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§1. Introduction.

In Spinor Calculus,” published in August 1938, we constructed
¥y '
from spinor V= iﬁ the quantities (vectors and tensors) invariant by

4
spin transformations, and investigated their properties. In this paper
we shall study other properties of spinors. )

In part I, corresponding to the fact that any 4-4 matrix can be
expanded in terms of sedenion, we consider the expansion of any 1-4
matrix in terms of a certain definite set of bases, and by using this
consideration, we shall obtain some relations between 4 and the spin-
invariant quantities.

In part II, introducing the covariant differentiation of spinor, we
shall find the relations among the spin-invariant quantities when ¥ is
the solution of the fundamental equation for .

Part L
§2. Preparatory statements.

As for the 4-4 matrices 7; satisfying roryH=9:; (4, 7=1,...., 4), we
obtained the following :®
Theorem 1. The matric A 1is determined uniquely, except for a
real factor, such that
Ar;=(Ar)t=riAt, (21)

At=4, |A|xo0, (2.2)

(1) T. Sibata; This Journal, 8 (1938), (W. G. No. 26), 169.
(2) loc. cit., 170,
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where 1;t and At denote the conjugate ‘transposed matrices of r; and
A respectively. .
In addition to 7; (i=1,....,4) if we take the fifth matrix 75 so that

rirstrers=0  (=1,....,4) (2.3)
Tss=7, | 2.4
where 7=1 or =—1 according as |g;;|>0 or <0, we have
Tarw=Gum>  |9l>0 (2.5)
and Ar,i=An)t  Q,e=1,....,5) (2.6)

(In general relativity, since |g;;|<<0, 7=—1).®
By any spin-transformation :

V=8N, ri=8S".S, (2.7
A is transformed as
A'=8tAS. (2.8)

Because of (2.7) and (2.8), the real quantities
M=¥tAy, N=VtArgdy, w=¥tAry

are invariant by the spin-transformations.
Theorem 2. Except for a factor, there exists a matriz C uniquely
such that

Fi=—CrC?  (i=l,....,4) 2.9)
75=CrC™ (2.10)

where 7; is the transposed matriz of r;; and the matrices
C, Crs, Crias (i=1,....,4) ©(211)

form the bases of any antisymmetric matriz, and
Cri, CrEiTjJE% Clrari—rrd) @,3=1,....,4) (212)

form the bases of any symmetric matriz. ' :
Theorem 3. When 4—4 matrices v, (A=1,....,5) satisfy the re-
lations rarw=gw (X, #=1,....,5), there exists a matrix D such that

(1) We take y; so that y=—1 throughout this paper.
@ loc. cit., 177.
(8) loc. cit., 181.
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#1=¢Dr, D (1=1,....,5),

where 7, is the congugate of r; and =1 or =—1 according as
lgjpl>0 or <Oo .
By the spin-transformation (2.7), D is transformed as follows :

D'=8"'DS, or (D'Y=S"D'S,
hence DY, say ¥, undergoes the same transformation as ¥, namely
P=D Y =87, |

where bar means the conjugate of the corresponding quantities.

§ 3. Invariant bases of 1-4 matrix by spin-transformations.

From the theory of sedenion, we know that when 4-4 matrices 7;

(A=1,....,b) satisfy the relation rur,,=9,, and the determinant |g;,,|
does not vanish identically, the 16 matrices

I, 7, mmE%(rm—r,‘n) (4, #=1,....,5) (31)

form the bases of a hypercomplex number system, i.e. any 4-4 matrix
is uniquely expressed by a linear combination of the matrices (3.1) in
the form: :
A+ Al +AMryr, (A= —AM), (3.2)

where A, A%, and A, are scalar, vector, and tensor, respectively.
Corresponding to this, as for 1-4 matrix, we have

¥y
Theorem 4. If ¥ and ¢ are any 1-4 matrices = t , 9= % ,
1'4 ¢4
satisfying
(FCPP+(FCrgl 0, (3.3)
where C being a matriz defined by (2.9), then the following 4 matrices
Y, ¥, ¢, 768, (3.4)

form the bases of 1-4 matrix; i.e. any 1-4 matrix X is uniquely ex-
pressed by a linear combination of the matrices (3.4) in the form :

1=p¥+arsv+ro+srsd . (3.5)
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Proof. To prove the theorem it is enough to show that the deter-
minant of the matrix

PE(‘P) Ts‘l’, ¢) T5¢) (3-6)

does not vanish identically.

The determinant of the matrix P is calculated as follows. From
(3.6) we have '

¥
CP= S "H:E
—'(C\l’7 CTS‘\I’) C¢, CT5¢) and P= 5
‘Z’fﬁ ’
therefore
_¥C¥  ¥Crk ¥Cp  ¥Crp
PCP= ¥7sC¥¢  ¥7:Crsd ‘I’TECSD YrCrse 317

9CY  gCrek 9Cp . gCrap
o7:C¥ o7 Crst  ¢7:Cop  o7:Crsp/ .

