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Introduction.

We put the question®: In an n-dimentional space, giving its
fundamental differential form :

ds*=g,.dx, dx, ®

on what condition can (1) be transformed into the form :
n-1
ds*= ,kZI p Gad Xid X+ 6d X* @

where gz does not contain X, and p and 6 are functions of X, Xz,
e s Xy, X7
Notations and Formulae.
In this paper, we adopt the notation and formulae as follows :
ds=g,.dx,dx,

denotes the fundamental quadratic differential form of the n-dimen-
sional space ;

rod, =22, A, ®)
ox \ S

v

(1) Eisenhalt obtained the condition in a geometrical form. The condition is
that the space admits of a family of hypersurfaces with indeterminate lines of
curvature. L.P. Eisenhalt. Riemannian Geom. (1926) p. 182.
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the covariant derivative of a vector A, , where

MY @ g

f }:_1_ o8 agur’~+ agvs_ agw) .
2 X, bxu axf, ’

and B, , the curvature-tensor (or Riemann-Christoffel’s tensor) of
the space expressed as follows :

B;wo)\ =gAsB{’wo

where

B = {,uo-, a} {av, e}*{,uv, a} {ao-, e} -’r-—eiﬂ— {,uo-, e}——g’(;cf{/,w, e} .

v [

‘General Statement.

We are going to find how (1) can be transformed into the form (2).
Assume that such a transformation exists. Then, form (2), we
have

n-1
Z p_maX an+0 aX X ’
ow, o, ox, ox,

therefore,
ggy aX,, a.X;'_ 1 —_—

X, 0%y, p

i

22, 22y

From the assumption that g; does not contain X, we have

K ( MaXaX) 0.

X o, o,
or g“l’aX i "y ?& L)(j)z[)(l) ,
dx, 92, 2x, o,

(1) From the last equation of (4), we get gr“‘ / (the minor of g——- in J)

. . . BXXn...X-X 50X 0X
=A(X,)Q/J where J is the Jacobian -2\ éwlmg;n; ) and A(X, X)=0% 50 3

6}; ’
h aXV = *LA_ v,w“a.X‘ . th fo1 ﬂ 1 BX BV
80 wWe have aX = A X g ax;L ’ ereiore, == A(X X) gV axp. Bxu
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S0 ga’; agJJ aX az aX]+gasgﬂy aX aX azX +gaggp~,a_Xi aX 7@%&
0y 8%, 2%y, ox, 2%, 0%y 0X;00,, B, 32, o0,

+g* g™ dlogp 3X a_}g;g,-=0 ,
%y 0Xe 0T, OXy

or, using (4), we have

5 207X 230X 0%, 3 (XX uXs B (10X 0,

3%; 3x, 0T, Xy 2w, o, 0%y / 2% 3w, o, Oy’ 2%
3 uy O X 30X, 0X;
+gz‘)g“'—‘(10 va o 'L__;7=0 ,
9u; ge 0%, 90, O,
therefore,
BY 21 a, ) X 48 uy O log‘p 2X
gvgy_}_g %gcu 59»”___,_,,*,
[ v A vy
< o8 ?g ggu ag g ,Lag J)aX]aX BX (5)
ot 0% dw, /0x 122, 3z,

But, from (2), we get

2
‘,Q,X__Fa FB X+ (a,@, G}Fs X ’
B.IIM 3
and Fe XzaX ’
ox,

therefore, substituting the above into (5), we have

[(g”g’”+g"‘ PVF P X+ (af, €7 X)—g* g””%pgﬂr“ X

3

(g 2 g B2 x |2 Ko (g
s 2%, o 2, / ow, o,

But on the other hand,

(979" +9"9") (ef, €}
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=l(gﬁvgau+g3ugav)gsl 99sx 4 3Gon aga(&)

2 0x; fx, ox»
=g 2g™ —g" 29" —gt* 39" :
0%; 0wy ox;

so that (5) becomes as follows :

L@ g+ g7 7y X9 2 P, X}Qf’ Xizo,
l 2, w, o,
6 i=1,2 .our, n—1, ™)

But, on the other hand, we can prove the following theorem: If
- A be a symmetric tensor and V* be any vector, satisfying the relations :

gle“”XiX5=0, ii‘%xﬂxg=o, G, i=1,2, ...., n—1)
M, v= ®e=

and xr x5 - - X

X;z—l X?}-l . . X2=1
Vl V2 . . Vn

then it must be that ~ A*=p*V*+p" V¥,

where p* is a vactor.

