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Introduction.
In an n-dimensional space whose coordinates are ', ...... , X%, we
consider a wvector which is expressed by N components a, ...... , a¥,

In §1, we extend the definition of summation of vectors; and in § 2, we
take an r-parameter continuous group as the transformations of coor-
dinates in z-space, and thence we find the transformations of vectors
on the assumptions that they form a group and transform the sum of
any two vectors into that of the transformed vectors. In§3, we define
the parallel displacement of vectors on the assumption that the sum of
any vectors is parallel to that of the vectors which are respectively
parallel to the former, and in §4 we obtain the transformation of
coefficients of connection by the coordinate-transformation. In the
remaining paragraphs we find the covariant derivative of a vector-field
and curvature in our space.

§1. New definition of summation of vectors.

Leta*and b (1=1, ...... , N) be any two veetors at a point P(x)
andc* (A=1, ...... , N) the sum of these two vectors. Then if we
extend the idea of summation, ¢* may in general be expressed by a
fuction of @}, ...... ,aN, b, ..., LN, et oLl , 2, viz.
=gy ....,a", b, ... 02 L, (A=1,....,N) (1)

=g'(a, b, ),

which we express symbolically by

c=a+b.
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Now we make the following assumptions.
(1, a) The functions ¢*(a, b, ) are analytic functions of the
arguments, and equations (1) can be solved for as and bs.
(1, b) At every point the associative law holds with respect to
the summation of more than three vectors: If a*, b*
and ¢t A=1, ...... , N) are any three vectors at any
point P (x), then

@+bd)+c=a+@OG+0,

viz. @Nela, b, @), ¢, x) = @@, PO, ¢, 2), 7)

A=1,....,N). (2)
(1,¢) When
c=a+b
there exists a vector d*(A=1, ....... , N) such that
c+d=a

Such a vector d* we denote by —b.

From the equations (2), we see that ¢*(a, b, #) are functions such
that for any two elements T, and T, of a certain N-parameter con-

tinuous group Gy, say ¥ =", ...., ¥, at, ....,a¥, z!, ...., 2*) and
Yy =fiy,b,x)(t=1, ....,s), the law of connection is given by
T, T, = Te@,v,2) (3)

(where xs are regarded as constants). viz. that for each value of xs
the two transformations as into a’s :

a* = ¢*a, b, x) =1,....,N) (4)
and
a* = o*b, a, x) @=1,....,N), (5)

(bs being regarded as the parameters), must be the first and second
parameter groups of Ga.

If we take the general parameter group of Gu, say a’* = ¢* (a, b,
x), then ¢* = ¢*(a, b, x) give the most general equations which define
the summation of two vectors a* and b* satisfying the assumptions
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(1, a), (1, b) and (1, ¢). However, to the structure-constants d;,(x) of a
group G there corresponds the unic canonical parameter group: o> =
Oa, b, x) and the general parameter group which has the same
structure as d),(x) is given by

g, ) = (D*(g(a, %), 9(b, x), x) , @=1,...., N)

where g*(a’, #) are N independent general analytic functions of as.
Therefore in this paper we will confine ourselves to the case where (4)
and () are the canonical parameter groups determined from the strue-
-ture-constants d},(x) of a certain group Gy. In this case (1) can be
written in the form

o 0
PO eb Ag(av x)m‘a)‘ (6)

and

)
oo ea“Bg(b, 2) 305

b (7)

where A%a, x) and Bi(b, x) are defined by

Ala, ©) = [Mwl] s BYb. x) = [MQJ’&] . @®
3b* b=0 90 a=0
and satisfy the following relations :

59 3 ,3_,>= A (@) At 9
(a-lr, A l) = dnwar 2

§ 2. Transformation of Vectors.

In our space, the transformations of coordinates xs are considered
as always belonging to a given r-parameter continuous group, the
equations being given by

ai=e"Xhyi  (G=1,.....m; h=1,.....7), (9)

=fix, u)

where
K==, oy ™2 (h=1,....,7)
oxt
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are generators and u* the parameters of the group.

Now we make the two following assumptions.