But, since C and Cr5 are both antisymmetric matrices, we have
FC¥=0, ¥Crap=0,
#Cop=0,  $Crsp=0,

and, from (2.10), we have

VFCr=PCrabr=0,  VFCrab=—¥C¥=0;

similarly, 5?5C¢ =0, 57507’5;15 =0.
¥
(1) We define (¥, 7s¥, 6, 75¢) and “’;’ by
%
¥i GV O (1O ¥ Yo% W

PP R A ONCRNCTON I R I N AN AN (et
Vv Gs¥)s 95 (1:9)s ] N ¢, b3 by
Yo (5% 6 (rsOh T BN AN AN CTANK AN
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Hence (3.7) becomes

0 0 N«Tszﬁ FCrsp
Fopo| 0 0 ¥Crp —FCy

9C¥. gCrk 0 0

¢Crsyr  —o¢C¥r 0 0

Taking the determinant of the matrix above, we have

| Pl [C] | P|={($C¥\+($Crs¥)2} {(FCoP+FCrsg)?) . (3.8)

Further, since, by the antisymmetrical property of C and Crs -

gC¥=—¥Cp,  ¢Crobr=—¥Crsp, (3.9)
(3.8) becomes

|P|C|= {('\PC¢)2+(¢CT5¢)2}2
But since |C|23¢0, | P| does not vanish identically providing that

(FCPPR+(FCrspf0, or (3.3). Q.E.D.

Next, we shall find the bases of 1-4 matrix constructed by only
one given matrix, say ¥, instead of ¥ and ¢ in theorem 4.

Theorem 5. If ¥ is any 1-4 matric satisfying
(YTAY P+t Arsd) A0, (8.10)

then 4 matrices

. '\lf ’ ) qu,. » D-lq; ’ 7‘5D—1;F H (3-11)

form the bases of 1-4 matrix. )
Proof. In theorem 4, if we take ¢ as ¢=D"'¥, (3.4) becomes
(8.11) and the left-hand side of (3.3) becomes

(VCD " FR+ (¥ CrsD ). (3.12)

‘Therefore, (3.11) form the bases of 1-4 matrix so far as (3.12) does
not vanish identically. But we can show that (3.12) is equivalent to
the left-hand side of (3.10). So that the theorem is proved.

N.B. From theorem 5, we know that when at least one of the
quantities M=YtAYy and N=yTAr; does not vanish identically, any

(1) See Note 1.
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1-4 matrix is expressible by a linear combination of the matrices (3.11).
But, in the case when both M and N vanish identically, (8.10) vanishes
identically, and the theorem cannot be well applied. This case will be
treated in another way in note 7 at the end of this paper.

§4. The expansions of 7, ¥ and 77,V in terms of
the matrices (3.11).

" Theorem 6. When
M2+ N2x:0, (4.1)

b and rurag¥ are expressible by a linear combination of the matrices
(3.11) as follows :

rv= L

W[{(Muz'Nuzs)‘F(Nuz'l‘Muzs)Ts}‘I" } w2

+p(N—Mry) DF |,

M?+ N?

rurmit = . 5 [ (Mt + Nitns) — (Mitys— Nty) rs}‘lf}
' (4.3)
— {(Mpims— Nowm)+ (Mpim+ Novms) 15} D™F |

where
w=vtAr, U= ‘X’TATLTE‘P‘ y Uim= ‘P‘J'ATUTmJ‘P‘ s Uims= ‘l’TATuTmJTa‘I’ ’
= ‘T"CTZ"I" y  Pim™ \TfC’mrmﬂr sy Pims= f‘T'CT[szJTs"P .

Proof. According to theorem 5, r,¥* may be expressed by a linear
combination of the matrices (3.11) in the form:

rob=cb+dst+e D F+ frDF (4.4)

In order to determine the actual values of ¢, d;, e, and f;, we use the
following identities : ¥’

wrp=(M+Nr) ¥, ulrp=(—N+Mrs)¥,

4.5
srof=(—N+My;) DY, t’n'\]r=i(—N+M7’5)D'1§F,} (45)

where s' and # are real and imaginary parts of ¢, i. e.

pl=g"+itl, (4.6)

(1) loc. cit., 173, 174, and 183.
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If we multiply (4.4) by u, u%, s, and t', respectively, and contract
them by the suffix I, we have

(M+ Nyg) b =vlepv +uldirsy +u'e, D F+ulfyrs DY,
(— N+ Myg) ¥ =ulscrd +ulsdirsb +ulse, D'+ ulsfirs D71,
(= N+ Mys) D"F =se) ¥ +s'd st +s'e, D7 +sY,r:D ¥,
(— N+ Mys) D=ty +tdirsb + t'e, D' ¥+t 1rsD 7' .
Comparing the coefficients of the bases in the equations above, we have
M=u'c,, N=uld,, 0=ule;, 0=uY,
—N=uke,, M=ukd;, 0=uke;, 0=ukf;,

4.
0=sl,, 0=s'd,;, —N=¢dle, M=3sY,, @
0=tlcl , 0=tld; : —iN= tlel B M= tlfl',

But, on the other hand, if we put
o w _?_115 3 it ;\; ztl.
VN TVEs N VN VIMF+N®'
(4.8)
Ma=1,....,4) satisfy the relatlon o
TA=0%  (a,b=1,....,4). (4.9)
Using (4.9), and solving ¢;, d;, ¢;, and f; from (4.7), we have
1 2
= W(Mh N), d= 1/M2 »~(N11+Mﬂz) } @10)
- M S '
1/1‘42 ( ’bll‘*‘lz) fl-_1/.M2+N2 (i, lz)-

Substituting (4.10) into (4.4), we have

r=

1/—MW
+{N( —-ill+lz)+M(ﬂl-— ;Em} D—rﬂ ,
or, by (4.8) and (4.6), .

({2~ N2)+ (NE+ MA) 7} ¥
4.11)

(1) loc. cit., 185.
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b= + e (¥ — N+ (Nu-+ M) 753 } “ 12-)

+(N—Mrs)p.DF |.

Thus the first part of the theorem is proved.

