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Introduction. 

We put the question<ll: In an n-dimentional space, giving its 
fundamental differential form: 

(1) 

on what condition can (1) be transformed into the form : 

(2) 

where fhk does not contain X, and p and 0 are functions of X1 , X2, 
.... Xn-1, X? 

Notations and Formulae. 

In this paper, we adopt the notation and formulae as follows: 

denotes the fundamental quadratic differential form of the n-dimen
sional space ; 

(3) 

(1) Eisenhalt obtained the condition in a geometrical form. The condition is 
that the space admits of a family of hypersurfaces with indeterminate lines of 
curvature. L.P. Eisenhalt. Riemannian Geom. (1926) p. 182. 
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the covariant derivative of a vector Al-', where 

and Bl-'va).., the curvature-tensor (or Riemann-Christoffel's tensor) of 
the space expressed as follows : 

where 

B~va ={µa, a}{av, e}-{µv, a}{aa, e}+~{µa, e}--~ {µv, e} 
2Xv OX0 

General Statement. 

We are going to find how (1) can be transformed into the form (2). 
Assume that such a transformation exists. Then, form (2), we 

have 

therefore, 

(4) 

From the assumption that g;i does not contain X, we have 

or 

(1) From the last equation of (4), we get g:L>~~! / ( the minor of ~;: in J) 
( / J . h J b" a (X, X, ... Xn-1 X) d (X X) ~ ax ax 

=il X,X) J, where IS t e aco Jan al . ) an il ' =g"• ~ax a.r•; 
X1 X2• • • Xn ct i--' 

aXv 1 ax av 1 ax av 
so we have oX = il (X, X) g'LV axµ ; thereforn, ax = il(X, X) gf'V ax!-' axv. 
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so g"~ag:'"oXoX;aXj+g"tgµvoXjoX o2Xi +g"1gµ 0 0XioX 32Xi_ 
ox~ ox" OXµ, OXv ox, ox" 3x~3xfl, , oxfl, ox" OX1;0Xv 

+ "- v• alogp 3X oXoXj_0 g g --=-c~ -- ~- ' 

ax,, ax" oxfl, ox, 

or, using (4), we have 

g"~ 3gr'"oX aX;aXj_9:,,oXJ a (g"~3X)3X_9µv3X y (g"~:3X)31G 
ox,, ax" OX:,, ax, ox, ax,,, ox" ex~ OXµ ax, ox,- ox,, 

therefore, 

(5) 

But, from (2), we get 

and ax r,X=-~, 
ox, 

therefore, substituting the above into (5), we have 

(6) 

But on the other hand, 
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so that (5) becomes as follows : 

f (g~v g,,.IL+gl'~g,,.")r,,. r~ X-g,,.~g'.'" a log Pr,,. xl ax ~_;yj=O , 
l ax~ J oxµ, ox, 

i, j=l, 2, .... , n-1, (7) 

But, on the other hand, we can prove the following theorem: If 
, Aµ,v be a symmetric tensor and VIL be any vector, satisfying the relations: 

n n 
:S AIL'XtX! =0, ~J:tllXj =0, (i, j=l, 2, .... , n-1,) 

µ,,-1 µ,-1 T 

and X{ 

y1 

then it must be that 

where pl' is a vactor. 

xi 
n 

=¥= 0' 

y2 

The proof of this theorem will be given at the end of this paper, <n 
in order not to confuse our discussion. 

Thus, from (7), and taking into account the independence of the 
quantities X1 , .... , Xn-1 , X, ~nd the relation : 

i=l, 2, .... , n-1 , 

we can apply the above theorem in our case. Hence, we have 

(g~•g,,.IL+gl'~g,,.")r,,.r~ X-g,,.~gl'' a log Pr,,. X=2AP· r"X+2A" plLX, 
ox~ 

(1) Seep. 41. 
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or (8) 

where a-=-~ logp and A,. is a certain vector. 

