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Abstract. Let Eð1Þ be the first Johnson-Wilson spectrum at the prime two. In this

paper, we calculate the homotopy groups of the Eð1Þ-localized sphere spectrum with a

grading over the Picard group of the stable homotopy category of Eð1Þ-local spectra.

1. Introduction

Let p be a prime number. In the stable homotopy category Sp of p-local

spectra, we denote by ½X ;Y � the group of morphisms from X to Y in Sp, and

½X ;Y �� ¼0
k AZ½Sk5X ;Y �. Here, Sk is the k-dimensional sphere spectrum.

For the Bousfield localization functor LE with respect to a spectrum E, we

denote LE ¼ LEðSpÞ. The category LE is a symmetric monoidal category,

whose structure is given by the E-local smash product LEð�5�Þ. A spectrum

X A LE is invertible if there exists Y A LE such that LEðX5YÞ ¼ LES
0, and

the Picard group PicðLEÞ of LE is the collection of the isomorphism classes

of invertible spectra in LE .

In this paper, we use the following notation:

pE
P ðXÞ ¼ ½P;LEX � for P A PicðLEÞ; and pE

? ðXÞ ¼0
P APicðLEÞ p

E
P ðXÞ:

Let KðnÞ be the n-th Morava K-theory spectrum. Hopkins, Mahowald and

Sadofsky deeply studied the Picard group PicðLKðnÞÞ in [3], and Westerland

showed many interesting results around p
KðnÞ
? ðS0Þ in [13]. In chromatic homo-

topy theory, we have an important object EðnÞ, the n-th Johnson-Wilson spec-

trum, as well as KðnÞ. The localization functor LEðnÞ and the category LEðnÞ
are abbreviated as Ln and Ln, respectively, and let pn

? ðXÞ denote p
EðnÞ
? ðX Þ.

We consider the monomorphisms

in : p�ðLnXÞ ¼0
k AZ½S

k;LnX � ¼0
k AZ½LnS

k;LnX �

!� 0
P APicðLnÞ½P;LnX � ¼ pn

? ðXÞ
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for nb 0. These monomorphisms fit into the following commutative

diagram:

p�ðL0X Þ  ��� p�ðL1XÞ  ��� � � �  ��� p�ðLnXÞ  ��� � � �
i0

???ymono: i1

???ymono: in

???ymono:

p0
?ðXÞ p1

?ðXÞ � � � pn
? ðX Þ � � � �����  ����  ����  ����

From this system, we obtain

lim
n
ðinÞ : lim

n
p�ðLnX Þ ���!mono:

lim
n

pn
? ðX Þ:

We recall that the chromatic convergence theorem (cf. [10, Th. 7.5.7]) implies

that if X is finite, then the universal map p�ðXÞ ! limn p�ðLnX Þ is an isomor-

phism, and therefore we have the monomorphism

p�ðS0Þ ���!@ lim
n

p�ðLnS
0Þ ���!limnðinÞ

mono:
lim
n

pn
? ðS0Þ: ð1:1Þ

Under this map, we expect that limn p
n
? ðS0Þ has a new information of p�ðS0Þ.

We note that PicðL0Þ ¼ Z and the homomorphism

l0 : PicðLnÞ ! PicðL0Þ ¼ Z

induced by the localization functor L0 is a splitting epimorphism. Putting

Pic0ðLnÞ ¼ kerðl0Þ, we have the decomposition

PicðLnÞ ¼ ZlPic0ðLnÞ:

Here, the summand Z is generated by LnS
1. The structure of the Picard group

is known as follow:

Theorem 1 ([4, Th. A. and Th. 6.1], [2, Th. 1.2]).

(1) If ðp� 1ÞF n and 2p� 2b n2 þ n, then Pic0ðLnÞ ¼ 0.

(2) At p ¼ 2, Pic0ðL1Þ ¼ Z=2.
(3) At p ¼ 3, Pic0ðL2Þ ¼ Z=3lZ=3.

This implies that, if ðp� 1ÞF n and 2p� 2b n2 þ n, then pn
? ðS0Þ ¼

p�ðLnS
0Þ. We consider the first interesting case ðp; nÞ ¼ ð2; 1Þ in this paper.