Néxt, in order to prove the second relation (4.3), we multiply (4.2)
by the matrix 7,, and arrange it by the bases (3.11) and interchange’
the suffixes I and m ; thus we have®

T mi¥V = 2{@311 Mst} +2 {(ﬁtl —lem)
(4.13)
o _(izl'zm—)llm)rb} DvI'T"
But, on the other hand, we know that®
[tz -, B4
ulm=2('—N)~11m+’LMAZ)\m) (4.14)
[:1 33 1 4] 2 4] [2 3]
and® sz=2M(7/)~llm_~ lem)+2N(xllm_'iAllm) . (4-15)
Also, from (4.14) and (4.15), we have
i B4 2
Uims= '—E“elmpqum:z(?/NllAm"!_Mxl)‘m) (4.16)

i Mo 29 BN 04
and Pims = —*z*elmpqppq=ZM(Allm'l"'Lll)xm) —'2N(7xlllm+ Xllm) . (4.17)

Therefore, using the relations (4.14)~(4.17), the equation (4.13) is written
in the form (4.3). Q. E.D.

§5. The expansion of 1-4 matrix in terms of
the matrix 4+ only.

In §3, we have seen that any 1-4 matrix is expressible by a linear
combination of the matrices (3.11). But the matrices (3.11) are con-
structed by the two given matrices ¥ and 4. Now we shall consider
how to express a 1-4 matrix in terms of ¥ only, avoiding the incon-
venience of using . ' ‘

(1) See Note 2.
(2) loc. cit., 186.
(3 See Note 3.
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Theorem 7. When
M2+ N?X:0, (5.1)

any 1-4 matrix is expressible in a unique way by a linear combination
of a set of the matrices ’

'\l" ’ 7‘5‘\]" ’ TElrm]‘q’ ’ (ly m=1, cecey 4) ’ (5-2)
or . Tl'q’ ’ Tﬂ’s‘l" ’ (l=1’ CE N ] 4) ’ (5-3)

the coefficients being all real (or all purely tmaginary).
Proof. Any 1-4 matrix is expressed in the form of

AV + A+ A" (A= —A™), (5.4)

A, A5 and A" being all real (or all purely imaginary). For, since any
1-4 matrix is expressible in the form (by theorem 5)

(c+dr) ¥ +(e+frs) D7F, (5.5)

here it is enough to show that the real (or purely imaginary) quantities
A, A5 and A'™ can be uniquely determined so as to satisfy

(c+drs) v+ (e+frs) D' ¥ =(A+ A¥rs+ A1) ¥ } 5.6)
(Am=— Aml) )
But, on the other hand, if we put ‘
a b ’
Alm___aabll)‘m (aab= —aba,) ’ (5~7)

" from (4.13), we have

A"y ¥ = 2{ G0y — awrs} ¥ 4 2{(ay — tan) — (lag—aw) 15} D7 . (5.8)
Substituting (5.8) into (5.6), and comparing the coefficients of the bases
of the resulting equation, we have

c=2tauy+ A4, d=—2ay5+ A5, . }

5.9
e=2(ay—10x), = — 2Py — ) , (5.9)

1
But, when A" are real (or purely imaginary), since A' are real and
L (w=2, 3,4) are purely imaginary, it must follow that

a (0=2,8,4) are purely imaginary (or real)
{a,,,,, (w,0=2,8,4) are real (or purely imaginary).
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Therefore, when ¢, d, e, and f, in (5.5), are given arbitrarily, from the
relation (5.9), am, 4, and A® are uniquely determined such that A", A,
and A5 are all real (or all purely imaginary). So the first part of the
~ theorem 1is proved.

Next, we shall show that any 1-4 matrix is also expressed in the
form :

- At ATry) Y, (5.10)
A! and A% being real (or purely imaginary) vectors. Putting
Al=g ],  AB=p1, (5.11)
and using the relation (4.11), we have
(A7t A“nfs)\!f—VMz e [ {M () — Nlay— )}

+ {N(ay+B2)+ M(az— 1)} rs¥
+{N(—tag+a)+M(f:— 4} _D_l‘q;
+{M (ias— a)+ N(if—F)} D% |

Hence, if we suppose that a matrix (5.5) is expressed in the form
(5.10), i. e.

(c+dr) ¥+ (e+fr) D =(Alr,+ A% ) ¥,
it must follow that

=17]WTI+-N7 {(Mo1+NB)+(— Noo+ MB2)},
2 {(New— MpBy)+(Mag+ N2)}
VM+N2 L (5.12)
=1~/T[2?1TN727 {i(— N03+Mﬁa) + (Nag— MB} ,
f=17ﬂ217+= - {i(Mas+ Nps)— (Ma4+N,B’4)}

But, similarly as before, when A' and A% are all real (or purely
imaginary), we see that
{al, o are real (or purely imaginary),
a4y Bo (0w=2,3,4) are purely imaginary (or real).
Hence, when ¢, d,e, and f, in (5.5), are given arbitrarily, because of
the relation (5.12), «, and B, and thus A’ and A%, are uniquely deter-
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mined such that A’ and A% are all real (or purely imaginary). So the
last part of the theorem is proved. Q.E.D.

N.B. . If we use the relations (5.9) and (5.12), we can reduce a
matrix of the form >.¢ to that of the form (5.5), > bemg any 4-4
matrix. For, if we expand >] in sedenion:

D=A"r i+ A+ A+ Alr+ AP (AP7=—A"), (5.13)

from the equation
¥ =(ct+dr) ¥ +(e+sfrs) D, (5.14)

we can determine ¢, d, ¢, and f, as follows:

c= A+2@A”"Z ] «t {(MA”+NA"5)lp+(— A”+MA”5)/1,,}

TMT'

d=A5— A”"l z +— - {(NAP A*‘)x,,+(MAP+NA”5)1,},

M2

2 3 4
e=2AW2p(iq-ilaq)+Vszlr—N?{i(N4”+MA"5)lp+(NA”—MA”“)A,,} :
f= —2AW/11,,(1'3,,—iq)+7M—2—{1,(MA”+NA”5)A —(MA"+NA™)1,}

(5.15)

Lastly, we shall examine the relations between the sets of 4™, A%,
A and AY, A® when they are given as the sets of the coefficients of the
two kinds of expansion of the same 1-4 matrix.