Thus we know that if there exists the transformation of the form : 

then X must be a solution of the equation (8). 
Next, we will find the condition of integrability of the equation (8). 
From (8), we have 

r w r µ r, X = { g,,,, g"? (r w r ,,_a-+ f' w a r ,,_a-+ Aw r ,,_ a) 

so we have 

+ g"'' gw,A:, r ,,_a-+ g~~ g,u;1A, r 0. a+ A[,AW g~ + 2A1A,rlu 

+ A,Awg~ + g;i, A"' r aU g;" +r w A:, g~+r w A, g~) r,X, 

So we have 

(Bt~w - L:',Lw) r, X = 0 ; ( 9) 

this is the necessary condition for integrability of the equation (8). 
Next, we are going to show that this is also the sufficient condition. 
For, if (8) and (9) hold good, then the equation (8) is integrable in 

virtue of (9) and we can determine a solution X; and then from the 
equation: 

( :"' ax) a~ _0 g -- --- ' 
clXv oXv 

(n-1) independent solutions of ~ (say, X1, X2, ... Xn-1), can be 
obtained. Then, by the transformation : 

Xn=X(x1, • • • •, Xn), 
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ds2 will be transformed into the form: 

n-1 

ds2 = ">'. g;j dXi dXj + Y~n dX;. 
i, j-l 

and the equation (8) becomes as follows : 

{ } - ' l<tnp +A ln+A In - µv, n -gl'-, g , "u I'- g, ,g,,,, 

If we put µ, v =l= n in the above, then 

or 

so we have 

1 1 ?g:,, _ cu . 
2 g~.- ax:-- ax:-· 

(10) 

(11) 

(12) 

where ?Jl'-v is a tensor expressed in terms of X1, X2, .... , Xn-1. 
If we put µ=n in (11), we have 

and (14) 

But if we put v=w=µ (==!=n) in (9), we have 

But on the other hand, 

f7 n A,, =1:4::"- -( -Al'- r .. u + !_ } cg~vAn) 
. cXn 2 gnn aXI'-

and 
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hence, substituting (13) and (14) in the above, 

320" 
/7,, Pn a-=-------- -/7na f7 µ, a+ Aµ, Pn a-

. oXµ,cXn 

Therefore, (15) can be written in the form : 

oAµ, --0-(Pn a+2An)=O, 
oXn oXµ, 

µ=l=n, (16) 

which shows that (13) and (14) are integrable and we can determine a 
function A, so that 

A_ oA 
,- ax, (v =p n); 

therefore, we have 

so we have 
n-1 

ds2 = e-2A dXn + e2" :S Oii dXi dXi , 
i,j 

which shows that our condition is sufficient. 
So we have the 

Theorem: The fundamental quadratic differential form can be 
transformed into the form (2), when and only when a function X exists 
satisfying the equation: 

r'µ,P, X=(gµ,, g~~ P~ a+gtAµ, +g~ AJ P~ X, 

And then the fundamental quadratic form is transformed into the 
form: 
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n-1 

as2 = e-2Aax2 + (!l-6 ~ [j;j ~~iaXj, 
i.J-1 

where flii is a function of Xn-1 • 

Special Details. 

The above is the general statement ; here we are going to examine 
it in special details. 

Assuming that the fundamental quadratic form is 

if the equation : 

(17) 

has m independent solutions : Y1, Y2, ..... , Y m , then for the condi
tion of integrability we have the relation : 

(18) 

Apply the transformation by which the fundamental form is trans
formed into the form : 

n-1 

as2 = e-2Aa Y1 + 1:P ':>----: g;j ax; dx' ; 
i. J 

(19) 

Now, if we denote by P'0 the covariant derivative of 0 with 
respect to 

then ,ve have 

therefore, 

n-1 

as12 = ~ g;j ax: ax; , 
i. j 

( n}- gnng' ,.,, )_µµ, -- .L>' nU, µ, J;, a, fJ=J=cn' 

+g'!->gnn Pn uPn X, µ, µ, a, fl=!= n, 

(20) 

(21) 
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Since Yi is a solution of (17), we have 

therefore, substituting the above into (21), we have 

µ, v, ,8 =f=n; 

and also from (20) and (18), 

where 

and 

Therefore, after the nearly same process by which we have ob
tained (19) from (18), we see that ds'2 is transformed into the form: 

From the assumption, -2(A+a-)+ f(Y1) must not contain Y1; 
so that 

-2(A+a-)+f(Y1)=F(x~,- .... . , x~-1). 