We define

nðtÞ ¼ maxfi A Z : 2 i j tg and aðtÞ ¼
1 2F t

nðtÞ þ 2 2 j t

�
ð1:2Þ

for a nonzero integer t. The main theorem in this paper is the

following:

138 Ryo Kato



Theorem 2. At p ¼ 2, as a Zð2Þ-algebra with a grading over PicðL1Þ ¼
ZlZ=2,

p1
?ðS0Þ ¼ Zð2Þ½2Q;At=aðtÞ : t0 0�=R

with

j2Qj ¼ ð0; 1Þ and jAt=aðtÞj ¼
ð2t� 1; 0Þ t1 0; 1 mod ð4Þ
ð2t� 1; 1Þ t1 2; 3 mod ð4Þ

�
:

Here R is the ideal of the following relations: Put At ¼ At=1 and Xj ¼
A2 j�2=jA�2 j�2=j for j > 2.

(1) 22Q ¼ 4.

(2) 2Xjþ1 ¼ Xj for j > 2.

(3) 2aðtÞAt=aðtÞ ¼
0 t1 0; 1; 2 mod ð4Þ
0 or A1At�1=3 t1 3 mod ð4Þ

(
.

(4) 2aðtÞ�12QAt=aðtÞ ¼
0 or A2

1At�1 t1 0 mod ð4Þ
A2

1At�1 t1 2 mod ð4Þ
0 t1 1; 3 mod ð4Þ

8><
>: .

(5) As=aðsÞAt=aðtÞ ¼

XaðsÞ sþ t ¼ 0; and s1 t1 0 mod ð2Þ
0 sþ t0 0; and s1 t1 0 mod ð2Þ
A�3A4=4 sþ t ¼ 1

A1Asþt�1=aðsþt�1Þ otherwise

8>>><
>>>: .

(6) A3
1At=aðtÞ ¼ 0 if t0�2, A4

1A�2=3 ¼ 0, and A2
1A�3A4=4 ¼ 0.

Remark 3. The author conjectures that 8At=3 ¼ 0 for t1 2 mod ð4Þ, and
2aðtÞ�12QAt=aðtÞ ¼ A2

1At�1 for t1 0 mod ð4Þ.

Consider the Brown-Peterson spectrum BP at p. The homology theory

BP�ð�Þ represented by BP satisfies that

BP� ¼ BP�ðS0Þ ¼ ZðpÞ½v1; v2; . . .�;

BP�ðBPÞ ¼ BP�½t1; t2; . . .�

where jvij ¼ jtij ¼ 2ðpi � 1Þ. Then, for the homology theory EðnÞ�ð�Þ repre-
sented by EðnÞ, we have

EðnÞ� ¼ EðnÞ�ðS0Þ ¼ v�1n BP�=ðvnþ1; vnþ2; . . .Þ ¼ ZðpÞ½v1; v2; . . . ; vn�1; vG1
n �;

EðnÞ�ðEðnÞÞ ¼ EðnÞ�nBP� BP�ðBPÞnBP� EðnÞ�
with jvij ¼ 2ðpi � 1Þ. The EðnÞ-based Adams spectral sequence for a spectrum

A is of the form

Es; t
2 ¼ Exts; t

EðnÞ�ðEðnÞÞ
ðEðnÞ�;EðnÞ�ðAÞÞ ) pt�sðLnAÞ:
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Hereafter, we denote by EðnÞs; tr ðAÞ the Er-term of the spectral sequence. For

an EðnÞ�ðEðnÞÞ-comodule M, we abbreviate

H �;�M ¼ Ext�;�
EðnÞ�ðEðnÞÞ

ðEðnÞ�;MÞ:

Let Ik denote the ideal ðv0; v1; . . . ; vk�1Þ of EðnÞ�, where v0 ¼ p. Consider the

following EðnÞ�ðEðnÞÞ-comodules:

N 0
k ¼ EðnÞ�=Ik; M 0

k ¼ v�1k N 0
k ;

N iþ1
k ¼ CokerðN i

k !
�

Mi
kÞ and Mi

k ¼ v�1kþiN
i
k for ib 0:

The short exact sequence N i
0 !Mi

0 ! N iþ1
0 gives rise to the connecting homo-

morphism

di : H
�N iþ1

0 ! H �þ1N i
0:

The k-th algebraic Greek letter elements are defined by

a
ðkÞ
ek=ek�1;...; e1; e0

¼ d0d1 � � � dk�1ðvekk =pe0ve11 � � � v
ek�1
k�1 Þ A HkN 0

0 ¼ EðnÞk2 ðS0Þ

if venk =pe0ve11 � � � v
ek�1
k�1 is in H 0Nk

0 . In particular, we denote

at=a ¼ a
ð1Þ
t=a; bt=a;b ¼ a

ð2Þ
t=a;b; bt=a ¼ bt=a;1; and bt ¼ bt=1:

By [6, Th. 1.1], for any invertible spectrum X A Pic0ðLnÞ, we have

EðnÞ�;�2 ðXÞ ¼ EðnÞ�;�2 ðS0ÞfgXg with jgX j ¼ ð0; 0Þ:

Note that if the element

a
ðkÞ
ek=ek�1;...; e1; e0

gX A EðnÞ�;�2 ðXÞ

is a permanent cycle, then we have an element of

p�ðX Þ ¼0
k

½Sk;X � ¼0
k

½SkX �1;LnS
0� � pn

? ðS0Þ:

If a
ðkÞ
ek=ek�1;...; e1; e0

A EðnÞk2 ðS0Þ detects an element in p�ðLnS
0Þ, we denote it by

a
ðkÞ
ek=ek�1;...; e1; e0

. In particular, we denote

at=a ¼ a
ð1Þ
t=a:

By Theorem 10 below, at p ¼ 2, p�ðL1S
0Þ is generated by at=bðtÞ’s with t1

0; 1; 2 mod ð4Þ. Here, bðtÞ is the integer in (2.4). Furthermore, the monomor-

phism i1 : p�ðL1S
0Þ ! p1

?ðS0Þ satisfies

i1ðat=bðtÞÞ ¼
At=aðtÞ t1 0; 1 mod ð4Þ
2QAt=3 t1 2 mod ð4Þ

�
: ð1:3Þ
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We note that Pic0ðL1Þ ¼ Z=2 is generated by the question mark spectrum Q

(see § 3). By Proposition 8, Eð1Þ�;�2 ðS0Þ is generated by the algebraic alpha

elements at=aðtÞ. The generator At=aðtÞ in Theorem 2 is detected by at=aðtÞ A
Eð1Þ�;�2 ðS0Þ if t1 0; 1 mod ð4Þ, and by at=aðtÞgQ A Eð1Þ�;�2 ðQÞ if t1 2; 3 mod ð4Þ.
By this fact, at p ¼ 2, for any algebraic alpha element at=a with t0 0, at least

one of at=a and at=agQ detects a nontrivial element in p1
?ðS0Þ. We also note the

following:

(1) At p > 2, any algebraic alpha element in Eð1Þ�;�2 ðS0Þ survives to

p�ðL1S
0Þ ¼ p1

?ðS0Þ.
(2) More general, if ðp� 1ÞF n and 2p� 2b n2 þ n, then any nonzero

algebraic Greek letter element in EðnÞ�;�2 ðS0Þ survives to p�ðLnS
0Þ ¼

pn
? ðS0Þ.

(3) At p ¼ 3, the algebraic beta element bt in Eð2Þ22ðS0Þ survives to

p�ðL2S
0Þ if and only if t1 0; 1; 2; 3; 5; 6 mod ð9Þ [12, Th. 2.12], and

p�ðL2S
0Þ0 p2

?ðS0Þ.
By these facts, we conjecture the following:

Conjecture 4. Let p be a prime number and n an integerb 0. For any

algebraic Greek letter element a
ðnÞ
t=en�1; en�2;...; e0

A EðnÞ�;�2 ðS0Þ with t0 0, there exists

an invertible spectrum X A Pic0ðLnÞ such that a
ðnÞ
t=en�1; en�2;...; e0

gX survives to

pn
? ðS0Þ.

The author would like to thank the referee for many useful comments.

2. The structure of p�ðL1S
0Þ at p ¼ 2, revisited

Hereafter, we consider the case p ¼ 2. Ravenel determined the struc-

ture of p�ðL1S
0Þ as [9, Th. 8.15]. In this section, we review the homotopy

groups.

