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Introduction. 

In an n-dimensional space whose coordinates are x1, .....• , xn, we 
consider a vector which is expressed by N components a1, •..••• , aN. 
In § 1, we extend the definition of summation of vectors; and in § 2, we 
take an r-parameter continuous group as the transformations of coor
dinates in x-space, and thence we find the transformations of vectors 
on the assumptions that they form a group and transform the sum of 
any two vectors into that of the transformed vectors. In § 3, we define 
the parallel displacement of vectors on the assumption that the sum of 
any vectors is parallel to that of the vectors which are respectively 
parallel to the former, and in § 4 we obtain the transformation of 
coefficients of connection by the coordinate-transformation. In the 
remaining paragraphs we find the covariant derivative of a vector-field 
and curvature in our space. 

§ 1. New definition of summation of vectors. 

Let a'" and b'" (11 = 1, ...... , N) be any two vectors at a point P(x) 
and ci. (J = 1, ...... , N) the sum of these two vectors. Then if we 
extend the idea of summation, c'" may in general be expressed by a 
fuction of a1, ...... , aN, b1, •.••.. , bN, x1, ...... , xN, viz. 

).. _ '( 1 N bl bN 1 n) ( l - J N) c -<p a, .... ,a, , .... , ,x, .... ,x A-, .... , 

which we express symbolically by 

c=a+b. 

( 1) 
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Now we make the following assumptions. 
(1, a) The functions ql (a, b, x) are analytic functions of the 

arguments, and equations (1) can be solved for as and bs. 
(1, b) At every point the associative law holds with respect to 

the summation of more than three vectors : If a", b" 
and c" (,t = 1, ...... , N) are any three vectors at any 
point P(x), then 

(a + b) + c = a + (b + c) , 

viz. <p)_(<p(a, b, x), c, x) = cp"(a, cp(b, c, x), x) 

(.< = 1, .... ,N). (2) 

(1, c) When 
c=a+b 

there exists a vector d" (A = 1, ....... , N) such that 

c+d=a 

Such a vector d" we denote by -b. 

From the equations (2), we see that <p>- (a, b, x) are functions such 
that for any two elements Ta and Tb of a certain N-parameter con
tinuous group GN, say y'i = fi(y1, •... , ys, a1, •.•• , aN, x1, .... , xn) and 
y"• = Ji(y', b, x) (i = 1, .... , s), the law of connection is given by 

( 3) 

(where xs are regarded as constants). viz. that for each value of xs 
the two transformations as into a's: 

(i = 1, .... , N) (4) 

and 
(A= 1, .... , N), ( 5) 

(bs being regarded as the parameters), must be the first and second 
parameter groups of GN, 

If we take the general parameter group of GN, say an.. = ql (a, b, 
x), then c" = cp" (a, b, x) give the most general equations which define 
the summation of two vectors a" and b>- satisfying the assumptions 
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(1, a), (1, b) and (1, c). However, to the structure-constants d~,,(x) of a 
group G N there corresponds the unic canonical parameter group : an = 
(f)>-(a, b, x) and the general parameter group which has the same 
structure as d~,(x) is given by 

g>-(a', x) = (f)>-(g(a, x), g(b, x), x), () = 1, .... , N) 

where g>-(a', x) are N independent general analytic functions of as. 
Therefore in this paper we will confine ourselves to the case where (4) 
and (5) are the canonical parameter groups determined from the struc

. ture-constants d~.(x) of a certain group GN. In this case (1) can be 
written in the form 

A b" A~(a, x)-aaa~ A 
c = e a (6) 

and 

c>- = ea" B~(b, x) a:~ b). ( 7) 

where A~(a, x) and B~(b, x) are defined by 

A~(a, x) = [ aql(a, b, x)] ; . m(b, x) = [ aq}(a, b, x)_] , (S) 
ab" b~O aa" a-0 

and satisfy the following relations : 

( A~ a~~ , A~ a~~) = d~.(x)A~ -8~~ 

§ 2. Transformation of Vectors. 

In our space, the transformations of coordinates xs are considered 
as always belonging to a given r-parameter continuous group, the 
equations being given by 

(i = 1, .... , n; h = 1, ..... r), (9) 

=Ji(x, u) 

where 

X -,,.i(l n) a h = c;;h X , •••• , X ~-. 
ax' 

(h = 1, .... , r) 
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are generators and uh the parameters of the group. 