Theorem 8. If
(Amrra+ At Ay (Am=—A™)  (5.16)
and (Al + A%y ) ¥ (5.17)

are the two kinds of expansion of the same 1-4 matrix, where A™, A5,
A, A, and A" are all real (or all purely imaginary), there hold the
relations : :

_— > 1
V M+ N? A= {MAu+ NAG} m— (AP NAP) eimpat®, }
(5.18)

- —— 1
VPN A=(MA'+NA®),, v MP+N? A5=(NA'— MAD),,

1 1
or vV MP+NZA; = —2(MAY+iNA*) 2, + (MA+NAYA;,

1 1 } (5.19)
VME+NTAf=—2(NAL,—iMA*L) 3+ (NA— MAY 2;.
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.

Proof. Equating the right-hand side of (5.9) and (5:12), and
solving A, A% and a,; .from the resulting equations, we have the relations
(5.18). From (5.18), solving for A; and A4}, we have (5.19). Q.E.D.

Similarly as before, we have

Theorem 9. If

A"rrmt A+ Ay (Am=—-4™),
and (B™ryym+Brs+ By (B™=—B™)

are the two kinds of expansion of the same 1-4 matrix where A™, A°,
and A are all real and B'™, B5, and B are all purely imaginary, then
there hold the relations:

. 3 4 12
A=1B"AA, AS=—B"™2,,,
ey @4 14013 13014
Alm= —lellm—%Blzlm‘*"LBm {(Apqullmbxpxqzlxm) (5-20)
2 4[2 3] 2 3[2 4]
+ (ll)lqzll'm_lﬁ;(alllm)} .

Theorem 10. If
A+ A% ) ¥ and  (B'ri+BPrir) ¥

are the two kinds of expansion of the same 1-4 matrixz where A', A®
are all real and B', B® are all purely imaginary, then there hold the
relations :

21 12 43 34

A; =BWA;— a) +iBU A~ Midj)
| s 1 Y (5.21)

AF=—BY2;—2,2;) +iBB(,4;— 2A;) .

Combining theorems 8 and 10, we have
Theorem 11, If

(A1 + A+ A)¥ (A%=—-A4") and  (B"r,+B"7r,7s) ¥
are the two kinds of expansion of the same 1-4 matrix where AP?, A%

and A are all real, and B® and B are all purely imaginary, then
there hold the relations :
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— _ — 1 2 . 4 3 3 4
V MPH N? Apn=| M{—B"L,dy+iB" (A, — Apdps)} w
12 48 34 1
+N{B”2pl[l+zBI’5(l,,lU-—jplu)}_|Am]
e 1[4 3] . 402 4] 323
—i| = M{B*A,2dn+iB®Opdidm—2phidm)} b

103 4] . 412 4] 32 3
+N{Bp5)‘plllm+7/-3p5(lpll)m_Zpll'lm)}] ’

2 2 _ 2
Vv M+ N¥ A= MB™1,— NB'A,, v/ MP-N? A°= NB*3,+ MB*3,, . )
(5.22)

N.B. If we use theorems 7-11, we can reduce the matrix of the
form > Y, where

D=4t A+ A, + A% (A"=—A"7), (5.23)
to the matrix of the form:

(E*rore+Ers+E)¥ (E™=—E™) (5.24)
where E?, E° and FE are real and are determined in a unique way.
The calculation, being easy but tedious, is omitted here.

§6. The vector which satisfies the relation v’y =vv.

As an application of the statements made above (§ 4-8 5), when ¥
is given we shall find the general form of the vector v* satisfying the
relation

Yrab=vi (2=1,....,5). (6.1)
In the previous paper,® we saw that the vectors u’= yTAr*{ and
p=v4Cry (A=1,....,5; l=1,...., 4) satisfy the relations :®
wrb=M¥y,  dry=0. (6.2)

Therefore, v*=u’, v=M and v'=p’, ¥*=v=0 are two special solutions
of (6.1).

To obtain the general solution, using the relation (4.11), rewriting
(6.1) as

(1) loe. cit., 174 and 180.
(2) See Note 4.



178 T. Sibata.

vl 1 2 1 2
IR [ (M2~ N2+ (N2 + Ma)rs)
+(= ik 2) (N— M) D™F |+ Frse=vir, | (63)
(1=1,2,8,4),

and comparing the coefficients of the bases of (6.3), we have

(Mi—Ni)=v,

l
V M*+N? 1/M2+N2
3
'Ul(—’ill+ll)=0,
which is reduced to

(N, + M)+ 0=
s

1 —
V M NE o d=oM—o*N, v T4 Nevia,= —FM—uN,
.3 4 (6-5)
V(—tA+2,)= 0
Putting
v =w Al (a=1,....,4), (6.6)
from (6.5), we have
V M+ NEwy=vM—o’N, vV ME+NZw,= —vﬁM—vN,} 67
— ity w,=0;

henee, (6.6) becomes

1

1 2 3 4
= W {(’UM" 'USN)” - (?IEM‘*‘ 'UN)AZ} —'L'w4/1,+’w4l, s (6.8)
’ 3 4
or, since —zl,+ll—m, if we put w,=w, we have

= TN {wM—+N )/1’ —(W*M+oN )l‘ +wp'}, (6.9)

ViR

which is the general solution of (6.1), where v, v%, and w are regarded
as arbitrary.