The homology theory Eð1Þ�ð�Þ represented by the first Johnson-Wilson

theory spectrum Eð1Þ satisfies

Eð1Þ� ¼ Eð1Þ�ðS0Þ ¼ Zð2Þ½vG1
1 �;

Eð1Þ�ðEð1ÞÞ ¼ Eð1Þ�nBP� BP�ðBPÞnBP� Eð1Þ�:

Hereafter, we denote by Eð1Þ�;�r ðX Þ the Er-term of the Eð1Þ-based Adams

spectral sequence converging to p�ðL1XÞ. This spectral sequence forms as

follow:

Eð1Þ�;�2 ðX Þ ¼ Ext�;�
Eð1Þ�ðEð1ÞÞ

ðEð1Þ�;Eð1Þ�ðX ÞÞ ) p�ðL1X Þ:

For an Eð1Þ�ðEð1ÞÞ-comodule M, we abbreviate H �;�M ¼ Ext�;�
Eð1Þ�ðEð1ÞÞ

ðEð1Þ�;
MÞ. We consider the following Eð1Þ�ðEð1ÞÞ-comodules:
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N 0
0 ¼ Eð1Þ�; M 0

0 ¼ 2�1Eð1Þ�; M 0
1 ¼ Eð1Þ�=ð2Þ;

and M 1
0 ¼ CokerðN 0

0 !M 0
0 Þ:

Theorem 5 ([11, Th. 5.2.1, and Th. 5.2.2.]).

(1) Hs; tM 0
0 ¼

Q s ¼ t ¼ 0

0 otherwise

�
.

(2) H �;�M 0
1 ¼ Kð1Þ�½h0; r1�=ðr21 ¼ 0Þ where h0 A H 1;2M 0

1 and r1 A H 1;0M 0
1 ,

which are represented by t1 and v�31 ðt2 þ t31Þ in Eð1Þ�ðEð1ÞÞ=ð2Þ,
respectively. Here, Kð1Þ� ¼ Eð1Þ�=ð2Þ ¼ Z=2½vG1

1 �.

For an element in H �M 1
0 , we use the notation of Behrens’ type (see [1])

defined as follows. Consider the short exact sequence

0!M 0
1 !

j
M 1

0 !
2
M 1

0 ! 0

where jðxÞ ¼ x=2. For an element x A H �M 0
1 , we define xt=s A H �M 1

0 by

2s�1xt=s ¼ j�ðvt1xÞ ¼ vt1x=2:

Theorem 6 ([7, Th. 4.16]).

HsM 1
0 ¼

Q=Zð2Þlh1t=aðtÞ : t0 0i s ¼ 0

Q=Zð2Þlhðh0Þt=1; ðr1Þt=1 : 2F ti s ¼ 1

hðhs
0Þt=1; ðr1hs�1

0 Þt=1 : 2F ti s > 1

8><
>: :

Here, h�i is an exterior algebra, the summand Q=Zð2Þ at s ¼ 0 (resp. s ¼ 1)

is generated by the elements 10=j (resp. ðr1Þ0=j) for j > 0, and aðtÞ is the integer

in (1.2).

The short exact sequence

0! N 0
0 !M 0

0 !M 1
0 ! 0 ð2:1Þ

gives rise to the exact sequence

0! H 0N 0
0 ! H 0M 0

0 ! H 0M 1
0 !

d
H 1N 0

0 ! 0 and

Hs�1M 1
0 !

d

@
HsN 0

0 for s0 0; 1
ð2:2Þ

by Theorem 5. Here d is the connecting homomorphism associated with (2.1).

In H �N 0
0 , we denote

at=s ¼ dð1t=sÞ for t0 0 and 1a sa aðtÞ;

at ¼ at=1; and xj ¼ dððr1Þ0=jÞ:

Then, by Theorem 6, we have the following:
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HsN 0
0 ¼

Zð2Þ s ¼ 0

hat=aðtÞ : t0 0i s ¼ 1

Q=Zð2Þlhdððh0Þt=1Þ; dððr1Þt=1Þ : 2F ti s ¼ 2

hdððhs
0Þt=1Þ; dððr1hs�1

0 Þt=1Þ : 2F ti s > 2

8>>>><
>>>>:

: ð2:3Þ

Here the summand Q=Zð2Þ at s ¼ 2 is generated by the elements xj for j > 0.