Now we make the two following assumptions. 
(2, a) By the transformations (9) any vector a"(;. = 1, .... , N) 

at a point P (x) in our space, is transformed by the 
following equations : 

IA _ .1,"( 1 N Xl n 1 r) a -'1' a, .... ,a, , .... ,x,u, .... ,u 
(;. = 1, .... , N) (10) 

and the transformations (x-x', a-a') obtained by put
ting (9) and (10) together, form a group. We denote this 
by I'. 

(2, b) The sum of any two vectors a" and b" (;. = 1, ..... , N) 
at any point P(x), is transformed into the sum of the 
transformed vectors : 

(a + b)' = a' + b' 

viz. 

"Yl(<p(a, b, x), x, u) = ql(-t(a, x, u), "Y(b, x, u),f(x, u)) 

(;. = 1, •.•. , N) . (11) 

The equations (11) show that when we consider a transformation 
as into a's: 

(A= 1, .... , N) (12) 

(bs and xs being parameters), and apply a change of variables in the 
above: 

a" = -t"(a, x, u), an = -t"(a', x, u) (;. = 1, .... , N) (13) 

(xs and us being as parameters), the equations of the transformation 
(12) become as follows 

a"' = ql(a, -t(b, x, u) , j(x, u)) (;. = 1, .... , N) . (14) 

However since, as can be seen from (6), (12) can be written in the form 
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,,_ b" A~(a, x) "aa" >-
a =e Ura, (15) 

this is transformed, by the change of variables (13), into0> 

(16) 

where 

by the relation (13). 

On the other hand, as in (15). the equations (14) can be written in the 
form 

1 ,i,"(b, x, i1)A~ ( a,ftx, u)) a!-f' ). 
a ). = e a O = 1, .... , N) . (17) 

So from (16) and (17), we have 

v"(b, x, u)A~ ( a,f(x, u)) = b"C~(a, x, u) , 

or substituting (13) for a>- in the above 

v"(b, x, u)A~ ( v(a, x, u), f(x, u)) = b" A~(a, x) 0"Yv-~a~~x, u) . (18) 

The relation (18) are the condition that the functions v>- (a, x, u) in the 
vector-transformation (10), must satisfy in order that the assumption 
(2, b) may be fulfilled. If we solve for "Y'>- (b, x, u) from (18) we see 
that "Y'>- (b, x, u) are linear and homogeneous with respect to b" (a = 1, 
...... , N), that is 

"1r"(b, x, u) = v!(x, u)b" (,l = 1, •••• , N) . (19) 

Hence, from (19) we have the expressions for the vector-transfor
mations: 

a"' = v>-(a, x, u) 

= v!(x, u)a" (l = 1, •............... , N) . (20) 

(1) S. Lie. Theorie der Transformationsgruppen. 1. (1930) 58. 
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So we have the result: Under the assumption (2, b) the vector
transformation of our space is linear and homogeneous with respect to 
the vector-components. 

Now from the assumption (2, a) the transformations (x - x', a _. a') 
obtained by putting (9) and (20) together, must form a gruop I'. Hence, 
if we expand the right hand side of (20) in powers of u1, ..... , uT: 

and put 

1)~h(X) = e+!~: U)) 
u=O 

Zh = ~,(x)--1----:--+n~ix)a~~(h=l, .... , r) , (21) 
ax• aa 

then Zh must be the generators of the group I'. Therefore it must be 
that 

(Zh, Zk) = chZi (h, k, l = 1, .... r) 

where cj,k are the structure-constants of the fundamental group (9). 
Then, comparing both sides of the above equations, we haveu> 

ll) The condition of integrability of the equations (22) is easily seen to be satis
fied. For if we put 

{ ,' _ as( ()., ~ = 1, ... , n) 
~h - ox~ 

(h = 1, ... , r) 
-~~h = 0 ().or~> n) 

or 
a~~ 

(i, ~ = 1, ... , n) { -~th= __ h 
ax>- (h =I, ... , r) 

-~t.h = 0 ().or~> n) 

we see that (22) is satisfied by using the relations 

(). = 1, ... , n) 

differentiated with respect to x~ (~ = 1, ... , n), or 

(~=I, ... , n) 

differentiated with respect to x>- (). = 1, ... , n). This shows that (22) actually has 
particular solutions. 
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(22) 

In order that (21) may form a group (assumption (2, a)) 1J~h must satisfy 
the condition given by (22). 

