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§ 1. · Introduction. 

In Spinor Calculus,m published in August 1938, we constructed 

(y~) . 
from spinor v= *~ the quantities (vectors and tensors) invariant by 

spin transformations, and investigated their properties. In this paper 
we shall study other properties of spinors. . 

In part I, corresponding to the fact that any 4-4 matrix can be 
expanded in terms of sedenion, we consider the expansion of any 1-4 
matrix in terms of a certain definite set of bases, and by using this 
consideration, we shall obtain some relations between ,jr and the spin­
invariant quantities. 

In part II, introducing the covariant differentiation of spinor, we 
shall find the relations among the spin-invariant quantities when ,jr is 
the solution of the fundamental equation for ,jr. 

Part I. 

§ 2. Preparatory statements. 

As for the 4-4 matrices r. satisfying T<.Ti>=g,;;; (i, j=l, .•.. , 4), we 
obtained the following :<2> 

Theorem 1. The matrix A is determined uniquely, except for a 
real factor, EnWh that 

IAl:\=O, 

(1) T. Sibata; This Journal, 8 (1938), (W. G. No. 26), 169. 
(2) loc. cit., 170. 

(2.1) 

(2.2) 
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where r.t and At denote the conJugat.e transposed matrices of ri and 
A reS'f)ectively. 

In addition to ri (i = 1, .... , 4) if we take the fifth matrix r5 so that 

(i=l, .... , 4) 

r5r5=TJ, 
where TJ = 1 or = -1 according as I llii \ > 0 or < 0, we have 

r c1r µ) = g Aµ , I g Aµ I > o 
and Ar,= (Ar1)t O, µ= 1, .... , 5) 

(In general relativity, since \ gii \ < 0, TJ = -1). m 
By any spin-transformation: 

A is transformed as 
A'=StAS. 

Because of (2.7) and (2.8), the real quantities 

M=ytA,jr, N-vtAr6,jr, ui=ytAri't 

are invariant by the spin-transformations. 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

Theorem 2.<2> Except for a factor, there exists a matrix C uniqu,ely 
such that 

. ~ C c-1 ri= - ri (i=l, .... , 4) 

rs=Cr6c-1 

where Ti is the transposed matrix of r,; and the matrices 

(2.9) 

(2.10) 

C, Cr6, Crir6 (i= 1, .... , 4) (2.11) 

form the bases of any antisymmetric matrix, and 

Cri, Crc.rn= ! C(rirj-rjr.) (i,j=l, .... , 4) (2.12) 

form the bases of any symmetric matrix. 
Theorem 3_<3> When 4-4 matrice.<J r 1 (A.=l, .... , 5) satisfy the re­

lations rarµ)=g1µ (A, µ=l, .... , 5), there exists a matrix D such that 

(1) We take rs so that n=-1 throughout this paper. 
(2) loc. cit., 177. 
(3) loc. cit., 181. 
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0=1, .... ,5), 

where TA is the conjugate of r A and C = 1 or = -1 according as 
jgAµl>O or <O. 

By the spin-transformation (2.7), D is transformed as follows: 

D' = S'-1DS I or (D-1)' = s-1n-1s 1 

hence n-1:;i;., say IJJ', undergoes the same transformation: as ,jr, namely 

IJJ''=D'-lv' = s-11JJ'' 

where bar means the conjugate of the corresponding quantities. 

§ 3. Invariant bases of 1-4 matrix by spin-transformations. 