In the special case in which »* and v are all real, since w, is real
and w, (=2, 8, 4) are purely imaginary, from (6.7) we have

V MEF NEwy=vM—°N, 0=v*"M+oN, w,=ws=w,=0. (6.10)
Therefore, it follows that
v=tM, ¥=-—<N, = (=1,....,4), (6.11)
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where © is real but arbitrary, so that (6.11) is the general real solution
of (6.1).
_ Putting together the results obtained above, we have
Theorem 12. When
' M2+ N?X:0, (6.12)

the general solution v' of the equation
Vo =0} a=1,....,b)
s given by
= -—_;1T;
M*+ N?

where 1%, v, and w are arbitrary. And the general real solution is
given by

1
(WM =N~ P M+ oN) 2w}, (=1,....,4)

vi=rytAr'y, v=rdfAdy (=1,....,5)  (6.13)

where t© 18 real but arbitrary.
From theorem 12, we have
Theorem 13. When
M2+N20,

(i) n order that v* in the equation
vrof=0 (A=1,....,5) (6.14)
may be real, it must be true that ]
M=YtAv=0, =cdtAriy,

where t 18 real but arbitrary.
(ii) in order that v' and v in the equation

v =vy i=1,....,4) (6.15)
may be real, it must be true that
v'=tAr, v=tytAy, N=¥TArad=0

where = 1s real but arbitrary.
(iii) o real solution v of the equation

=0 (=1,.... ,4) , (6.16)

does mot exist. But, if we put aside the condition that v' be real, the
general solution of (6.16) 18 given by
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d=wpt, .

where w 1s an arbitrary scalar.

Lastly, we shall consider the converse problem: for given v* and
v to find the solution ¥ of the equation vry¥=v¢ (A=1,....,5).
Rewriting vy ¥»=vy as

Py=0, where P=v'r;—v, (6.17)

the necessary and sufficient condition for the existence of i satisfying
(6.17) becomes that the determinant | P| vanishes identically. |P| can be
calculated as follows: Take the matrix

Q=v'r+v.
Then we have
QP=@wwv,—v)1I. (6.18)

But since the determinants of the matrices P and Q are equal,® from
(6.18) we have
| PP=(hn; — )"

So we have

Theorem 14. The necessary and sufficient condition for the existence
of V¥ satisfying the relation

v =vi,
s that
', =%
When | P|=0, the number of independent solutions ¥ of v*r;¥=v{

is classified by the rank of P. That is to say, when the rank of P is
equal to 8 or 2, the number of independent solutions ¥ of vy ¥r=v{

1) If we take 7, and 7; as in the previous paper (cf. loc. eit., 172)

X X\ 1
(0 |35 [ | o J
=l =Y T
X X -1
XXl o) T
P and @ have the following forms respectively :
(a X X ) —b . X X
a| x x —b| x x
P= , Q=[ i
X x| b J X x| —a
\ x X b X X | —a

>

where a=—v+4°, b=—v—1iv*, from which we see that

[Pl=]QI.
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is 1 or 2. But we see that when |P|=0, the rank of P is, at most,
2. For, since ’
@) Wr—v)=0vn—v)1

and the determinant of P=v'r;—wv is equal to +(v*v;—7%?% every
cofactor of the matrix v*r;—v is equal to every element of the matrix :

+ @ — ) (Vi +v),

which vanishes on the assumption.|P|=0, or v*v,—v*=0; so that every
cofactor of P must vanish, i.e. the rank of P is 2 at most. So we
have

Theorem 15. When

v, =1

the number of independent solutions ¥ of

Vi =vi

18, at least, 2.

Part 1II.

In part I, we considered v as arbitrary. Now we shall investigate
what relations exist among u;, u; etec. when Y is a solution of the
fundamental equation for ¥». For this purpose, first we shall find the
covariant derivative of the matrices A, B, C, and D, defined in part 1.

§7. The covariant derivative of 4, B, C, and D.

We know that 7js defined by 7z =0 satisfy the following relation :

a .
a;ﬁ;" {iYra—Twri+ril,=0. (7.1)

Following Schrodinger and Pauli, we define the left-hand side of this
equation as the covariant derivative of r; and denote it by rFur; i.e.

Vrri= 2;2 =t re— s+l - (1.2)

*

Corresponding to (7.2), we define the covariant derivative of 1-4 matrix
4 as follows

0
Pl = 5:’;— L. (7.3)
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As to the matrix A, Pauli has proved® that

24

ok

where @, is a gradient vector. In a similar manner, we can prove that .

9§+Brk+rk3 b.B

“—+ A+ TA=a A

aC +CFk+FkC-ckC
oD
ou®

where b, ¢, and d; are certain gradient vectors. We call the expression
of the left-hand side of the equations given above the  covariant deri-

pative of A, B,C, and D, respectively, and denote them by 7, A, r.B,
VkC, and VkD, i e.,

+ka FkD=de,

Pea="25 04 SHALATIA, (7.4)
V,,B-313+Br,,+r,,3 (7.5)
ch-?£+crk+1 c, (16
VkD—-—aP»—-i—DFk F.D. (7.7)

Since we can normalize A4, B, C, and D, by taking suitable multipliers,
so that ay, b, ¢, and d; vanish, we have
VkA,=0, VkB=0, ch=0, VkD=0. (7.8)
Under such definitions of covariant derivatives of A4, B, C, D, and
¥, we see® that the covariant differentiation of spinor, vector, and
tensor, obeys the ordinary rule of differentiation; for instance,
V(¥ Ar ) =)t Ar e+t Ar Pt , }
Pr(A%r )= (PLAP) 7 ¥+ APy Pl

where A? is any vector and r,A? denotes the covariant derivative of
"~ A” with respect of {}}. '

(7.9)

(1) Pauli, Ann. d. Physik, 18 (1933), 358, 359.
() Cf. loc. cit., 3568.
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§8. The conditions for integrability of the
fundamental equation for .