The proof of this theorem will be given at the end of this paper,®
in order not to confuse our discussion.

Thus, from (7), and taking into acecount the independence of the
quantities X3, ...., X,,-1, X, and the relation :

(Qaaﬁy’_&:o, i=1,2, ...., n—1,
0wy’ 0%y

we can apply the above theorem in our case. Hence, we have

(60" +9"9 )7 7y X— g g 2 08P ;og Pp, X=24" "X +24° X,

%

(1) Seep. 41.
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or ol X=(0,9"Fo+A,0+A,0)F: X, ®)

where a=~é~log p and 4, is a certain vector.
Thus we know that if there exists the transformation of the form:
X=X oo @)y o nen s Xnor=Xuoa@e o 2n), X=X(21...22),

then X must be a solution of the equation (8).
Next, we will find the condition of integrability of the equation (8).
From (8), we have

Pl Py X={010 0% FoFuo+Tuoleot A, o)

+9%0nA Fo+ 9" 0ud . Foo+AA, 95 +24,.A.9.,

+A\4Awgi+g;,w A(t Fa.o' ggw‘{’r'w Au, gz’;‘rm A‘a giJr’EXy

so we have PoPuly X—Fuloly X=L.F: X,
where Li,.=0¢ud"0Feo+Fwoleo)—0uwd” (J.Foeo+T ol o)
+9unA*Teogo—0gnw A Foo g + AL A gu—ALA. G
+ oA —FuA) g +T A G —T. AV .
So we have
(Bww — Lip)F: X =10 (9)

this is the necessary condition for integrability of the equation (8).
Next, we are going to show that this is also the sufficient condition.
For, if (8) and (9) hold good, then the equation (8) is integrable in

virtue of (9) and we can determine a solution X ; and then from the

equation :

’

(g:;,y aX aE =O
oxy / ok,

(n—1) independent solutions of £ (say, X1, Xz, ... Xn-1), can be
obtained. Then, by the transformation :

Xi=Xi@1, «vuny Tn)y oevey Xna=Xn1®, «vn., Zn),
Xn=X(x1) L) x’ﬂ);
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ds? will be transformed into the form :

n-1
4=
and the equation (8) becomes as follows :

— {/.IJJ, 'n} =g:w g’u" Fo 0'+Ap. g:n’i‘A‘.g/J«n (11)

If we put u, v==n in the above, then

1 2g,

T~ = vr )

5 ax, T
or 1 1 29, _ 2% ;

2 g, 2X. 23X,
so we have

g;v =" Tuy (12)

where g, is a tensor expressed in terms of X3, Xz, ...., X,-1.
If we put u=n in (11), we have

’
_.l_ }439.""4:44.” y=1, 2, e ey n“‘l, (13)
2 g5, 0X,
1 1 29 |
and 4 n'n;:pn +2An 14
2 G 0X0 o

But if we put v=w=pg (==n) in (9), we have

rnAm_zruAn—rALr'nO"'i‘ArLAnhruO‘rno':O’ (15)
But on the other hand,
2A 1 1 29
V'n Au. = w "‘(_‘A F'n +‘* — ’ML.An)
s H TR g 90X,
34, 11 3gun g .
and 7w An = _<_‘A - +-2Imm A, ’
" P =g, SIS
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hence, substituting (13) and (14) in the above,

V'n A;_L= géﬂ —A-;Lr'no-’l‘Ap.A’n’

n

Py A= g‘;{ A, FnotA, Ay,
F’uF’n0‘=*ﬁ——F’n0‘F’ua‘+AanO'
' 23X, 2 X,

Therefore, (15) can be written in the form:

04, 2
— 7 o+ 24,) =0, +n, 16
X, aX, (Fno ) pr (16)

which shows that (13) and (14) are integrable and we can determine a
function A, so that

24 . 3o 24
= +=n); 24 =
ox,” ¢ 2X, " eX,
therefore, we have =04 ;
n-1
50 we have ds’=e 4 dX,+e* > §i; dX: dX;,

% J

which shows that our condition is sufficient.
So we have the

Theorem: The fundamental quadratic differential form can be
transformed into the form (2), when and only when a function X exists
satisfying the equation :

Fuly X=(9u 9" Peo+di A+ A) P X,
and (Biwo—Lipn) Fe X=0,
where  Ly=0u,9" FoFoeoc4Fuole)—0uwd FFec+F .ol 0)
+ 90 Ao 0o~ AT oo g+ A A0 —ALAGL
(P Ay—F A AP A Go—Fu A0

And then the fundamental quadratic form s transformed into the
form : '
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n-1
de=¢ 44X+ 33 gy duades,
3=

where g;; s a function of Xy-1.