Hence if we substitute the general solution of (22) for 1Jth, (9) 
and (20) can be written in the forms 

x'i = euhZhxi 

l =-Ji(x, u) 
(23) 

an= euhZha" 

= t,;(x, u)a~ 

and (23) form a group I', viz. they satisfy the assumption (2, a). 
We shall next find the condition that 1J~h must satisfy in order that 

the transformations (23) may fulfill the assumption (2, b). For this 
purpose we take the equation (18). Substituting t,~(x, u)a~ for v"(a, 
x, u), (18) can be written in the form: 

+"(b, x, u)A~(-.;,,(a, x, u), j(x, u)) = b" A~(a, x)-'[r~(x, u) • '(24) 

Now we consider the following infinitesimal transformations in 3N + n 
variables a1, •..• , aN, b1, .... , bN, c1, .... , cN, and x1, ••.. , xn : 

ur e. a ,. f ~ a b~ a ~ a 1 (h 1 ) rrh = c;;h--- +1J~hla --+ --+c--1 = , .... , r • 
ax• aa" ab" ac" 

Then from the relations (22), we easily see that 

(Wh Wk)= c~k W1 (h, k, l = l, .... , r) 

viz. Wh form a group, and from (21), and (23), we have 

Hence the equations (24) can be written in the form: 

enhWh(b" A~(a, x)) = [ euhWhc>.] 

c~ = b" A~(a, x) 

(25) 

(26) 
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This relation shows that the system of equations 

c>--b" A!(a, x) = 0 (,:! = 1, .... ,N), (27) 

in 3N + n variables as, bs, cs, and xs, admits the group generated by 
Wh. (h = 1, ....... , r), therefore the system of equations (27) admits 
the infinitesimal transformations W1,,<1>. So we have 

i.e. 

However A~ have the form :<2> 

where xm are the coefficients of xm in the power series of 

X 

e"'-1 

and U~ are defined by 

(29) 

d;~(x) being the structure-constants of the parameter group (4). In 
order that the equations (28) should hold for every value of as, it is 
necessary and sufficient that the equations hold when A~ are replaced 
by their coefficients of the expansion (29). In particular, it is necessary 
that 

e,j oU~ +-n" a~ au~ +'1'/" u>- _ ..,>- TTci (30) 
<i,1, axi ·t~h 0a" i,h c, - ·1c,hUp. • 

But if (30) are satisfied we can easily show that they are also satisfied 
when u; are replaced by U~1 U!1, and so on. Hence (30) are also suf

ficient for the consistency of (28). In fact, (30) can be written in the 
form: 

(1) S. Lie, Ibid., 
(2) F. Schur, Zur Theorie der endlichen Transformationsgruppen. Math. An

nalen. 38 (1891), 271. 
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(31) 

This is the required condition that 'lJ~k must satisfy in order that the 
transformations (23) may fulfill the assumption (2, b). 

Hence, taking account of the equations (22), we have the result: 
Ifwe take for 11Mx) the functions of xs which satisfy both equations (22) 
and (31), then (23) gives the most general transformations which satisfy 
the assumptions (2, a) and (2, b). 

If 11tk(x) are determined uniquely from the equations (31) we see that 
these 17~k (x) necessarily satisfy the equations (22). For, if we take 
these 11Mx), the system of equations (27) admits the following infinite
simal transformations : 

Tr e.; a i- { ~ a b~ a ~ a } Vh = "h--- +11~h a--+ --+c -- (h = 1, .... , r), 
ax• oa" ab" ac" 

and therefore also admits (Vi, Vm) (l, m = 1, ...... , r). In fact, if we 
put 

( Vi , V m) take the forms : 

(V V ) h ei a n f ~ a b~ a ~ a } l, m = Czm<,h--- +11.ilmta --+ ~b. +c-.- • 
Bx' aa" a " clc'' 

and from the fact that the system of equations (27) admits ( Vi, V m), we 
have, as in (31), 

(32) 

On the other hand, multiplying each side of (31) by cf'm and adding them 
for all values of h from 1 tor, we have 

h f:i od~v + h ... ~ dA + h ~ dA -Tc i- d~ _ o Czmc,h~-.- Ctm·tµ.h l'V Czm11vh µ.v-<✓i,;,,,'lJ~k µ.v -ax• 
(33) 

Hence by the hypothesis that 11;h are determined uniquely from (31), it 
must be that 
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r/~zm -cir, 1Jih = 0 

which shows that (22) is fulfilled. So we have the result: If N.2 r 
functions 17Mx) are determined uniquely from the equations (31), then for 
such 'TJ~h(x), (23) gives the most general transformation which satisfy the 
assumptions (2, a) and (2, b). 