Here, if we put 

2A=20+f(Y1), 2o-=-20-F(x~, .... . , x~-1) 

where 0 is an arbitrary function of X1 , ••••• , Xn , then (19) becomes 
as follows: 

f I 

d-2 _ -20 ,J(Y1)d...-r2 F(x1 .... , Xn-1) '!/Sl , 1 o-e . e .r 1+e . .LJ gLdxidxi. 
1.'.,j 

1 . f f ½f(Y1) . h t 1 So, rep acmg Y1 or J e dY1, we may assume, wit ou oss 
of generality, that 
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A=-(j=0. 

Hence the expressions for L;µw and (18) become, respectively, as 
follows: 

where 

and 

where 

L e _ [. A -:- ] eo (I) vµw-g !'-[> w]O g 

Ctµwf'e Yi= 0, i=l, 2, ..... , m, 

The tensor c:~w is what is called the conformal curvature tensor. 
Next, consider another quadratic differential form expressed in 

the form: 

(24) 

which is related with the original form ds2 by the equation : 

(25) 

and if we denote, respectively, by Fv and mµw the convariant deriva
tive and the curvature-tensor with respect to the form (24), then we 
have the relations between the old and new tensor: 

So we have 

- av ,, 
PµV=~-=P·v 

exµ, 

(26) 

(27) 

(28) 

Also, if we put r). Yi (i=l, 2, ..... , m) for W). in (26), we have 
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the right-hand side of the above vanishes in virtue of (17), so we have 

'i=l, 2, ..... , rn, (29) 

therefore, 

so that 

From the independence of Y1, Y2, ..... , Y,,,, we know that 

Cn C21 Cml 

+o (30) 

C1m C2m • Cwm, 

so, applying a linear transformation of Y1, ..... , Ym, we can render 
it to the case where Cii=l, Cij=O (i + j); hence, without loss of 
generality, we may assume from the first that Y1, ..... , Ym satisfy 
the following relations : 

(i=pj) (31) 

Now, considering the system of equations: 

(32) 

we observe that it forms a complete system; for, all the quantities: 

vanish in virtue of (29). So, n-m independent solutions can be obtain-
ed from (32), say, Z1, Z2, ..... , Zn-m; and also we know that each of 
the Zs is independent of Y1, ..... , Ym; for, if there exists a relation 
such that Z1=F(Y1, ..... , Ym), then we have 

so that 
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which is a contradiction. So the n functions Y1, ..... , Ym, Z1, 

..... , Zn-m are independent of each other. 

Next, considering the transformation: 

Y1= Y1(X1, • • • • , Xn), 

Ym= Ym(X1, . • .. , Xn), 
l (33) 

we note that 

so the quadratic form (24) is transformed by the transformation (33) 
into the form : 

n-m 
df=dYi+ .... +dY;n+ ~ g;jdZidZj, 

i,j~l 

therefore, ds2 is transformed into the form : 

Further, we can easily see that the function g;i does not contain 
any of Y1 , ..... , Y m. 

For a ' - a (-•B z. z ·) -v-gii-~y g f'a if'B 1 , 
0.IJ O 1 

the right-hand side of the above is, as we have seen before, Ul propor
tional to 

or 

-,o Yr- (-"~r z Z) a r, 1 . o g ' · " i r1, j , 

But, from (32), 

(1) Cf. the foot-note in p. 26. 

(34) 
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and applying the operation F" to the above and taking (29) into 
account, we have 

or 

so (34) vanishes, therefore, we know that gii does not contain Y1. 
Similarly, it may be proved that the same does not contain any of 

Y1, ..... , Ym. 
So we have the 

Theorem : If the equation : 

r ~- r, X = (gµ.,g<J,'1 f' a (]' + g~Aµ. + g:A,) r,,X 

has m independent solutions: Y1, ..... , Ym, then the fundamental 
quadratic differential form can be transformed into the form : 

n-rn 

ds2 = e21(dYy + .... + dY; + ~ g;i dZ; dZi) , 
i,j~l 

where g;3 does not contain Y1, ..... , Ym. And the conformal curva
ture tensor vanishes in the m direct1·ons of r~ Yi (i=l, 2, .... , m). 

Next, as a special case of the above, consider the space in which 
the equation : 

is always integrnble; i.e. the space where the condition (18) is satisfied 
independent of X. 

In this case, from (18), we have 

(35) 

so the space is conformal euclidian. 

If we consider the quadratic form : 

(36) 

where 

then, as seen in (27), we get 
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therefore, from (35), 

which shows that the quadratic form (36) represents the linear element 
of an euclidian space. 