(2, a) By the transformations (9) any vector a*(2 =1, ...., N)
at a point P(x) in our space, is transformed by the
following equations :

L]

a?* =+rat, ...., a2 LUl L u)
“=1,....,N) (10)

= (a, ©, u)

and the transformations (x—2z’, a—a’) obtained by put-
ting (9) and (10) together, form a group. We denote this
by I.

(2, b) The sum of any two vectors ¢* and b* 1=1, ..... , N)
at any point P(x), is transformed into the sum of the
transformed vectors :

(6 +b=a +¥
viz.

v pla, b, %), &, u) = @*(Y(a, z, w), ¥ (b, 2, u), flw, w)
@=1,....,N). (1)

The equations (11) show that when we consider a transformation
as into a’s:

a'* = ¢a, b, 2) 2=1,....,N) (12)

(bs and xs being parameters), and apply a change of variables in the
above:

a* =y a, x, u), a* =Y*a/,z,u) @=1,....,N) (13)

~ {xs and us being as parameters), the equations of the transformation
(12) become as follows

a* = @Ma, b, z, 0, fo,w) (A=1,....,N). (14)

However since, as can be seen from (6), (12) can be written in the form



An Extension of the Definition of Vector and Parallel Displacement 87

@ 9
= Au (e, x)a—“;a‘ , (15)

this is transformed, by the change of variables (13), into®

o 0
ot = eb ci(a, =, u) 3 >

(16)
where

Ci(a, , u) = Al(a, x)a—w%ﬂ

- by the relation (13).

On the other hand, as in (15). the equations (14) can be written in the
form

0
o = elw(b, x, WAL (a, flx, u))ﬁ?ax A=1,.

L N). A

So from (16) and (17), we have
(b, x, u)Al (a,f(x, u)) = b*Ci(a, x, u) ,

or substituting (13) for a* in the above
VoG, 2, )AL (4@, 2,0, o, 0) = FAla, BB g

The relation (18) are the condition that the functions ¥*(a, %, u) in the
vector-transformation (10), must satisfy in order that the assumption
(2, b) may be fulfilled. If we solve for y¥*(b, z, u) from (18) we see
that 4* (b, 2, u) are linear and homogeneous with respect to »*(a =1,
...... , N), that is

(b, 2, u) = iz, wd* A=1,....,N). 19)

Hence, from (19) we have the expressions for the vector-transfor-
mations :

a™ = Na, z, u)
=@ Wt B=1, eeeirrinnn... ,N). (20)

(1) S. Lie. Theorie der Transformationsgruppen. 1. (1930) 58.
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So we have the result: Under the assumption (2, b) the wvector-
transformation of our space is l’mear and homogeneous with respect to
the vector-components.

Now from the assumption (2, a) the transformations (x — ', @ —a’)
obtained by putting (9) and (20) together, must form a gruop I.  Hence,

if we expand the right hand side of (20) in powers of ul, ..... , U
=aqa +(a‘l"‘(x » %) aful+. ...,
u=0
and put

7o) = a%(x, u))

Zn = Eﬁ(x)a—_+n§h(x)af‘%(h=l, L, (@)
9z’ da

then Z; must be the generators of the group I. Therefore it must be
that
(Zh,Zk) = dszl (k, k,l= 1, ....r)

where ¢}, are the structure-constants of the fundamental group (9).
Then, comparing both sides of the above equations, we have®

(1) The condition of integrability of the equations (22) is easily seen to be satis-
fied. For if we put

o) =a_5’); N B=1

{’wh axB (’ﬁ ’-"’n) (h=1'...,r)
gy =0 O or 8> n)

or

’lA =—agh (),ﬁ—ly ’n)
Bh FYY
‘ th=1,...,7)
"I;h =0 (rorg>mn)
we see that (22) is satisfied by using the relations
; aiﬁ a»h 1 X
& —8 = ¢, & r=1,...,n)
ek vl UL
differentiated with respecttozt(f=1,..., n), or
—g o5 +& i % =—chd B=1,...,n)

PV
differentiated with respect to 2> (> =1, ..., n). This shows that (22) actually has
particular solutions.
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; A ; On)
&T";—,’.‘—— Ezé—a%iiﬂulé‘wék—nﬁwih = ChiMot - (22)

In order that (21) may form a group (assumption (2, a)) 7}, must satisfy
the condition given by (22).