§ 3. Parallel Displacement of Vectors 

We define parallel displacement of vectors in our space, making 
the two following assumptions. 

(3, a) Parallelism between two vectors at any point P(x) and 
any neighbouring point Q(x+dx) is a reversively one-to
one correspondence. 

(3, b) The sum of any two vectors at P (x) is parallel to the 
sum of the vectors at Q(x+dx) which are parallel to the 
former respectively. 

Let a/ at P(x) be parallel to ax at Q (x+dx), then from the assump
tion (3, a), the relation will be expressed by the following equations<ll: 

a/= a>-+r;(a, x)dxi 

or, in simpler form 

== p>-(a, x, dx) , 

( ~: 1, .... , N,) 
J - l, .... , n 

(34) 

where I'/ (a, x) are certain functions of a1, .... , aN, x1, .... , xn, which 
will be hereafter determined. 

Next if a/ and f? are two vectors at P(x), parallel to vectors a>- and 
b>- at Q(x+dx) respectively, the assumption (3, b), namely 

(a+b) is parallel to (a+b), 

is expressed analytically 

ql(P(a, x, dx), P(b, x, dx), x) = p>-(cp(a, b, x+dx), x, dx) 

(A = 1, •••• , N) . (35) 

(1) Here we assume that the equations of parallel displacement are linear with 
respect to dx s in the usual manner and when dx=O the two vectors aX and a>- coincide. 
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From another point of view this relation is interpreted as follows. 
The equations of the transformation (a __,.a'): 

an= qi(a, b, x+dx) (A= 1, .... , N) 

(regarding bs and (x+dx)s as parameters), are changed by the change 
of variables (a- a ; a'- a') : 

a:>. = p:>.(a, x, dx) , an = p:>.(a1, x, dx) (A = 1, .... , N) 

(regarding xs and dxs as parameters), into 

an= <p\a, P(b, x, dx), x) (A= 1, ... . , N). 

From this relation, by the same method by which the equations (18) 
was obtained from (11), we have equations for P :>. (a, x, dx) : 

P"(b, x, dx)A~(P(a, x, dx), x) = b"A~(a, x+dx) aP'(a, ;• dx) 
aa 

(36) 

By solving the above for p:>. (b, x, dx), we see that P > (b, x, dx) must be 
linear and homogeneous with respect to b"(d=l, .•• . , N); therefore it 
must have the form : 

P'(b, x, dx) = Q~(x, dx)b" (A= 1, .... , N) (37) 

However since 

we have expressions for Q~(x, dx): 

Q~(x, dx) = 8~ + I'~;(x)dx-1 , 

where r"; are functions of xs, therefore (34) becomes 

P\b, x, dx) = b:>.+ I~;(x)b"dx-1 

Hence (34) must have the form : 

a/ = p:>.(a, x, dx) 

= a:>.+It(x)a"dxi 

(38) 

(39) 
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So we have the result: Under the assumption (3, b) the equations 
of the parallel displacement of our space are linear and homogeneous 
with respect to the vectm·-components. 

Next we shall determine I'~ix) in (39), such that the equations of 
the parallel displacement (39) satisfy the assumption (3, b). Substitut
ing (38) and (39) into (36), expanding them in powers of dx1, ..... , dxn, 
and comparing the coefficients of dxi on both sides of (36), we have 

· From the above, by the same method by which the equations (31) was 
obtained from (28), we have 

(40) 

This is the condition that r;/x) must satisfy in order that the assump
tion (3, b) may be fulfilled. 

So we have the result: If we take for r;h(x) the functions of xs 
which satisfy the equations (40), (39) gives the most general equations of 
the parallel displacement of vectors under the assumptions (3, a) and 
(3, b). 