Special Details.

The above is the general statement ; here we are going to examine
it in special details.

Assuming that the fundamental quadratic form is
dé¢=g,,dz, dx,,
if the equation :
Fuly X=(00ndFuoc+ A, +aLA)F X 17

has m independent solutions: Yi, Yz, ..... , Y.., then for the condi-
tion of integrability we have the relation:

(Bijxw_”Linzw)rsYi :'—0, 7’:1; 2; ceesM, (18)

Apply the transformation by which the fundamental form is trans-
formed into the form:

A= PAd Y+ "}_ deldy ; (19)
3

Now, if we denote by F’6 the covariant derivative of 8 with
respect to

ds?= > J,J dux; dz}
7
then we have

(o, 0} =g o070 o= gl T ot {woa)

{MV; n}:—gnng,iv Fa ag, My Vs O, B:‘}:ny (20)
therefore,

ror, X=rir, X—(—0..9°r,o+Fio g} +Fagi). X

+ 0" PuoFn X, W vy a, BN, (21)
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Since Y; is a solution of (17), we have
PLrL Y= gng" Too+ Al + Agl 7, Vi,
therefore, substituting the above into (21), we have
| PLr Y= (AT o)+ (A, 410 g Fh Ys, (22)

By vy BN
and also from (20) and (18),
(Byo—L3)r:Y:=0, u, v, 0 e=n, (23)
where L .=ALA g —ALA gs +(FLAL—T AL g
+rOAVSE— LAY,

and Al=A4,+r} o, F%‘g,— (R+=n).
A

Therefore, after the nearly same process by which we have ob-
tained (19) from (18), we see that ds’2 is transformed into the form :

2 n-2
ds?= 3“2(A+°)+f(Yn)dY2+ 2 gg dzl! dx;-/ ,
i3

From the assumption, —2(A+o)+ (Y1) must not contain Yi;
so that

—2(A+0)+ F(Y)=F(t...... , @)
Here, if we put
24=20+f(Y"), 20=—20—F(af,..... s Xhe1)
where 0 is an arbitrary function of z;, ..... , %, then (19) becomes

as follows :

—2 - f(Yy) Flay.. .., #y-1) 71
e . e e .

Z 91{,7‘ dx; dx; .

3

ds* = ayi+

17(x) .
So, replacing Y; for se‘f( Y4y, we may assume, without loss

of generality, that
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A=—oc=24.

Hence the expressions for L},. and (18) become, respectively, as
follows:

Liy.=g [:L[vAw] 8] g° 0

where Aaﬁ=—%gasrsA FA+P AP A—P.F A,
and Ciol:Y; =0, ¢=1,2, ..... , m,
where Cipo=Bjyo— Lo -

The tensor C},, is what is called the conformal curvature tensor.
Next, consider another quadratic differential form expressed in
the form:

ds=g,,dr.dzx, (24)
which is related with the original form ds?* by the equation:
g;,w = eZAg;w (25)

and if we denote, respectively, by Fv and B:,. the convariant deriva-
tive and the curvature-tensor with respect to the form (24), then we
have the relations between the old and new tensor:

FH?J:%:F%
Fowr=r, wr— W, A, +wA,) +A%Ww,9,, (26)
Biypn=Buyur— Ly (27)
So we have
Brony="Cluwm (28)
Also, if we put M\ Y; (i=1, 2, ..... , m) for W, in (26), we have

ﬁuV}\ Yz=rp F;Yz—(F’,LYz A)‘ —H";Yz A;,l)'l'AaFa.Yi g;u;

1) A= Aes—Ape,  Alx16]= Ae[3r16—As[3]a-
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the right-hand side of the above vanishes in virtue of (17), so we have
rF.r.Y;=0, =1, 2, ..... , M, (29)
therefore,

