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THE MINIMAL RANK OF THE MATRIX
EXPRESSION A -BX -YC

Yongge Tian

Abstract. The minimal rank of the matrix expression A — BX — Y C with
respect to the choice of X and Y are determined using generalized inverses of
matrices. Some of their applications are also presented.

Suppose that
p(X,Y)=A-BX-YC (1)

is a linear matrix expression over the complex number field, where A, B, and C are
m xn, m Xk, and [ X n matrices, respectively; X and Y are k x n and m x [ variant
matrices, respectively. In this article we consider the minimal rank of p(X,Y") with
respect to the choice of X and Y, and present some of their applications. To do
so, we need some well-known formulas related to ranks and generalized inverse of
matrices.

Lemma 1 [2] [3]. Let A € C™*", B € C™** and C € C*" be given. Then
they satisfy the rank equalities

r[A, B] = r(A) + (B — AAB) = r(B) + (A — BB~ A), 2)
, [é} — r(A) + 7(C — CA=A) = 1(C) + (A — AC—C), (3)
. [g 5 } = 1(B) +1(C) + 1{(Im — BB™)A(I, — C~C)], (4)

where (-)~ denotes an inner inverse of a matrix.
We are ready to establish the main result of this article.

Theorem 2. The minimal rank of p(X,Y") in (1) with respect to the choice of
X and Y is

I}(l)i}I/lT’(A—BX -YC)=r [é g} —r(B) —r(C). (5)
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The matrices X and Y satisfying (5) are given by

X =B A+UC+ (I - B-B)Uy, (6)
Y = (I, - BB™)AC™ — BU + Us(I; — CC™), (7)

where U, U; and U, are arbitrary.

Proof. Let

u-[4 %)

Then its rank obviously satisfies the inequality
r(M) <r(A) +r(B)+r(C). (8)
Now replacing A in (8) by p(X,Y) in (1), we obtain the following rank inequality

T[A—BX—YC B

o 0 } <r(A-BX -YC)+r(B)+r(C). 9)

It is easy to see by block elementary operations of matrices that

T{A—BX—YC B]_ [A B}
c o] ="|lc o]
Thus, (9) becomes
r(A—BX -YC)>r(M)—r(B)—r(C). (10)

Observe that the right-hand side of (10) involves no X and Y. Thus, r(M)—r(B)—
r(C) is a lower bound for the rank of p(X,Y") with respect to X and Y. On the
other hand, putting (6) and (7) in p(X,Y") yields

p(X,Y)=A— BB A—BUC — (I,, - BB")AC~C + BUC
= (I, — BBT)A(I, — C~C).
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In that case, the rank of p(X,Y) by (4) is
rp(X,Y)] = r[(Im — BB™)A)(I, — C~C)] =r(M) —r(B) —r(C). (11)

Combining (10) with (11), we know 7(M) — r(B) — r(C) is the minimal rank of
p(X,Y) with respect to X and Y, and the matrices of X and Y satisfying (5) are
given by (6) and (7).

A direct consequence of Theorem 2 is given below, which was established in
[1] and [8].

Corollary 3. Let p(X,Y’) be given by (1). Then the following statements are
equivalent.
(a) minyyr(A—BX -Y(C)=0.
(b) The matrix equation BX + Y C = A is solvable.
(c)

A B
T {C 0] =r(B) +r(C).

(d) (I, —BB7)A(, - C~C)=0.
In that case, the general solution of BX +Y(C = A is

X =B A+UC + (I, - B-B)Uy, (12)
Y = (I, - BB™)AC™ — BU + Usy(I, — CC"). (13)

Observe that (12) and (13) have the same form as (1). Thus, we can also find
the minimal ranks of solutions of BX + Y (C = A when it is solvable.

Corollary 4. Suppose that the matrix equation BX + YC' = A is solvable.
Then the minimal ranks of solutions X and Y to BX +YC = A are

. A
BXH%%:AT(X) =r [C} —r(C), (14)
and
BX_r:l}i/ré:A r(Y)=r[A,B] —r(B) (15)



VOLUME 14, NUMBER 1, WINTER 2002

Proof. Since BX + Y C = A is solvable, it follows by Corollary 3(d) that
A-BB A-AC C+ BB AC C=0.

In that case, applying (5) and then (3) to (12) produces

BXH%%:AT(X) = IUI)IIIJIIIT[B_A +UC + (I, — B~B)Ui]
[B~A I, - BB _
=l k 0 —r(Iy — B™B) —r(C)
[B~A I
=r| C 0| —-r(B)—r(Ix—B B)—rC)
| 0 B
[ o I
=7r C O —k—T(C)
| BB~A 0
C
=" pp-a| "0
C C
- _A—AC—C—FBB‘AC—C} —rC) =r [A} —r(0),

establishing (14). Similarly, we can derive (15) from (13) and (5).