From the theory of sedenion,· we know that when 4-4 matrices rA 
(l=l, .... , 5) satisfy the relation rarµ>=gAµ, and the determinant jgAµI 
does not vanish identically, the 16 matrices 

I, rA, r[Arµ]=!<rArµ-rµrA> (l;µ=l, .... ,5) (3.1) 

form the bases of a hypercomplex number system, i. e. any 4-4 matrix 
is uniquely expressed by a linear combination of the matrices (3.1) in 
the form: 

(3.2) 

where A, AA, and AAµ, are scalar, vector, and tensor, respectively. 
Corresponding to this, as for 1-4 matrix, we have 

Theorem 4. If" a.,J, (, ar• any 1-4 matrices v=ffl (,=(~J 
satisfying 

(3.3) 

where C being a matrix defined liy (2.9), then the following 4 matrices 

(3.4) 

form the bases of 1-4 matrix; i.e. any 1-4 matrix 1. is uniquel,y ex­
pressed by a linear combination of the matrices (3.4) in the form : 

(3.5) 
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Proof. To prov.e the theorem it is enough to show that the deter­
minant of the matrix :m 

(3.6) 

does not vanish identically. 
The determinant of the matrix P is calculated as follows. From 

(3.6) we have 

therefore 

But, since C and Cr6 are both antisymmetric matrices, we have 

~Cy=O, 

~ 
¢C¢=0, 

and, from (2.10), we have 

similarly, 

~r6Cv=~Chv=O, 

¢r5C<p=O, 

(1) We define (-+', r,-+', I/>, r,1/>) and (1) by 

1/>r, 

(
-+'1 

(-+', r,'t, I/>, r,1/>) = ""• 
'ts 
,i,, 

(r,t)1 1/>1 
(rs"i'). 4>. 
(r.t)s 1/>s 
(r,'t), I/>, 
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Hence (3.7) becomes 

( 0 

0 ~C¢ i_qr,~] 
~ 0 0 icr5¢ -vC¢ 
PCP= ~ 

¢Cr5v ¢Cv. 0 0 

¢Cr5V -¢Cy 0 0 . 

Taking the determinant of the matrix above, we have 

Further, since, by the antisymmetrical property of C and Cr5, • 

(3.9) 
(3.8) becomes 

I Pl2 I Cl= {(-tC¢)2+(-tCr5¢)2}2. 

But since I Cl~ 0, I Pl does not vanish identically providing that 

Q.E.D. 

Next, we shall find the bases of 1-4 matrix constructed by only 
one given matrix, say 'Ir, instead of v and ¢ in theorem 4. · 

Theorem 5. If v is any 1-4 matrix satisfying 

(3.10) 
then 4 matrices 

(3.11) 

form the bases of 1-4 matrix. 
Proof. In theorem 4, if we take ¢ as ¢=D-1iji-, (3.4) becomes 

(3.11) and the left-hand side of (3.3) becomes 

(3.12) 

Therefore, (3.11) form the bases of 1-4 matrix so far as (3.12) does 
not vanish identically. But we can show that (3.12) is equivalent to 
the left-hand side of (3.10).m So that the theorem is proved. 

N. B. From theorem 5, we know that when at least one of the 
quantities M=vtAv and N ytAr5V does not vanish identically, any 

(1) See Note 1. 



170 T. Sibata. 

1-4 matrix is expressible by a linear combination of the matrices (3.11). 
But, in the case when both M and N vanish identically, (3.10) vanishes 
identically, and the theorem cannot be well applied. This case will be 
treated in another way in note 7 at the end of this paper. 

§ 4. The expansions of r,v and rc,r mJV in terms of 
the matrices (3.11). 

Theorem 6. When 
.M2+N2 =\=0, (4.1) 

riv and rczr mJV are expressible by a linear combination of the matrices 
(3.11) as follows: 

riv= .M2~ N2 [ { (Mui - Nulf,) + (Nui + Mul6)r5} v 

+Pi(N-Mr5}D-1v], 
} (4.2) 

rur m]V = _M2 ~ N2 [ { (Muim + Nuim5)-(MUzm5- Niizm) r5}V} 
(4.3) 

-{(Mpzm5-Npzm)+(MP1m+ Npzm5)r5} n-1,i;] 
where 

Uz = ,irt Arzv , Uz5 = ,irt Arir6V , U1m = ,irt Arczr m]V , Uzm5 = tt Arc1r m]T5'o/ , 