Pu@rYs P Y)=g"(FuFo Yi Py Yi+FuFs Yir. Yi)=0,

so that
g r.Y.r.Y;=¢j(=const.), 4,7=1,2, ...., m.
From the independence of Y3, Yo, ..... , Y.., we know that
! 511 621 . . Eml
| L0 (30)
5l'm EZm LY Ewm

s0, applying a linear transformation of Y1, ..... , Y., we can render
it to the case where c¢;=1, ¢;=0 (¢==7); hence, without loss of
generality, we may assume from the first that Y7, ..... , Y, satisfy

the following relations :
§r Yo Yi=1, g*r.Y:rY,=0  (i=j) (31)
Now, considering the system of equations:
r.Y;/*s=0, 1=1,2, ..... , m, (32)
we observe that it forms a complete system ; for, all the quantities:
rY T Y Y —r YT Y

vanish in virtue of (29). So, n—m independent solutions can be obtain-
ed from (32), say, Zi, Zs, ..... , Znm; and also we know that each of
the Z, is independent of Y3, ..... , Y,.; for, if there exists a relation
such that Zi=F(Y3, ..... , Y..), then we have

r* YiVxZ1=i oK

j-1 J

PrY,r, Y;;

so that 0="°_
Y
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which is a contradiction. So the % functions Yi, ..... , Yo, Z1,
..... , Zn—m are independent of each other.
Next, considering the transformation :

Y1=Y1(%1, ceeey xn), Zl:Zl(.%'l, cooy .’Un),
......................... (33)
Ym= Ym(xl s e ey :c,,), Zn_m': n—m(xly ceeny x’n)’

we note that
' r.Y:r,Y;=1, a*r.Y;r.Y;=0,
G .Y r.Z;=0, Gas Vol f’st=g§j;

so the quadratic form (24) is transformed by the transformation (33)
into the form:

d=dY3+ ... +dY%+ > ¢ydZidZ;,

7,7=1

therefore, ds? is transformed into the form :
A=AVt ... +dVi+ > gdZidZ).
UBI=

Further, we can easily see that the function g; does not contain
anyof Yy, ..... , Y.

2
For 2 = Gt rZirZ)),
J 3Y1(g s Z3)

the right-hand side of the above is, as we have seen before,? propor-
tional to

656 rsYl ﬁé(gaﬁrazi F@ j) ’
or
g gea FYi(PeZ;i TPt Folii Vs o Zs) (34)

But, from (32),
gsa FEYI FéZj=O ’

(1) Cf. the foot-note in p. 26.
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and applying the operation F. to the above and taking (29) into
account, we have

g°r Y 1P, rsZ;=0, or a°rY1Fsr.Z;=0,

so (34) vanishes, therefore, we know that g, does not contain Y7.

Similarly, it may be proved that the same does not contain any of
Yi, o.... , Y.
So we have the

Theorem : If the equation :
Fol, X=g.,.0"F.o+BA.+0 A)r.X

has m independent solutions: Yi, ..... , Y., then the fundamental
quadratic differential form can be transformed into the form :

A= (dYi+.... +dY%+ ’f’ﬁl d;dZ:dZ)
i 7=

where g}, does not contain Y1, ..... , Y. And the conformal curva-
ture tensor vanishes in the m directions of I Y; (1=1,2, ...., m).

Next, as a special case of the above, consider the space in which
the equation :

FM r, X:(—glgwraAd*—FFA gf—H’,A gi)rbX

is always integrable; i.e. the space where the condition (18) is satisfied
independent of X.
In this case, from (18), we have

Bvuw)\ =Lvuw}\ (35)

so the space is conformal euclidian.
If we consider the quadratic form:

d#=g,,dr,dx, (36)

where "
Opy = é Guy

then, as seen in (27), we get

»wa)\ = wax H
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therefore, from (35),
BV:JJU)\ = O

which shows that the quadratic form (36) represents the linear element
of an euclidian space.

Therefore, it can be transformed into the form :
d3’=dX3+....+dX?2,
50 we have

d?=e2A(dX3+ . . .. +dX2).

We can also prove that the function X; in the above satisfies the
equation :

Fp, Ey X'L:O ;
for, since d3’?=dx?+ ... +dx} is the fundamental quadratic form,
we must have

F, Xi —2X: =g ;

v

so I, P, X;=0; therefore, this holds good in general.

