) onto APTy (X)),
0 <ty < r(z,y). Let uP(v,y) = g~ /*(y)Ty 0(v). Then u®?(v,x) = v, and
(1.7) is satisfied for ¢ = 0. Suppose there is some m so that when ¢ < m
the forms u*?(v,y) have been determined such that they satisfy (1.7). B
induction, define u™P(v,y) to be

1
u™P (v, y) =
(r(z,y)mg"/*(y))

* / (r(, uy ()™ g (uy (8) Ty e (Ayu™ 1P (v, uy (£)) dt.
0

This is a C*°-form and it satisfies (1.7) for i =m.

Now (1.4) implies that i u? (v, z) = (A, u'~"P(v,y))(v, z). Thus unique-
ness would follow if it is shown that any C*° solution w of V,g . (w) = 0
satisfying the initial condition vanishes identically. However, this is clear
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since Vg, (w) = 0 implies that for all y € U, w is invariant under parallel
displacements along the geodesic joining points x and y. O

Thus, HY(t,z,y) is constructed in a sufficiently small neighborhood of
the diagonal in M x M. Let U’ be an open neighborhood of the diagonal
such that the closure of U’ is contained in U. A type of partition of unity
can be introduced by taking n(z,y) to be a C*°-function on M x M such
that 7 is zero outside U’ and is one in the neighborhood of the diagonal.
Using n(z,y), define

G (t,x,y) = n(x,y) HY (t,,y),

5 (1.8)

K4 () = (- A ) Ghltan)
For any smooth p-form ¢(t, ), it is the case that

lim GR (t,z,y) A xp(t,x) = ¢(0,y).

t—0t Jas
For fixed p and N, it is more concise to write K}, (¢, z,y) as simply K (¢, z, y).
It is also worth noting the following notation. In the process of constructing
the fundamental solution of the operator in (1.2), if M, Ny, Ny are vector
spaces, and there is given an inner product in M, then there is a natural
map 7: (M X N1)® (M x N2) — N1 ® N such that 7((m®mny), (m'®@ns)) =
(m, m') ny @ng for m,m’ € M, ny € Ny and na € Na, (,) the inner product
on M. The map 7(x,y) can be denoted simply as (z,y), or even without
brackets. Inductively, the following sequence can now be defined

Ko(tv‘rvy) = K(t,:l?,y),
(1.9)
K™(t,x,y) = fot ds fM (K™ Ys,2,2),K(t —s,2,9)) dv,

and dv, is the volume element on M with respect to z.

Since the manifold M is compact, there exist finitely many open sets
Vi,..., Vg and Uy,..., U, such that V,. C U, where U, is diffeomorphic to
R™ and M = UV,. A partition of unity can be found relative to the open
covering {V; }{. Suppose 7, are C*° functions which take the value one on
V, and have compact supports contained in U,. If L(x,y) is any double
form, define

Lij(2,y) = ni(x)n; (y) L(z, y).
Define P as the set of indices P = {i; < -+ < ip;j1 < --- < jp} so for a
form,

L({E,y) = Z Lil _____ Gpsfiseens Jp dIil A A dIiP (24 dyjl A A dyjp- (110)
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The L(z,y) will have support contained in U; x U;. Now define,

1Ll =D sup  [Liy s,
b ©€Uiyel;

Theorem 2. With respect to (1.9), the following bounds obtain,
KD ]ij < CotN 2,

cv—g+ym O

L(m(N - 3)+m)’

||K:371||” < (OCO)mtm(N7%)+m71

where Cy, C' are constants.
Proof. Using (1.4), we have
K iy = 1K & @ y)mi(@)ng )] < (1K (82, 9)]]i g
= Z Sup |Kiy,..oip v songn] < CotN 2.
P

Taking the second result of (1.11) as an induction hypothesis, it is the case
that

t
K7 (t2,) = / ds / (@)
0 M
q

XD er(@) K™ (s, 2, 2)0; () K (t = 5, 2,y)dos

r=1

Employing (1.11), it follows that

K75 (8, 2, y)|] < C1(CCo)™

(T(N =2 +1)™ /t oy .
.C m(N 2)er 1 t— N-% ds.
M= rm) <, ¢ (=s)72 ds

Here, C} is a constant which is independent of m. By choosing C' > C7 and
realizing that the integral is of beta function type, the following estimate
is obtained,

D(N — 2 4 1)m+!
L((m+1)(N-%)+m+1)

K75 (8,2, y)|| < (CCp)mHHm DN =5)+m
This finishes the proof by induction. O
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2. FUNDAMENTAL SOLUTION OF THE HEAT OPERATOR

At this point we continue in the direction of obtaining a fundamental
solution of the heat operator.

eP(t,x,y)
=GR (t,z,y) + Z (—1)m+? / ds y (K™(s,x, 2), GR(t — s,2,y))dv..
(2.1)

On account of Theorem 2, the series on the right-hand side of (2.1) con-
verges to a double form and can be considered a C*-(p, p) form.

Theorem 3. The form eP(t,x,y) is the fundamental solution of the heat
operator acting on p-forms.