Pz = 'tCr1V , Pzm = tCrczr mJ'o/ , Ptm5 = ~Crc1r mJT6'o/ · 

Proof. According to theorem 5, riv may be expressed by a linear 
combination of the matrices (3.11) in the form: 

r~t=c1v+dzr5v+e1D-1v+ f1r~- 1,!i-. (4.4) 

In order to determine the actual values of ci, dz, ez, and fz, we use the 
following identities :m 

u'rzv=(M+Nr5)V, u!6rt't=(-N+Mr6)V, } (4_5) 
s1rzv=(-N+Mr5)D-1v, t1riv=i(-N+Mr5)D-1v, 

where s1 and ti are real and imaginary parts of pl, i. e. 

pl=s1+itl, 

(1) loc. cit., 173, 174, and 183. 

(4.6) 
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If w~ multiply (4.4) by u1, u!6, s1, and t1, respectively, and .contract 
them by the suffix l, we have 

(M + Nrs) ,jr=u1c1v+u1dzr5,jr+u1e1D-1f+u½ri;D-1,tr, 
(-N+ Mrs)v=ui5c1v+u!sdzrsv+u!5e1D-1y+u!Jiri;D-1,tr, 

(-N+ Mr5)n-1v=s1c1v+s1d1rsv +s1e1D-1v+s'f1rsD-1y, 
i(-N+Mrs)D-1v=t1czv+t1dzr5v+t1e1D-1f+t'f1r5D-1v. 

Comparing the coefficients of the bases in the equations above, we have 

M=u1c1, N=u1dz, O=u1e1, O~u½, } 
-N=u!se1, M=u!5d1, 0 =uisez, O=u!J1, 

(4.7) 
O=s1cz, O=s1d1, -N=s1e1 , M=s'f1 , 

O=t1c1, O=t1d1' -iN=tle1, iM=ffz•, 

But, on the other hand, if we put 

4 "tl , ;_l= 1, 

-vM2+N2' 

(4.8) 
a 
i(a=l, .... , 4) satisfy the relations0 ) 

(a, b = 1, .... , 4) . (4.9) 

Using (4.9), and solving c1, dz, e1, and Ji from (4.7), we have 

(1) loc. cit., 185. 
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1 [ . riv= M2+N2 {(Mui-NU1s)+(Nui+Mu15)r6},jr 

+(N-Mr5)p1D-1,Ji]. 
} (4.12) 

Thus the first part of · the theorem is proved. 
Next, in order to prove the second relation (4.3), we multiply (4.2) 

by the matrix rm and arrange it by the bases (3.11) and interchange· 
the suffixes l and m ; thus we have<I> 

[30 [12] [20 (23] 

rc1r mJ"lr=2{iAt-<m-:- -<1-<mr6} ,ir+ 2 {P1-<m-iA1Am) } 
[1 3] [1 4] ( 4·13) 

-(i,l1,lm- ,lt,lm) ro} n-1,v-. 
But, on the other hand, we know that<2> 

[1 2] [3 4] 

U1m=2 (-NJ.iJ.m+iMA1Am) 

and<3) 

Also, from (4.14) and (4.15), we have 

(4.14) 

(4.15) 

Therefore, using the relations (4.14)-(4.17), the equation (4.13) is written 
in the form (4.3). Q. E. D. 

§ 5. The expansion of 1-4 matrix in terms of 
the matrix 'ljr only. 

In § 3, we have seen that any 1-4 matrix is expressible by a linear 
combination of the matrices (3.11). But the matrices (3.11) are con­
structed by the two given matrices ,jr and ,Ji"-. Now we shall consider 
how to express a 1-4 matrix in terms of ,jr only, avoiding the incon­
venience of using y. 