So that returning to the original fundamental quadratic form ds?
and taking the relation into account :

ﬁy Xz =—'j§ =[, Xi
ox’

and form (26), we have
Fuly Xi=(—0,9% T A+r,Agi+r, Ag)r.X;.

So we have the
Theorem : In a conformal euclidian space whose curvature-tensor s

gg[.u [vA..,] A

where AGB————«le-g@ﬁ rrAr.+rAr.A—r.r;, A,
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the fundamental quadratic differential form can be transformed into the
form : d=e?A(dx}+.... +dX?),

where the functions X1, ....... , Xn are n independent solutions of
the equation :

Foly X=49u.9"reA+r,Agi+r A g)r: X.
As a spectal case, if we put

X
A=log=-
OgR

R being a constant, then we have

vau 2= [vAw] 2]

L g.rxrx+2 1

and  A,=—
2.X? X2

1
roX 7 X— x FereXes

and, for the differential equation of X, we have

- 1 . 1
FaF‘z)&:—-ngasF‘X VSX+2}’V<1X e X. (38)
But, sinee
_ X
rr.X= 4——*R?y
we have

1
B~.wu:—2—R—2.(] [ " [»gw]x] ,

which shows that the space has the constant curvature ?}2
And the fundamental form becomes as follows :

as =2 (ot .+ et da)

and here, if we put Y=- 51( in (88), we have the equation for Y :
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So we have the result : In the space of the constant curvature I%’
the linear element can be transformed into the form :

ds2:§§(dx2+dx2+ e da?),

where X is o solution of the equation :

1 1
l,’a [,,7 p—— .
# X R2

This result has been cbtained by J.E. Campbell® in another way.

Remark: We have left the case where
A,=0, «a=1,2,....m.

But, as we have noticed before, we can prove that this case is
included in the case in which A4,-4=0. For, if 4,=0, («=1,2, ...., n,)
then the equation (8) becomes

FuFy X=9'Mg“3 Fa U‘V{’,X (39)
and (18), (14) become respectively,
1180_0 11 26 9o

20 3X, 20 32X X

b

so that, without loss of generality, we may take the value of « as
follows :

o =log1' X.
Substituting this into (39), we have

VquX=2~%YngQGSF’qXFﬁX.

But, on the other hand, in the equation :

Vol X' =(—9.9"F. A+r,A ¢5+7.A &O)r X',

(1) J.E. Campbell, Differential Geom. (1926) p. 232.
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if we put
A=X, Y =¢%¥,

then we have the equation for Y :

rorY="_1

2y I 9 P Y 7,Y,

which is the same equation as (40) ; so the former case is included in
the latter case, where A=log N/ )1(

The proof of the theorem on p.28.

On the way of discussion, we used the theorem without proof,
that is:

If A* is asymmetric tensor and A", a vector satisfying the follow-
ing relations : '

pﬁi‘l AMXiX{=0, (1)
i‘l A*X!=0,1,j=1,2...n—1, (ii)
and l X! X} . . X! ‘
| );n-l X1 o a0 (i)
! 2 ' ) n
i Al A2 . . An |

then it must be true that '
A" =p* A"+ p APV,
The proof: From (iii), we may assumé that
CXT - X
Ar==0, : Ce e =0 (1)

P4 D &=

(1) This is a slight generalization of A. Friedmann’s theorem. Schouten: Riccs
Kalkiil, p. 59.
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for, if we expand the determinant (iii) along the last line, we have
Al x cofactor of A'+..... + A™ x cofactor of A",

and, therefore, in order that the above may not vanish, there must be
at least one term which does not vanish, say, the last term ; so the
assumption is true.

Therefore, we can solve X;(i=1,2,....,n—1) from (ii), and
substituting this into (i), we have

n=-1 wy A%V N An',L Ann N ; -

so from the assumption (iv), it must be true that

. Anv Anu A-nn
AHJ'—Aquf'-Av“ +-__;A}LAV=0 ,
An An (An)2 (V)
from which
Ar=Avp*+ A", =12, ..... , n—1.

But, if we put u=n or v=n in (v), the left-hand side vanishes
identically ; so we have

A" =Avp¥+ Avp* myv=1,2,..... , N
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