Hence if we substitute the general solution of (22) for 7}, (9)
and (20) can be written in the forms

xlt = W Zhyi

= fi(x, u) ©3)
a = euﬁZh a

= yj(z, u)a’

and (23) form a group I, viz. they satisfy the assumption (2, a).

We shall next find the condition that 7}, must satisfy in order that
the transformations (23) may fulfill the assumption (2, b). For this
purpose we take the equation (18). Substituting }(z, v)a® for ¢*(a,
z, u), (18) can be written in the form :

(b, x, wAL(Ya, z, w), fx, w) = b Ala, 2)Yi, u) . '(24)

Now we consider the following infinitesimal transformations in 8N + n
variables a!, ...., a™, b, ..., b, ....,cN,and 2, ...., x":

W= 4mfar ® 40 2 4o 2 V=1, ...,n. @5
(4 a 9 ¢

Then from the relations (22), we easily see that
WoWe) =cu W, (B k,1=1,....,7) (26)
viz. Wi form a group, and from (21), and (23), we have
fiw,u) = " Wegi | yMa, z, u) = e Pra?,
Wb, x, u) = " WEB, e, m, u) = e Wie .
Hence the equations (24) ecan be written in the form:

(b As(a, 0) ) = [ ¢ T
: et = b2 Al(a, x)
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This relation shows that the system of equations
c—b*Aia,x) =0 @=1,....,N), 27

in 3N +n variables as, bs, ¢s, and zs, admits the group generated by
Wi (h=1, ....... , 1), therefore the system of equations (27) admits
the infinitesimal transformations W30, So we have

Wb Al (e, x) = [th*]cA = b Al(a, ) th=1,....,7
i.e.
A
g 04s pogar Q40 e A — (28)
dat %a*

However A} have the form :@
A} =8+ nUi+uUL Ul + ...+ Uy UDUR.. .U+ L., (29)

where x, are the coefficients of #™ in the power series of

and U; are defined by
U; = dﬁg(x)aﬁ ’

d}s(x) being the structure-constants of the parameter group (4). In
order that the equations (28) should hold for every value of as, it is
necessary and sufficient that the equations hold when A} are replaced
by their coefficients of the expansion (29). In particular, it is necessary
that

A
g 2Un aU‘L +750° 85 e 1 = AT (80)

s aU:
3a

But if (30) are satisﬁed we can easily show that they are also satisfied
when U} are replaced by UéIU‘f5 !, and so on. Hence (80) are also suf-

ficient for the consistency of (28). In fact, (80) can be written in the
form:

(1) S. Lie, Ibid.,
(2) F. Schur, Zur Theorie der endlichen Transformatlonsgruppen Math. An-
nalen. 38 (1891), 271.
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ad

E" adL +77,Lhd§y+772hdﬁﬂ_néhdav =0. (31)

This is the required condition that 7}, must satisfy in order that the
transformations (23) may fulfill the assumption (2, b).

Hence, taking account of the equations (22), we have the result:
If we take for n}y(x) the functions of xs which satisfy both equations (22)
and (31), then (23) gives the most general transformations which satisfy
the assumptions (2, a) and (2, b).

If 7}, (x) are determined uniquely from the equations (81) we see that
these 7}, (x) necessarily satisfy the equations (22). For, if we take
these 7},(x), the system of equations (27) admits the following infinite-
simal transformations :

= &t 0 )‘ I ﬁ a B 9 8 9 } -
Vi E}zax ghl +b b +c Py (h 1,.....,7,
and therefore also admits (V;, V) (b, m=1,...... , 7). In fact, if we
put

? o}
7) Blm = El ";;m Elm“é%'*'ngl’?ém—‘ngm"ﬁl ’

(Vi, Vm) take the forms:

2 \ G 3 3
Vi, V) = ¢t,.& + 9 a“ +b° +c* },
( l ) 1 ha "kl l 2 3¢

and from the fact that the system of equations (27) admits (V;, V), we
have, as in (31),

dh
Cinl 'da &

%lmdﬁv"_ vim ﬁlmd;v = 0 (32)

On the other hand, multiplying each side of (31) by ¢, and adding them
for all values of % from 1 to », we have

C?msi_?dﬁi + c{bm nﬁh dév + c{fm 7’5},, dav - c{‘fm ﬂéh dliiv = 0 (33)

Hence by the hypothesis that 53, are determined uniquely from (31), it
must be that
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n,glm_clhmﬂgh =0

which shows that (22) is fulfilled. So we have the result: If N.2r
Junctions ng,(x) are determined uniquely from the equations (31), then for
such ni(x), (23) gives the most general transformation which satisfy the
assumptions (2, a) and (2, b).