(1) See Note 2. 
(2) loc. cit., 186. 
(3) See Note 3. 
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Theorem 7. When 
(5.1) 

any 1-4 matrix is expressible in a unique way by a linear combination 
of a set of the matrices 

y' T6V' rczr mJV ' (l, m = 1, .... ' 4) ' (5.2) 

or (Z=l, .... ,4), (5.3) 

the coefficients being all real (or all purely imaginary). 
Proof. Any 1-4 matrix is expressed in the form of 

(5.4) 

A, A6, and A1m being all real (or all purely imaginary). For, since any 
1-4 matrix is expressible in the form (by theorem 5) 

here it is enough to show that the real (or purely imaginary) quantities 
A, A5, and· A1m can be uniquely determined so as to satisfy 

But, on the other hand, if we put 

(5.7) 

from (4.13), we have 

A1mrzr mv= 2{ia34-a12rs}v+2{(a24-ia23)-(ia13-a14)r5}D-1v. (5.8) 

Substituting (5.8) into (5.6), and comparing the coefficients of the bases 
of the resulting equation, we have 

c=2ia34 +A, d= -2a12 +A5, . } 
(5.9) 

e=2(a24-ia2:1), · f= -2(ia13-a14), 
1 

But, when A1m are real (or purely imaginary), since J. 1 are real and 
"1 

J. 1 (w=2, 3, 4) are purely imaginary, it must follow that 

{ a1., (w=2, 3, 4) are purely imaginary (or real) 
awb (w, 8=2, 3, 4) are real (or purely imaginary). 
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Therefore, when c, d, e, and /, in (5.5), are given arbitrarily, from the 
relation (5.9), aab, A, and A5 are uniquely determined such that A1m, A, 
and A6 are all real (or all purely imaginary). So the first part of the 
theorem is proved. 

Next, we shall show that any 1-4 matrix is also expressed in the 
form: 

(5.10) 

A1 and A15 being real (or purely imaginary) vectors. Putting 

(5.11) 

and using the relation (4.11), we have 

(~1rz+ A15r1rs) v= ✓ M;+N2[ {M(a1+ /12)-N(a2-111)} ,jr 

+ {N(a1+/12)+ M(a2-111Hrsv 

+ {N( -ias+a4)+ M(i/33-f,4)} n-1v 
+ {M(ias-a4)+ N(i/3a-f34)} rsn-i:~]. 

Hence, if we suppose that a matrix (5.5) is expressed in the form 
(5.10), i. e. 

(c+dr5),jr+(e+ fr5)D-1t=(A1r1+A15r1rs)v, 

it must follow that 

c=-v' M:;+N.2 {(Ma1+Nf,1)+(-Na2+M[32)}, 

1 
d= -ii Mz+N2 {(Na1-M111)+(Ma2+ N/32)}, 

e= F l---2-{i(-Naa+M{1a)+(Na4-Mf,4)}, 
1 M+N 

1 . . 
f = ~J--~ "- = { i(Mas + Nf3a)- (Ma4 + N/34)} . 

V M2+N2 

(5.12) 

But, similarly as before, when A1 and A15 are all real (or purely 
imaginary), we see that 

{ 
ai, f,1 are real (or purely imaginary), 
aw, µ(JJ (w=2, 3, 4) are purely imaginary (or real). 

Hence, when c, d, e, and f, in (5.5), are given arbitrarily, because of 
the relation (5.12), aa and '1a, and thus A 1 and A16, are uniquely deter-



Spinor Calculus II. 176 

mined such that A1 and A15 are all real (or purely imaginary). So the 
last part of the theorem is proved. Q. E. D. 