Proposition 7. In H �N 0
0 , the following hold:

(1) dððh0Þt=1Þ ¼ a1at for odd t, and dððr1Þt=1Þ ¼ a1at�1=aðt�1Þ for odd t0 1.

In addition, dððr1Þ1=1Þ ¼ a�3a4=4.

(2) Suppose that s is odd. Then asat=aðtÞ ¼ a1asþt�1=aðsþt�1Þ if sþ t0 1,

and asa�sþ1=að�sþ1Þ ¼ a�3a4=4.

(3) Suppose that the both s and t are even. Then as=aðsÞat=aðtÞ ¼ 0 or

a1asþt�1 if sþ t0 0, and as=aðsÞa�s=aðsÞ ¼ xsxaðsÞ þ ysa�1a1 for an odd

integer xs and ys A f0; 1g.

Proof. (1): By [7, Lem. 4.12], for any nonzero t A Z,

a1at=aðtÞ ¼ dð11=1Þat=aðtÞ

¼ dðv1ðat=aðtÞÞ=2Þ

¼
dððh0Þt=1Þ 2F t

dððr1Þtþ1=1Þ 2 j t

(
:

We also have dððr1Þ1=1Þ ¼ dððv41r1Þ�3=1Þ ¼ dðv�31 ða4=4Þ=2Þ ¼ dð1�3=1Þa4=4 ¼
a�3a4=4 by [7, Lem. 4.12].

(2): By [7, Lem. 4.12] and (1),

asat=aðtÞ ¼ dð1s=1Þat=aðtÞ

¼ dðvs1ðat=aðtÞÞ=2Þ

¼
dððh0Þsþt�1=1Þ 2F t

dððr1Þsþt=1Þ 2 j t

(

¼
a1dð1sþt�1=1Þ 2F t

dððr1Þsþt=1Þ 2 j t

(

¼
a1asþt�1=aðsþt�1Þ sþ t0 1

a�3a4=4 sþ t ¼ 1

�
:

(3): By (2.2), the connecting homomorphism d : H 1;2ðsþtÞM 1
0 !

H 2;2ðsþtÞN 0
0 is an isomorphism. Assume sþ t0 0. If both s and t are

even, then, by Theorem 6, we have H 1;2ðsþtÞM 1
0 ¼ Z=2fðh0Þsþt�1=1g. Hence,
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if as=aðsÞat=aðtÞ0 0 in H 2;2ðsþtÞN 0
0 , then as=aðsÞat=aðtÞ ¼ dððh0Þsþt�1=1Þ ¼ a1dð1sþt�1=1Þ

¼ a1asþt�1. If sþ t ¼ 0, then, by [7, Lem. 4.12], 2aðsÞ�1as=aðsÞa�s=aðsÞ
¼ 2aðsÞ�1dð1s=aðsÞÞa�s=aðsÞ ¼ dð1s=1Þa�s=aðsÞ ¼ dðvs1ða�s=aðsÞÞ=2Þ ¼ dððv�s1 r1Þs=1Þ ¼
dððr1Þ0=1Þ ¼ x1. This implies our claim by (2.3).

For s; t A Znf0g, we denote

nðs; tÞ ¼ minfnðsÞ; nðtÞg:

Proposition 8. As a bigraded Zð2Þ-algebra,

Eð1Þ�;�2 ðS0Þ ¼ H �;�N 0
0 ¼ Zð2Þ½at=aðtÞ : t0 0�=R

with jat=aðtÞj ¼ ð1; 2tÞ, where R is an ideal of the following relations:

(1) 2aðtÞat=aðtÞ ¼ 0.

(2) as=aðsÞat=aðtÞ ¼

a1asþt�1=aðsþt�1Þ nðs; tÞ ¼ 0 and sþ t0 1

a�3a4=4 nðs; tÞ ¼ 0 and sþ t ¼ 1

0 or a1asþt�1 nðs; tÞ > 0 and sþ t0 0

xsxaðsÞ þ ysa�1a1 nðs; tÞ > 0 and sþ t ¼ 0

8>>><
>>>: :

Here, xs is an odd integer and ys is in f0; 1g.