Proof. Continuing to write K& (t,z,y) as K(t,z,y), using (1.8) it is found
that

(% — A, )ep(t,:v,y) = K(t,z,y) + (% _Ay>

t
x 3 (—1ymt / s [ (K7 (52,268t = 5.2,

m>0
K(t,z,y) + Z ™Y K™ (t, x,y) + K™t z,y))
m>0
:K(t,x,y)—K(t,x,y):O

O
Theorem 4. Ast— 0T,
oo t )
Z (—1)m+1 / ds/ (K™ (s, @, 2), GR(t — s,2z,2)) dv, = O(tN_i),
m=0 0 M
(2.2)

Proof. Beginning with Theorem 2, it is the case that

I: m“/ ds/ (s,2,2),GR (t — s, 2,2)) dv,

_ U s [ exp( t_s))@_s)—zsN—’sw—ldr.
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To simplify this, substitute r = 2k(t — 5)'/2,

r rt o]

I=0 / ds/ dﬁe_”2(t—s)_%sN_%Tmn_l(t—s)
LJo 0
ot

=0 / SN_%dS/ Iin_le_ﬁ2dl{|
0 0

t
=0 / SN_st}zO(tN_ZH).
0

w3

O

From the definition of e?(¢, x,y) in (2.1), it is now possible to calculate
(Tre?)(t,z,z) = (TeGR ) (t, 2z, ) + OtV ~2 1)

= (TeHY)(t @, 2) + OtV 5+
N
= (4rt)"3 > i TrutP(z, ) + OV 2T,
=0
since 7 = 0 when z coincides with y. The double forms HY, satisfy (1.2)

as do the u*?. Since u®P(x,z) is the identity endomorphism of APT, the
following theorem has been proved.

Theorem 5.

n N . .
(Tee?)(t, @, ) = (4mt) =% { <p> +D T u“”(x,x)} +O(NEL),
- (2.3)

Suppose w,(x) is a set of eigenforms for the Laplace operator. Define
the expression

fm(t,x) = /M eP(t, z,y)wm (y)dvy. (2.4)

Then it can be observed that

9t otr) = / 9. op(t, 2,y o (y)doy = / A (t, 2, y)om (y)dv,
8t M 8t l M b

= / AyeP(t, z, y)wm (y)dv, = / eP(t, z, y) Aywm (y)dvy
M M
= A fm(t, ).
This result implies that
fm(t, ) = wm(x) ermt,

To summarize, the following has been shown.
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Theorem 6. The fundamental solution eP(t,x,y) has a representation of
the form

eP(t,z,y) = Z Win () ()N (2.5)

Since the right-hand side converges absolutely, the result follows from com-
pleteness of the eigenforms.

3. THE GAUSS-BONNET THEOREM

The quantities u*P which appear in the expansion (1.1) contain valuable
information with regard to the structure of the underlying manifold. Of
interest here is the fact that they can be related to the Euler characteristic
X (M) of the manifold M. Suppose M is a compact, oriented, connected
manifold of dimension n. A superscript on the Laplace operator indicates
the degree of the form space acted on. To establish this link, some further
results are required.

Lemma 2. For A\ € R™, let EY be the \-eigenspace, possibly trivial, for
AP. Then the sequence 0—EY 4.4 EY — 0 is ezact.

Proof. If w € EY then APT! dw = dAPw = Adw, so dw is an eigenform
of AP and so dw € Ef“. The sequence is well defined and has d? = 0.
Suppose w € EX has dw = 0, then \w = APw = —(0d + dd)w = —ddw.

Therefore, we can write
1
w=d (—X&u)

since A # 0. O

Lemma 3. The operator D = d+§: @y Ef\k — Eik"'l s an isomorphism,
therefore

> (=P dim E = 0.
p

Corollary 1. Let {\'} be the spectrum of AP, then

Z (—=1)? Z et = Z (—=1)? Z TeNt,

p p

The second sum runs over those 4 for which A = 0. Consequently,

’ P .
Z et = dimker AP,
i

As a result of this, it must be that

S (=D)PTre!d” =3 (1) > e,

P P 2
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and is independent of ¢. This means that the large ¢t behavior of the operator
is the same as the small ¢ behavior. The large ¢t behavior of Tre 2 is
related to the de Rham cohomology while the small ¢ permits us to make
the identification

X(M) =3 (=1)" dim Hjp(M)

P
= Z(—l)p dim ker AP = Z (—=1)PTr A"
P

= Z(—l)p /M’I‘rep(t,x,:v) dv,. (3.1)

Consequently, using the result for the expansion of eP(¢,z,,x) given in
Theorem 5, the following expression is obtained for the Euler characteristic
of M,

*71 3 Y —1)'Tru>* (2, 2) dv k
x(M)—(m)n/QkZ_()(/M;( T <,>dm>t. (32)

Since x (M) is independent of ¢, only the constant term on the right can be
nonzero. Therefore, we have established the following form of the general-
ized Gauss-Bonnet Theorem.

Theorem 7.

-3 Y 1) b (2, 2) duy = 0, k75
(4) /MZZ;( D' u* (2, z) dv, {X(M), . % (3.3)
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