In wave geometry, using the notation (7.8), we know that® the
general fundamental equation for ¥+ has the form

P =¥, (8.1)

where
=A% pret+ Art Airs+ APro+ APrors  (AiP'=—Ai%). (8.2)

Now, making use of the fact that the covariant differentiation of
spinor, vector, and tensor, obeys the ordinary rule of differentiation, we
can obtain the condition for integrability of (8.1). Operating 7; on both
sides of (8.1), we have

MWV =G X+ > 20 ¥ . (8.3)
But, because of (8.2), we have
Vi 0=V AT or ot VeiAia+ VAR s+ Ve Ay o+ Vi Ai8rors,  (8.4)

Z[kzﬂ = AR AT Yol ol rTs+ AiR? AaiTpTaTr + Atf:qu.! Tolal v1s \
+ AUcAJ‘fTETp + A[kAﬁan
+ A[’:Ajg Tolalr+ Al:gAJgrprﬁ + A[;:AJngTq + ArzAfgsrqu?’s 8.5)
+ AR AT T o5 v — AR Afr o+ AP AST 57 a + AR AT ora |
=4AR A5 17 o+ AAR Ay o HAAT A o5+ AP AT
—2A5 AR s+ 2ARAR o+ ARAST T o+ 2AR AT G paTs »
and® Ve = ';— K;i»rora¥ . (8.6)
Substituting (8.4)—(8.6) into (8.3), (8.3) is reduced to the form
(P yrq+ P+ Pirs+ PPry+ PPr,rs) ¥ =0, 8.7)
where .
= K+ A A+ AP A TG AT 4 AP A
p =V|'J'Ak] ’ PB:VDAI;?I+2AU;1’ Hﬁgm ’ (8.8)

P? =p A3+ 24P AR +4 A5 Ajy
PP =pAiP"— 24P AR +4 AR Ay

(1) When we consider the most general transformation and parallel displacement
which make daiy; =0 invariant, the fundamental equatlon for ¥ becomes (8.1).
(2) See Note 5.
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So that the condition for integrability of (8.1) is given by (8.7) together
with (8.8).

§9. The differential equations for u;, u;, etc., when
{r is a solution of the fundamental equation.

We shall obtain the differential equations for w;, u; ete., when ¥
is the solution of (8.1). From (8.1), we have

P =T ot Ar+ Ar, S0 ¥ . 9.1)
But since

St = Aot A+ At Ailrd+ Aifritnt, (9.2)
it follows that
SWtA=A(A ot Adrs+ A+ Adri+ Arer) . (9.3)
Substituting this equation into (9.1), we have
P =V A{(A;P qr o+ Ailrs+ A+ Ailri+ AiPrsr) s
+7i (AP pr o+ Arst+ Ant Aini+ APras)} .
Separating A;** etc. into real and imaginary parts, i.e.
AP =+ br, Af=a b, Ar=ai+tib,,
Ai=a;'+ib}, AP=a;P+ib",
(9.4) becomes as follows: |

P =405 U, + 20,u;+ 2((1ij + (lk_,sN )
+ 2’&(ka Ujpg + b,;5uj5 +b ,;’ujl + b,;’suﬂs) y

}. (9.4)

} (9.5)

which is the differential equation for w;=¥tAr,¥» when ¥ is the solu-
tion of (8.1). Similarly, we have

Vithis = 407 U+ 20505 — 2050055+ 205U, } o6

+ 20(0™ U p05 — bi"u; — bisN+ 05" M)
Pipy=4AiPat 2Aups+ 2AiPip+ 2Ai%Pins 9.7)
P M =207+ 0 M + 0PN+ aitu+ibPus),  (9.8)
PN =200 pes+ a1 N— 0 M —dbiws+aiw) . (9.9)

But, on the other hand, we saw that® the determination of ¥ in

(1) T. Sibata; This Journal, 8 (1938), 186.
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spin space is equivalent to that of u;, us, p;, M, and N, in vector space.
So we have the result: the fundamental equation for ¥ (9.1) can be
replaced by the equations (9.5)-(9.9).

§10. Simplification of the form of the fundamental
equation for .

Theorem. Assuming that M?+N?3:0 the general fundamental
equation for ¥

. P =>%¥, (10.1)
where >, 18 any 4—4 matrix, can be reduced to the form:
ik =A;"rre¥ (A7 =—A4;") (10.2)

where A;?* are all real, in which case M and N are constant.
Proof. By theorem 7, when MZ?+N?2=0, the equation (10.1) is
reduced to the form:

Pk = (APt Adrst ADY (A4P'=—4), (103)

where A;*¢, A%, and A, are real and are determined in a unique way.
Then, by (8.7) and (8.8), the condition for integrability of (10.3) becomes
(L R+ roAig + 4460 45 ) oo+ A i) 4 =0.

But as the coefficients of 77V, 75%, and ¥, of the equation above
are real, by theorem 7 it must follow that

-é—K,;}”"-i—VUA;;ﬁ’q‘i‘ 445" An=0. (10.4)

PiiAn=0, PriAS=0. (10.5)

From (10.5), 4, and A;° must be gradient vectors, i. e.

a=20, ap=2b

where a and b are any scalars. If we put® »

oA _—__;,ea {eP(1+75)+e (1 —75)} ¥ =e*{cos b+17s sin b} ¥/, (10.6)

(1) See Note 6.
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(10.3) becomes
Vi = AP pr V.