4. Transformation of 1~ . 

Let a vector a;:>- at P(x) be parallel to a vector a:>- at Q(x+dx), viz. 

(41) 

and suppose that a;:>-, a:>-, 1~ and dxi are transformed, by the coordinate
transformation (23), into an., an., I''~i and dx'i respectively. Then it 
must be that 

(42) 

Actually, if we substitute the equations of these transformations: 

x'i = Ji(x, u) ; dx'i = af~ dxi 
'iJx3 

an= "[r~(x+dx, u)a" 

aP = -t!(x, u)a" 
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into (42), then by using (41), we have 

,tr!(x, u){a"+I';3a~dxi} = "1r!(x+dx, u)a"+I'1l"1r~(x+dx, u)a~aji!~ u)dxi 

Expanding both sides of the above in the powers of dx1, ••••• , dx", and 
comparing the coefficients of dx', we have 

( ~• ~ /j = 1, .... , N) . ( 43) 
J - 1, ... . ,n 

These are the required equations for the transformation of rt, . 

§ 5. Covariant derivative of vA(x). 

We proceed to find the covariant derivative of any vector-field vA(x) 
in our space. 

For this purpose we must define the difference of two vectors. 
Since we know that the equations(l) : 

cA = cp'(a, b, x) (.i = 1, ... . , N) 

give the sum of two vectors aA and b', (a+b), we give the following 
definition for the difference of two vectors : In the equations 

c' = cp'(a, b, x) (-i = 1, ... . ,N) 

we call bA the difference of the first kind between cA and aA and a.,,_ 
the difference of the second kind between c' and b.,,_. 

Now let vA(x) give an arbitrary vector-field, and let a vector ii.,,_ at 
P(x) be parallel to a vector v>-(x+dx) at Q(x+dx). Here we will obtain 
the differences of the first kind and the second kind between ii.,,_ and 
v'(x), which we denote by 1hv' and 82v.,,_ respectively. 

From the hypothesis, we have 

v>- = v>- (x + dx) + I'J3v"(x) dxi 

= v>-(x) + [ av>-(~) + r;1v"(x)] dxi (.t = 1, •... , N) (44) 
ax• 
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and 

(Ji= 1, .... , N). 

Expanding the right hand side of the last equation in the powers of 
01v1, ••••• , 01 vN, and substituting (40) in it, we have 

where A! (v(x), x) are the functions which we have defined in the 
equations (8). Then solving for 01 v1. from the equations (45) and 
neglecting terms higher than the second order, we have 

c:- A A-A( () )[clv"'(x) I'," ~c >]d j 01V = o: V X , X -~axT~ + ~jV X X 

where A~(v(x), x) are functions defined by 

A~(v, x)A~ = o~ 

Similarly, from the equations: 

we have 

where B!(v(x), x) are defined by 

f = 1, A=µ. 
l = 0, A µ. 

(A= 1, .... , N) 

B;(v, x)B~ (v, x) = o~ 

(46) 

in which B~(v, x) are the functions which we have defined in the 
equations (8). 

By virtue of the significance of (46) and (47), we call 
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and 

the covariant derivatives of the first and second kind of a vector v" (x) 
respectively 

§ 6. Curvature of the space. 

We proceed to find the curvature of our space. For this purpose we 
consider an infinitesimal circuit comprising the points P(x), Q(x+d1x), 
R(x+d1x+d2x), S(x+C½x), and P, and let a vector a).. at a point P(x), 
be parallel to vectors v{ and vf at the point R(x+d1x+d2x) along the 
curves PQR and PSR respectively. We can prove by the usual method 
the following relations : 

where Rtii are defined by 

R"·· = 1r:j - ar:i +r~-r?---r~-r;>-. 
rJ1J . • a,3 ~'I, (x:1, ~J • oxi ax1 

Hence if we denote by J1v).. and J2v).., the differences of the first 
and second kind between vt and v£, we have, by the same method as 
was used in obtaining (46) and (47), 

• " - A-"( )Ra ~d id j "-'IV - a V, X ~ijV 1X w.!X 

and 
(48) 

(49) 

By virtue of (48) and (49), we call the right hand sides of (48) and 
( 49) the curvatures of the first and second kind respectively. 

In conclusion, the writer wishes to express his hearty thanks to 
Prof. T. Iwatuki for his kind guidance. 
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