Therefore, it can be transformed into the form : 

ds 2 =dX~+ .... +dX~, 

so we have 

We can also prove that the function X in the above satisfies the 
equation: 

for, since ds 2=dxr2+ ... + dx;, is the fundamental quadratic form, 
we must have 

- v:· ax- . r Ai =--' =g-• • 
" rlX V ' 

V V 

so f 11, 'f\ X=O; therefore, this holds good in general. 

So that returning to the original fundamental quadratic form ds2 

and taking the relation into account : 

- v ax; v 
f"v Ai=-- =flv Ai 

ox" 

and form (26), we have 

So we have the 
Theorem : In a conformal euclidian space whose curvature-tensor is 

where 
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the fundamental quadratic differential form can be transformed into the 

form: l 2_ -2A(d 2+ + dX2) CS -e X1 , , , , , n , 

where the functions Xi , ....... , Xn are n independent solutions of 
the equation : 

r[J r, X=-f_gi',,ga-:- r ~A +rvA g~+r,A g:) r~ X. 

As a spectal case, if we put 

X A=Iog-
R 

R being a constant, then we have 

and, for the differential equation of X, we have 

But, since 

we have 
1 

B,wµ !- = 2R2 g [ I-' [>Ywp] , 

which shows that the space has the constant curvature -A2 • 

And the fundamental form becomes as follows : 

R2 
cls2 = x2-(dxr + .... + dx;,_l + clx;,) 

and here, if we put Y= } in (38), we have the equation for Y: 

1 l7al7~ Y=-R2 
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So we have the result : In the space o+' the constant curvature 1 
'J R2, 

the linear element can be traneformed into the form: 

l 2_ R2 (d 2 d '] d .2 ) 
CS -X2 X + :c1 + .... + X·n-l , 

where X is a solution of the equation : 

This result has been obtained by J.E. Campben<1> in another way. 

Remark: We have left the case where 

A,=0, a=l, 2, .... n. 

But, as we have noticed before, we can prove that this case is 
included in the case in which A"+o. For, if A"=O, (a= 1, 2, .... , n,) 
then the equation (8) becomes 

and (13), (14) become respectively, 

1 1 a e ----=0 
2 e ax~ ' 

(39) 

so that, without loss of generality, we may take the value of u as 
follows: 

u = logi/ X·. 

Substituting this into (39), we have 

X- l ~"r' X X r:,.r, - 2xa,,,g " ril . 

But, on the other hand, in the equation : 

(1) J.E. Campbell, Dijferent-ial Geom. (1926) p. 232. 
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if we put 
A=X, 

then we have the equation for Y: 

which is the same equation as (40); so the former case is included in 

the latter case, where A= log j _i . 

The proof of the theorem on p.28. 

On the way of discussion, we used the theorem without proof, 
that is: 

If Aµ• is asymmetric tensor and Aµ, a vector satisfying the follow
ing: relations : 

n 
:S AfL'XiXi =0 , ( i ) 

~. ,-1 

n 
~ AµXJ=0, i, j=l, 2 ... n-1 , ( ii ) 
fJ -1 

and Xi x~ X,7 

xr1 xn-1 xn-1 +o, (iii) 
2 n 

AI A2 An 

then it must be true that 

The proof : From (iii), we may assume that 

r Xl X!.-1 
An+o, 

I 
sb O; (iv) I 

' 

I xr- 1 xn-1 
n-1 

(1) This is a slight generalization of A. Friedmann's theorem. Schouten: Ricci 
Kalkill, p. 59. 
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for, if we expand the determinant (iii) along the last line, we have 

A 1 x cofactor of A 1 + ..... +An x cofactor of An , 

and, therefore, in order that the above may not vanish, there must be 
at least one term which does not vanish, say, the last term; so the 
assumption is true. 

Therefore, we can solve X,f (i=l, 2, .... , n-1) from (ii), and 
substituting this into (i), we have 

i,}=1, 2, ..... ·, n-1; 

so from the assumption (iv), it must be true that 

(v) 

from which 

µ, i.:=1, 2, ..... , n-1. 

But, if we put µ=n or v=n in (v), the left-hand side vanishes 
identically ; so we have 

µ, v=l, 2, ..... , n. 
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