§ 3. Parallel Displacement of Vectors

We define parallel displacement of vectors in our space, making
the two following assumptions.

(3, a) Parallelism between two vectors at any point P(x) and
any neighbouring point Q(x+dx) is a reversively one-to-
one correspondence.

(3, b) The sum of any two vectors at P (x) is parallel to the
sum of the vectors at Q(z+dx) which are parallel to the
former respectively.

Let @* at P(x) be parallel to a* at Q (x+dx), then from the assump-
tion (3, a), the relation will be expressed by the following equations® :

@ = a*+ I'(a, ) dod (;f: e ) (39)
or, in simpler form a
= PXa, z, dx),
where I (a, x) are certain functions of al, ...., a¥, 2, ...., 2%, which

will be hereafter determined.

Next if @ and b* are two vectors at P (z), parallel to vectors a* and
b* at Q(x+dx) respectively, the assumption (3, b), namely

(@+b) is parallel to (a+b),
is expressed analytically

9*(P(a, z, dx), P(b, v, dz), z) = P*(g(a, b, v+ dz), 2, dz)
@=1, ...., N). (35)

(1) Here we assume that the equations of parallel displacement are linear with
respect to dz s in the usual manner and when dxz=0 the two vectors @* and a* coincide.
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From another point of view this relation is interpreted as follows.
The equations of the transformation (¢ —a’):

a* = ¢*(a, b, z+ dx) @=1, ...., N)

(regarding bs and (x+dx)s as parameters), are changed by the change
of variables (a—a; a’—a’):

a* = PNa, z,dx), o'*=Pa',z,dx) (A=1,....,N)
(regarding xs and dxs as parameters), into

a* = g*(a, PG, 7, dz), x) (1=1,....,N).

From this relation, by the same method by which the equations (18)
was obtained from (11), we have equations for P*(a, z, dx):

Pt 3, d0)A%(Pla, o, do), 2) = ¥ Al(e, o+ de) L2000 (g5)

By solving the above for P*(b, z, dx), we see that P’ (b, x, dx) must be
linear and homogeneous with respect to *(d=1, ...., N); therefore it
must have the form :

P, z, dr) = Qi(z, dx)b® (1=1,....,N) 37
However since
P b, z, dx) = b+ I'}(b, x)d2? ,
we have expressions for Qé(x, dx):
3, dx) = 8%+ Iij(x)dx? |
where I} are functions of s, therefore (34) becomes
P\b, z, dx) = b*+ I'};(x)b*da? (38
Hence (34) must have the form :
a* = Pa, x, dx)

= a*+ I'y(x)a® da? (39)
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So we have the result: Under the assumption (3, b) the equations
of the parallel displacement of our space are linear and homogeneous
with respect to the vector-components.

Next we shall determine I"};() in (39), such that the equations of
the parallel displacement (39) satisfy the assumption (3, b). Substitut-
ing (38) and (39) into (36), expanding them in powers of dz!, ..... , da,
and comparing the coefficients of da’ on both sides of (36), we have

o©

LA
—a—1Iha b

—IH A+ TG AL =

From the above, by the same method by which the equations (31) was
obtained from (28), we have

A
P I8~ I+ Tiadi = 0 (40)

This is the condition that /"}{x) must satisfy in order that the assump-
tion (3, b) may be fulfilled.

So we have the result: If we take for I')(x) the functions of s
which satisfy the equations (40), (39) gives the most general equations of

the parallel displacement of vectors under the assumptions (3, a) and
(3, b).