Replacing ¥ by ¥, we have
Vil =A™ rora¥
the condition for integrability being given by (10.4).
Further, from (9.8) and (9.9) we have
riM=0, 7 N=0.

So the theorem is proved.
When the fundamental equation (10.1) is reduced to (10.2), because
of M3+ N?=constant, (9.6)-(9.9) become

Pd=4Agd (@=1,....,4), PuM=0, P,N=0, (10.7)

where /c{;-s are defined by the equation (4.8). So, taking account of the
result in 89, we are led to the conclusion that the wave geometry
characterized by ¥ and the differential equation for ¥ can be replaced
by the ‘“ geometry of vectors” satisfying the relation (10.7).

Notes.
Note 1.

Since
D=A"B (loc. cit., 182), where B=-—Crys,

we have D=B'A=-r;'C74
: = —9715C 'IZ (because of 7s515= 77) ’
hence CD'= —7%;A. 60

Therefore, the first term of (8.12) is rewritten as
YCD'F= —7¥7:A%F
=—ypytArsl+  (by transposing),
and the second term is rewritten as :
YCrsD W =V5CDF  (since F3=Cr;C™Y)
= —77‘7"?5?52‘7‘ (by %))
=— VAT (since Fs7s=7)
=—YT4y, (by transposing)
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so that  (YCD )+ FCrsD )= (YT AV + (¥t Arsl)?

Note 2.

In the calculation we need the expansion of 7,D7'¥. For this,
since 7,=Dr, D7}, we have

TzD"IQF = D—lflq; ’

or, substituting the conjugate of (4.2) into the above and using the
relation :

DD=—-1I, or D=-D"1, (loc. cit., 183),
we have

rD =t [ (Mt Nug)+ (N~ M)y} D%
—BN—Mr)¥ |.
Then, (4.13) follows from (4.2). :
Note 3.
The relation (4.15) can be obtained in the same way as (4.14);

ab
putting le=fablllm (fab = _fba) ’
from the relations ,
ukpr =1Rb Croer s =wr b Clgi— 1V ,
=upC¥ —FCr M+ Ny (because whrpl =(M+Nr)¥)
=—Mp;, ' (because ¥C¥ =0, ¥Cr,rs¥=0),
and ubp™ = % uk‘\lA’:CijmTqu‘l" = iuk‘l’\’:CTsT[kTﬂ‘l’
= Cro(gis— rima)¥ = — i Crar A M+ Nys)¥
=—iNp;, |
it must follow that , .
flblj= - M(—zl,+l‘7) N

1 1 a b . 3 4
and > AoerinafaphPA9= —iN(—1A;+2;)

: 1 d . 3 4
or Eeabldlgfab;_ —’LN(—ZX‘,"I"I‘,-)
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ie. f2=0, fe=iM, fu=—M
and fu=0, fe=—N, fz=—iN.
a b
So that, substituting the values of f,; into the expansion pim=/Sustilm,
!:1 3] a4 2 4 '[2 3]
we have Oim=2M (1220 — A ) F 2N (A — 12 1) .
Note 4.
As the generalized equation of (6.2), we have obtained the equation
(pr*¥) b =(p¥) ¥, (%)

where ¢ is any 4-1 matrix ¢=(¢;, ¢, @5, ¢4) (cf. loc. cit., 174). We can
see that, if we take ¢ suitably, v*=¢r*y and v=¢¥ may give the
general solution of (6.1). However, in this section, we are looking for
the solution of (6.1) in terms of Y+ only, avoiding the complication of

using ¥ and ¢.
b4

If we put ¢=fC, where X-is a certain 1-4 matrix 1= ;: , the
A
relation (%) becomes

ACr ) =XC¥¥, (=1,....,5)

which is a spin-invariant. Corresponding to the relation above, we can
also prove the following identity :

ACr DT =2{ACYW+ACrs¥)rs)x.  (=1,....,4)

Note 5.
The relation (8.6) is obtained from the identity (7.2). For, from
(7.3), we have

Vel = ( - Zi%c—‘*‘ Iyl k])‘l’ )

but, on the other hand, from the condition for integrability of the
relation : '

0
3;“';;: {ritDarn—rul,

: ol 1.
we have 5 ;E]k + Il = o K™t
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where K;;* is the curvature tensor : Ii}kp°=2<%;%}——{h‘ﬁ-}{,p’[‘k3} ), S0
that (8.6) is obtained. (Cf. E. Schrodinger; Berl. Ber. (1932), 105).

Note 6.
When 4 and ¥ are related by (10.6), among the spin-invariant
quantities constructed from ¥ and Y the following relations hold

good :
M=e*(cos 2bM’ +sin 2bN") ul =yt

N=¢"*(cos 2bN' —sin 2bM") .
Note 7.
In the case when v
M=¥tAy=0, N=¥tAr¥=0, (N.1)

we shall find the bases of any 1-4 matrix in terms of 4». For this, we have
Theorem :— When M =0, the matrices

¥, D%, ¢, D¢, (N.2)
where o=w'r¥, (N.3)
form the bases of 1-4 matrix so far as
w30, ' (N. 4)
where w=YtAr .