Theorem 5. Suppose that the two linear matrix equations
AleBl = Cl and AQXQBQ = CQ

are solvable, respectively, where X7 and X, are k£ x [ matrices. Then
(a) The minimal rank of the difference X; — X5 of two solutions of (16) is

Cy 0 A

min T‘(Xl —XQ) =T 0 —CQ A2 -Tr |:A1:| —T[Bl,Bg].
A1X181201 B B O A2
A2 X2 Bo=C> 1 2
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(b) [5] [6] In particular, the pair of matrix equations in (16) have a common solution
if and only if

(o5 0 Aq A
ri 0 —Cy Ay | —7r |:A1:| +T‘[Bl,BQ]. (18)
B By 0 2

Proof. Tt is well-known (see [7]) that a matrix equation of the form AXB = C
is solvable if and only if AA~C = C and CB~ B = C hold. In that case, the general
solution AX B = C can be written as

X=ACB +(I,— A AU +V(I, - BB),

where U and V' are arbitrary. If the two equations in (16) are solvable, respectively,
their general solutions can be written as

X1 =ATCiBy + (I — AT AU +Vi(l; — B1BY),

and
Xo = A5 CoBy + (I, — Ay A2)Us + Va(I; — Ba By ),

where Uy, Vi, Uy and V, are arbitrary. In that case,
X1 —Xo =

_ _ _ _ _ _ U I, — BBy
AT C1By — Ay CoBy + [y — Ap Ay, Iy — Ay Ag {_[}2} + [V, = V3] {Ii —B;Bl_} .
2

Thus, by (5) we find that

A[CiBy — Ay CyBy I — AT A I, — Ay Ay

N XrnEi}n_C r(Xhs—Xo)=r I; — B1By 0 0
A3 X2 By=C I} — BBy 0 0

_ [L-BiBy
"I, - ByB;

:| —T[Ik—A;Al,Ik—A;AQ]. (19)
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Simplifying by (2) and (3) the ranks of the above three block matrices, we get

ATCiBy — AyCoBy I — AT A1 I — Ay Ay

r I, — B1By 0 0
I} — By By 0 0
A;Cle — A;CQB; I I 0 0
I 0 0 B O
=r 1 0 0 0 B
0 A 0 0 0
0 0 Ay O 0

—7(A1) = r(A2) —7(B1) —7(B2)

r 0 Iy, 0 0 O
1 0 0 By O
=T Il 0 0 0 Bg —T‘(Al)—T(Ag) —T(Bl) —T(Bg)
~CiBy 0 —A; 0 0
L 3By 0 Ay 00
ro I 0 0 0
I, 0 0 0 0
=r|0 0 0 —B1 B2 —T(Al) —’I”(AQ) —’I”(Bl) —T(BQ)
0 0 -4 ¢y 0
L0 0 A 0 —Cs
(¢ 0 A
=T 0 —Cg A2 +/€+Z—T‘(A1)—T(Ag)—T‘(Bl)—T‘(Bg),
| Bi B, 0

Il — BlB; _ Il Bl 0 _ _ — —_ —
r [Il B 3232} =7r [Iz 0 32} r(By)—r(Bz2) = r[B1, Ba]+1—r(By) —r(Ba2),
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and
(I, I
T‘[Ik—A;Al,Ik—AEAQ]:T‘ Al 0 —T‘(Al)—T(Ag)
i 0 A,
=r il +k—r(A1) —r(Az).
| A2

Putting the above three in (19) yields (17). The result in part (b) is an immediate
consequence of (17).

Corollary 6. Let A and B be two matrices of the same size. Then
(a) The minimal rank of the difference of A~ — B~ of two inner inverses of A and
Bis

min (A7 = B7) = (A= B) +7(4) +7(B) = r[A, B = r {g} . (20)

(b) In particular, A and B have a common inner inverse if and only if

T(A—B)ZT[A

B] +r[A, B] — r(A) — r(B). (21)

Proof. Notice that A~ and B~ are solutions of the matrix equations AXA = A
and BY B = B, respectively. Thus (20) follows from (17).

Corollary 7. Let A and B be any two idempotent matrices of the same size.
Then their difference A — B satisfies the two rank equalities

HA-B)=r [g} + (A, B - r(4) - r(B), (21)

and
r(A—B)=r(A—- AB)+r(AB — B). (22)
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Proof. Notice that any two idempotent matrices of the same size have the
identity matrix as their common inner inverse. Thus (21) follows immediately from
Corollary 6(b). When A and B are idempotent, we also find by (2) and (3) that

v {g] — r(B)+ (A~ AB) and 1[4, B] = r(A) + r(B — AB).

Putting them in (21) yields (22).

Corollary 8. Let A be a given matrix, and let X and Y be any two outer
inverses of A, that is, XAX = X and YAY =Y. Then their difference of X — Y
satisfies the rank equality

T(X—Y)ZT[X

Y} +7r[X,Y]—r(X)—r(). (23)

Proof. Obviously, any two outer inverses of the matrix A have A as their
common inner inverse. Thus (23) follows immediately from Corollary 6(b).

On the basis of Corollaries 7 and 8, one can derive a variety of results related
to idempotent matrices and outer inverses of matrices. We shall present them in
other papers.
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