Proof. We note that a1=2 ¼ ðh0Þ0=1 in H 1M 1
0 . By (2.3) and Proposi-

tion 7, H �N 0
0 is generated by the elements at=aðtÞ as a Zð2Þ-algebra. By the

definition of the generators, the first relation is immediately given. The second

relation is shown by Proposition 7.

Proposition 9. In the Eð1Þ-based Adams spectral sequence converging to

p�ðL1S
0Þ, the following hold:

(1) If t1 0; 1 mod ð4Þ, then at=aðtÞ is permanent.

(2) If 20 t1 2; 3 mod ð4Þ, then d3ðat=aðtÞÞ ¼ a31at�2=aðt�2Þ, and also d3ða2=3Þ
¼ a21a�3a4=4.

Proof. (1): By [8, Th. 5.8], for sb 0, the elements a4sþ4=að4sþ4Þ and a4sþ1
are permanent cycles. This fact is immediately extended to any s A Z.

(2): By [8, Th. 5.8], for sb 0, we have d3ða4sþ3Þ ¼ a31a4sþ1 and d3ða4sþ6=3Þ
¼ a31a4sþ4=að4sþ4Þ in the spectral sequence. It is easy to extend these di¤er-

entials to any s A Z, except for d3ða2=3Þ. We also have d3ða2=3Þ ¼ d3ðv�41 a6=3Þ ¼
a21ðv�41 a1Þa4=4 ¼ a21a�3a4=4.

For a nonzero integer t, we define

bðtÞ ¼ aðtÞ � 1 nðtÞ ¼ 1

aðtÞ othewise

�
¼ nðtÞ þ 1 nðtÞ ¼ 0; 1

nðtÞ þ 2 nðtÞ > 1

�
: ð2:4Þ

We then have the following:
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Theorem 10. As a graded Zð2Þ-algebra,

p�ðL1S
0Þ ¼ Zð2Þ½at=bðtÞ : 00 t1 0; 1; 2 mod ð4Þ�=R

with jat=bðtÞj ¼ 2t� 1, where R is the ideal of the following relations: Put

at ¼ at=1 and xj ¼ a2 j�2=ja�2 j�2=j for j > 3.

(1) 2xjþ1 ¼ xj for j > 3.

(2) 2bðtÞat=bðtÞ ¼
0 t1 0; 1 mod ð4Þ
a21at�1 t1 2 mod ð4Þ

�
:

(3) as=bðsÞat=bðtÞ ¼

xaðsÞ sþ t ¼ 0 and s1 t1 0 mod ð4Þ
8x4 ¼ 8a4=4a�4=4 sþ t ¼ 0 and s1 t1 2 mod ð4Þ

0
sþ t0 0 and s1 t1 0 mod ð2Þ;

or st1 2 mod ð4Þ
a�3a4=4 sþ t ¼ 1

a1asþt�1=bðsþt�1Þ otherwise

8>>>>>>><
>>>>>>>:

:

(4) a
nðtÞ
1 at=bðtÞ ¼ 0 for nðtÞ ¼ 3 t1 0; 1 mod ð4Þ

1 t1 2 mod ð4Þ

�
and a21a�3a4=4 ¼ 0.

Proof. By Proposition 8 and Proposition 9, for the Eð1Þ-based Adams

spectral sequence

Eð1Þa;b2 ðS0Þ ) pb�aðL1S
0Þ;

we have the following tables for the E4-term:

3 a1a�3a4=4 a31

2 xj a�3a4=4 a21

1 a1 a2=2

0 1

�4 �3 �2 �1 0 1 2 3

ð2:5Þ

and

3 a21a4s=að4sÞ a21a4sþ1

2 a1a4s=að4sÞ a1a4sþ1

1 a4s=að4sÞ a4sþ1 a4sþ2=2

0

8s� 4 8s� 3 8s� 2 8s� 1 8s 8sþ 1 8sþ 2 8sþ 3

ð2:6Þ
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for s0 0. Here, b� a is the horizontal coordinate and a is the vertical

coordinate. By degree reason, this spectral sequence collapses at E4. If j > 3,

then xj detects xj in the statement. If ja 3, then xj ¼ 24�jx4 detects 24�jx4 ¼
24�ja4=4a�4=4.