N.B. If 43¢0, there exists a vector w' satisfying w'u;30. For
u; cannot be zero when, and only when, ¥ 30, so we can take
w' such that w'u, 0. '
Proof. To prove the theorem it is sufficient to show that the
determinant of the matrix

P=(¥, D%, ¢, D) (N. 5)

does not vanish identically, the determinant |P| being calculated as
follows. Take a matrix B satisfying 7;=Br;B™. Then, in consequence

, we have

<
o8
I

¢tD/
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¥BY¥  ¥BD'%  ¥Bp  ¥BDg
VDB D BD% ¥tD-'Bp ¥tD'BDg

PPl gee  gepw gme gepg| MO
$'D'BYy ¢tDBD% ¢tD'Bp ¢tD'BD'g/.

But B and D have the following properties®
B=-B, (N.7
D=A"'B, or D'=B'4, (N. 8)
D'B=-4, (N.9)

and D'BD'=—AD'=—AB'A=—Bt, (N. 10)

because of AB'A=Bt. (N. 11)

Therefore, from (N.7)-(N.11), it follows that
¥B¥=0, ¢Bp=0,
V1DBDF= —¥iBiF=—FB¥)=0, ¢D'BD =0,
VBD G =$AF="vtA¥, VD B=—VtAY,
VYBD 3=y A=¢'4¥, VD Bp=—vidgp,
 VDBD = —¥1Big= - FBp)=(¥By).
Hence, using the relation stated above, (N. 6) is rewritten in the form
0 YAy ¥Bp gtAd
—¥iay 0 —¥idp  (¥Bp)
—¥Bp  ¥iA¢ 0 9TAg
_ —¢tA¥y —(¥Bp) —¢tAg o/,
i.e. PBP is an antisymmetric matrix, and the determinant is
| P||BI | Pl={(¥1A¥) (¢'49) — (¥B¢) (¥Bg) — (¥ 49) ($A¥)}". (N.12)
If we normalize B such that | B|=+1, from (N. 12), we have
| P|=(4A%) (¢t Ag)— (¥By) (¥Bp)— (¥1Ag) (pA¥) . (N.13)

(1) (N.8) and (N.11) were given in the previous paper (loc. cit.,, 182) and in’ Pauli’s
paper; Annales de VInstitut H. Poincaré 6 (1936), 121. And (N.9) is obtained by taking

the transposed matrix of the latter of (N.8), because of B=-B.

PBP=
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Substituting the relations (N.1) and (N. 3), i.e.
M=VtAv=0, ¢=w'n¥,
into (N. 13), we have |
| Pl=— (VT Aw'r ) (¥t AT rmd)
or | P|= —(w'up) (W™ ) .
So that | P| cannot vanish indentically so faf as
w3 0. Q. E. D.

Next we shall show that actually when M=N=0 the matrices
(3.11) cannot be the bases of 1-4 matrix; in this case the matrices
(8.11) are linearly dependent. For this, we have

Theorem :— When

M=0, N=0,

among the matﬁces I, r5¥, and DY, there exists the following relation :

rsv=a¥y+bD Y, (N. 14)
where a and b are certain scalars satisfying the relations
U= AU, , or=—bu,. (N. 15)

Proof. Expand the matrix 7:¥ by the bases (N.2), i.e.
rsv=a{+bD "+ cw'r b +dw'yr, D . (N. 16)

To determine a, b, ¢, and d, multiply (N.16) by the matrix ¥tA, then
we have
N=aM+b¥tAD W +cw'u, +diw' ytAr, D ; (N, 17)

but, because of AD'=Bt (by (N.10)), we have
VIAD F=FB¥)=0, VAnDF=¥intADF=F7B¥)=0,
hence, from (N. 17), using (N. 1) and (N. 4), we have
O=c; : (N. 18)

further, multiplying (N. 16) by \INrB and using (N.1) and (N, 18), we
have ' .
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0=byBD‘§+dw'¥Br,DF, (N.19)
but, because of BD'=4 (by (N.8)), we have
YBD ' F=4AF=vt4¥=0,
VB, D % =¥FBD F=4F AT =4t Ay =u,,
hence, from (N. 19), using (N. 4), it follows that |

0=d, (N. 20)
so that we have the form of (N. 14), i.e.
s =ay+bD . (N.21)

Multiplying (N. 21) by YAy, we have
wis=0ou,+b¥tAr, D,

from which, because of the relation YAy, D Y=Yty tAD Y=
iy, tBtd=0, it follows that
Up=aUy ,

from which @ is determined. Similarly, multiplying (N.21) by «Tan,
we have

VBrovb =b¥BrD T,
from which, in consequence of the relations
VBrose=—VCrirosv=—p,
and VYBrD ¥ =¥7BD F =47 AF=u,

it follows that
pi=—buy,
from which b is determined. Q. E. D.
From the theorem above, we have '
Theorem :—When M=N=0, there exist the relations

Up=0au;,  pr=—buy,
where a and b satisfy the following equation
—a?+bb=1. (N. 22)



Spinor Calculus II. 193

Proof. Proof of the first part of the theorem being the same as
in the preceding theorem, we shall only show that (N.22) holds good.
From (N.14) and (N. 15), we have

wrsv=w¥r— o, DY, (N. 23)

Multiplying (N. 23) by ¥tAr,rs, we have
— Uy =UssUps — P T Ay prs D7,
from which, because of
VA7, rsD™ N =Yy, trst AD W =ty trst Big =ty tCHE =5,
we have
— Uty =Uislps — P1Pp (N.24) -

Substituting (N. 15) into (N. 24), we have

— g, = QP — boUL,
or, in consequence of u;u,0,

1=bb—a2
So that the theorem is proved. (Q.E.D.)
This problem was discussed at a special Seminar of Geometry and

Theoretical Physics of the Hirosima University.

In conclusion, we wish to express our thanks to the Hattori-Hoko-
Kwai for financial support. .

Mathematical Institute, Hirosima University.
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