4. Transformation of [;.
Let a vector @* at P(x) be parallel to a vector a* at Q(x+dx), viz.
@ =a*+Ihatde? @=1,....,N), (1)

and suppose that @*, a*, I} and da? are transformed, by the coordinate-
transformation (23), into @’*, a’*, I'’}; and dx' respectively. Then it
must be that

a* = a*+I'}a'*dz" (42)
Actually, if we substitute the equations of these transformations:
’: ) . ft ,
2t = fix,u); da" = Y _do’
Sz, u) o

a’ = Yi(x+dx, u)a®
a’* = iz, u)a*
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into (42), then by using (41), we have
A o < B i\ — A o [N X:] Bafi(x, u) j
Vi@, u){a*+ [0’ da’y = (e +dr, wa® + [ yie + dx, u)a S da’

Expanding both sides of the above in the powers of dz?, ..... , dx*, and
comparing the coefficients of dx’, we have

\[rﬁ(x, ’LL) I‘va a"l"ﬁ(x u)'l'[’z'\l"[s(w, u)af (x, u)

lHhaaB=1,....,N
’ 9! b ’ . 43
i=1....,n ) (43)

These are the required equations for the transformation of I%; .

§ 5. Covariant derivative of v*(x).

We proceed to find the covariant derivative of any vector-field v*(x)
in our space.

For this purpose we must define the difference of two vectors.
Since we know that the equations(1) :

¢ = ¢'(a, b, x) A=1,....,N)

give the sum of two vectors a* and b*, (a+b), we give the following
definition for the difference of two vectors: In the equations

¢ = ¢*(a, b, x) (A=1,....,N)

we call b* the difference of the first kind between ¢* and a* and a*
the difference of the second Lind between ¢* and b*.

Now let v*(x) give an arbitrary vector-field, and let a vector 7* at
P(x) be parallel to a vector v* (x+dx) at Q(x+dx). Here we will obtain
the differences of the first kind and the second kind between #* and
- v*(x), which we denote by &v* and 8" respectively.

From the hypothesis, we have

7t = oM (e +dx) + [ve(x)da’

= V(@) +[ 3”3 @ 4 2 "(oc)] d A=1,....,N) (44
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and
7t = @Mo), &v, ) @=1,....,N).

Expanding the right hand side of the last equation in the powers of

Sivh,..... , 19V, and substituting (40) in it, we have
Py
[?%@a+ﬂ§v“(x)]dxf = A5(v(@), 2 )10+ ..., (45)

where A2 (v(x), x) are the functions which we have defined in the
equations (8). Then solving for §v* from the equations (45) and
neglecting terms higher than the second order, we have

o' = A (o), o) LD+ 1500 | (46)
@
where A(v(x), x) are functions defined by

I, o)d: =8 [ =L A=n.
* o =0, A=Fp.

Similarly, from the equations:
7 =g*&v,v@),2), (G=1,....,N)

we have

80" = B (v(a), x)[ala“(@& [50@ | G=1,....N), @)

x’i
where Bi(v(x), x) are defined by
Bl(v, 2)B: (v, x) = &)

in which Bi(v, ) are the functions which we have defined in the
equations (8).

By virtue of the significance of (46) and (47), we call

2o, o) O s 1) |
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and
Bt )| 25+ e

the covariant derivatives of the first and second kind of a vector v* (x)
respectively

§ 6. Curvature of the space.

We proceed to find the curvature of our space. For this purpose we
consider an infinitesimal circuit comprising the points P(x), Q(x+ dix),
Rx+dx+dax), Sx+dex), and P, and let a vector a* at a point P(x),
be parallel to vectors v} and v} at the point R(z+dix+dzx) along the
curves PQR and PSR respectively. We can prove by the usual method
the following relations :

v} —0) = Ri;v*dix* dpr?
where R!;; are defined by

A x
Ry =T ley pypp—rnry.
9x* o’

Hence if we denote by 4v* and 42", the differences of the first
and second kind between v} and v}, we have, by the same method as

was used in obtaining (46) and (47),

40 = A, @) R0 dua doa? (48)
and
hv* = Bi(v, ) R& 0 dy i doa? - (49)

By virtue of (48) and (49), we call the right hand sides of (48) and
(49) the curvatures of the first and second kind respectively.

In conclusion, the writer wishes to express his hearty thanks to
Prof. T. Iwatuki for his kind guidance.
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