The relations in the statement are immediately shown by Proposition 8 and

the above tables, except for

4a4sþ2=2 ¼ a21a4sþ1 and 2a4sþ1 ¼ 0: ð2:7Þ

They are immediately shown by [8, Th. 5.8 (b)].

3. The question mark spectrum Q

We recall the following theorem:

Theorem 11 ([6, Th. 1.1]). LnX A Pic0ðLnÞ if and only if EðnÞ�ðXÞ ¼
EðnÞ� as an EðnÞ�ðEðnÞÞ-comodule.

Consider the cofiber sequence

S0 !2 S0 !i Vð0Þ !j S1: ð3:1Þ

We notice that p1ðS0Þ ¼ Z=2, which is generated by the stable complex

Hopf map h. Since 2h ¼ 0, there exists ~hh A p2ðVð0ÞÞ such that j~hh ¼ h.

The question mark spectrum Q is defined by the following cofiber

sequence:

S2Q!
iQ

S2 !~hh Vð0Þ !
jQ

S3Q: ð3:2Þ

Since ~hh : S2 ! Vð0Þ induces v1 : Eð1Þ� ! Eð1Þ�þ2=ð2Þ, we have the follow-

ing commutative diagram.

Eð1Þ�ðQÞ ���!ðiQÞ� Eð1Þ� ���!v1¼~hh�
Eð1Þ�=ð2Þx???

���� v1

x???@

Eð1Þ� Eð1Þ� ���!i� Eð1Þ�=ð2Þ:

ð3:3Þ

�����!2

Hence Eð1Þ�ðQÞ is isomorphic to Eð1Þ�, and so L1Q is in Pic0ðL1Þ by Theorem

11. From [4, Th. 6.1], we obtain the isomophism

L1ðQ5QÞ ¼ L1S
0 ð3:4Þ

and Pic0ðL1Þ ¼ Z=2 is generated by L1Q.
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4. The structure of p1
?ðS0Þ

We note that Eð1Þ�ðQÞ ¼ Eð1Þ�fgQg as Eð1Þ�ðEð1ÞÞ-comodules, where gQ
is an element in Eð1Þ0ðQÞ which is corresponding to 1 A Zð2Þ ¼ Eð1Þ0. This

implies that

Eð1Þ�;�2 ðQÞ ¼ Eð1Þ�;�2 ðS0ÞfgQg with jgQj ¼ ð0; 0Þ: ð4:1Þ

Lemma 12. d3ðgQÞ ¼ a�1a
2
1gQ in the Eð1Þ-based Adams spectral sequence

converging to p�ðL1QÞ.

Proof. The cofiber sequence (3.2) gives rise to the long exact se-

quence

� � � ��!dQ Eð1Þs; t2 ðQÞ ��!ðiQÞ� Eð1Þs; t2 ðS0Þ ��!v1 Eð1Þs; tþ22 ðVð0ÞÞ

��!dQ Eð1Þsþ1; t2 ðQÞ ��! � � � :
By the diagram (3.3), the element gQ A Eð1Þ0;02 ðQÞ satisfies ðiQÞ�ðgQÞ ¼ 2,

and so ðiQÞ�ðgQÞ survives to 2 A p0ðL1S
0Þ. Recall that the diagram

Vð0Þ ���!2 Vð0Þ

j

???y
x???i

S1 S0�����!h

is commutative. Hence, in p2ðVð0ÞÞ, we have 2~hh ¼ ihj~hh ¼ ih2. Therefore,

since a1 A p1ðL1S
0Þ is the Eð1Þ-localization of h A p1ðS0Þ, the generator ðL1iÞa21 A

p2ðL1Vð0ÞÞ is detected by i�ða21Þ A Eð1Þ2;42 ðVð0ÞÞ, where i� is the map induced

by i in (3.1). By an easy calculation in the cobar complex, we have dQði�ða21ÞÞ
¼ a�1a

2
1gQ. This implies d3ðgQÞ ¼ a�1a

2
1gQ.

Proposition 13. In the Eð1Þ-based Adams spectral sequence converging to

p�ðL1QÞ, the following hold:

(1) d3ðgQÞ ¼ a�1a
2
1gQ, and 2gQ is permanent.

(2) If t1 0; 1 mod ð4Þ, then d3ðat=aðtÞgQÞ ¼ a31at�2=aðt�2ÞgQ.

(3) If t1 2; 3 mod ð4Þ, then at=aðtÞgQ is permanent.

Proof. In the spectral sequence, we have the following by Theorem 8,

Proposition 9 and Lemma 12:

d3ðat=aðtÞgQÞ ¼
at=aðtÞa�1a

2
1gQ t1 0; 1 mod ð4Þ

a31at�2=aðt�2ÞgQ þ at=aðtÞa�1a
2
1gQ 20 t1 2; 3 mod ð4Þ

a21a�3a4=4gQ þ a2=3a�1a
2
1gQ t ¼ 2

8><
>:
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¼ a31at�2=aðt�2ÞgQ t1 0; 1 mod ð4Þ
0 t1 2; 3 mod ð4Þ

�
:

We also remark that d3ða�3a4=4gQÞ ¼ a41a�2=3gQ. Hence, for the Eð1Þ-based
Adams spectral sequence

Eð1Þa;b2 ðQÞ ) pb�aðL1QÞ;

we have the following tables of the E4-term:

4 a31 ða�2=3gQÞ

3 a21 ða�2=3gQÞ

2 a1ða�2=3gQÞ
a1ða�1gQÞ

xjgQ

1 a�1gQ a2=3gQ

0 2gQ

�4 �3 �2 �1 0 1 2 3

ð4:2Þ

and

3 a21 ða4s�2=3gQÞ a21 ða4s�1gQÞ

2 a1ða4s�2=3gQÞ a1ða4s�1gQÞ

1 a4s�1gQ a4s=að4sÞð2gQÞ a4sþ2=3gQ

0

8s� 4 8s� 3 8s� 2 8s� 1 8s 8sþ 1 8sþ 2 8sþ 3

ð4:3Þ

for s0 0. Here b� a is the horizontal coordinate and a is the vertical coor-

dinate. By degree reason, this spectral sequence collapses at E4, and our claim

is shown.

Proof (Proof of Theorem 2). By (3.4), we have the pairing Eð1Þ�ðQÞn
Eð1Þ�ðQÞ ! Eð1Þ�, and

gsq g2Q ¼ 1: ð4:4Þ

We note that p1
?ðS0Þ ¼ p�ðL1S

0Þl ½L1Q;L1S
0�� ¼ p�ðL1S

0Þl p�ðL1QÞ as a

graded Zð2Þ-module. Consider the two spectral sequences

Eð1Þ�;�2 ðS0Þ ) p�ðL1S
0Þ and Eð1Þ�;�2 ðQÞ ) p�ðL1QÞ ¼ ½L1Q;L1S

0��:
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We define At=aðtÞ A Eð1Þ�;�2 ðS0Þ½gQ�=ðg2Q ¼ 1Þ by

At=aðtÞ ¼
at=aðtÞ t1 0; 1 mod ð4Þ
at=aðtÞgQ t1 2; 3 mod ð4Þ

�
:

By Lemma 9 and Lemma 13, the element At=aðtÞ survives to p1
?ðS0Þ ¼ p�ðL1S

0Þ
l ½L1Q;L1S

0�� for any nonzero t, which is denoted by At=aðtÞ. We also denote

by 2Q A ½L1Q;L1S
0� ¼ p0ðL1QÞ an element detected by 2gQ A Eð1Þ0;02 ðQÞ. The

relations in the statement are given by Proposition 7, Lemma 9, Theorem 10,

Lemma 13, (4.4), and the tables (2.5), (2.6), (4.2) and (4.3), except

4 � 2QAt=3 ¼ A2
1At�1 for t1 2 mod ð4Þ; and

2At ¼ 0 for t1 1 mod ð4Þ:

By (1.3) and (2.7), these relations are given by 4 � 2QAt=3 ¼ i1ð4at=2Þ ¼ i1ða21at�1Þ
¼ A2

1At�1 for t1 2 mod ð4Þ, and 2At ¼ i1ð2atÞ ¼ i1ð0Þ ¼ 0 for t1 1 mod ð4Þ.
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