N. B. If we use the relations (5.9) and (5.12), we can reduce a 
matrix of the form ~ ,fr to that of the form (5.5), ~ being any 4-4 
matrix. For, if we expand ~ in sedenion : 

~=Apqrprq+A%+A+A1r1+A15TzT5 (Apg= -Aqp), (5.13) 

from the equation 

we can determine c, d, e, and f, as follows : 
3 4 1 1 2 

c=A+2iApq.l.p.l.q+ ✓ M 2+N2 {(MAP+NAp5).l.p+(-NAP+MAp5).l..:11}, 

1 2 1 1 2 
d=A5 -2Apq.l.p.l.q+ V M2+N2 {(NAP-MAp5).l.p+(MAP+NAP5).l.p}, 

2 4 3 1 8 4 
e=2Apq.l.p(.l.q-i.l.q}+ ✓ 2 2 {i(NAP+MAp5).l.:11+(NA11 -MAp5).l.p}, 

M+N ' 
1 3 4 1 8 4 

f= -2Apq.l..p(i.l.q-Aq)+ ✓ M2+N2 {i(MAP+NAP5).l.p-(MA~+NA:i>5).l.p}, 

(5.15) 

Lastly, we shall examine the relations between the sets of A1m, A5, 

A and A1, A15 when they are given as the sets of the coefficients of the 
two kinds of expansion of the same 1-4 matrix. 

and 

ThElQrem 8. If 

(A1mrzrm+A6rs+A),fr 

(A1rz+ A15rzr5),fr 

(5.16) 

(5.17) 

are the two kinds of expanS'ion of the same 1-4 matrix, where A1m, A5, 

A, A1, and A15 are all real (or all purely imaginary), there hold the 
relations: 

1 • 1 

✓ M2+ N 2 Aim= {MAcz + NAci5}Am] _ _3,__ { -MAp5+ NAP}Ez,iipqA.q, } 
2 (~1~ 

1 ~~~ 1 
✓M2+N2 A=(MA1+NA15).l.1 , ✓M2+N2 A5=(NA1-MA15).l. 1 , 

or 
1 1 

1/ M 2+N2 A;= -2(MA!;+iNA *!;).l. 1+(MA+NA5).l.;, 
1 1 

✓M2+N2-A;6= -2(NA!;-iMA*!;).l..1+(NA-MA5)A.;. 
} (6.19) 
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Proof. Equating the right-hand side of (5.9) and (5;12), and 
solving A, A5, and aab .from the resulting equations, we have the relations 
(5.18). From (5.18), solving for A; and A/, we have (5.19). Q. E. D. 

and 

Similarly as before, we have 
Theorem 9. If 

(A1mrzrm+A6r5+A)y 

(Blmrirm + B5ro+ B) Y 

are the two kinds of expansion of the same 1-4 matrix where A 1m, A6, 

and A are all real and B 1m, B5, and B are all purely imaginary, then 
there hold the relations : 

Theorem 10. If 

are the two kinds of expansion of the same 1-4 matrix where A1, A15 

are all real and B1, B 15 are all purely imaginary, then there hol,d the 
relations: 

Combining theorems 8 and 10, we have 
Theorem 11. If 

(5.21) 

are the two kinds of expansion of the same 1-4 matrix where AM, An, 
and A are all real, and BP and BP5 are all purely imaginary, then 
there hold the relations : 
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- 12 43 34 

✓ M2+ N 2 Aim=[M{ -Bp5.A.pA.cz+iBP(ApAci-.A.pA.[z)} 

12 43 34 -1 
+ N {BPApAcz+iBp5(.A.pA[t- .A.pA.d }] Am] 

1 [4 3] 4 [2 4] 3 [2 3] 

-i[ -M {BP)pA.lAm+iBP5(.A.pAt.A.m-.A.pA.zA.m)} 

1[34] 4[24] 3[23] -

+ N {Bv5;.pAzAm+iBp5(.A.pAtAm-.A.pAtAm)}], 

-~-- 2 2 -=-=~~ 2 2 
✓M2+N2 A=MBp6.A.p-NBP.A.p, ✓M2+N2 A 5 =NBP5).p+MBP.A.p, 

(5.22) 

N. B. If we use theorems 7-11, we can reduce the matrix of the 
form ~V, where 

to the matrix of the form: 

(5.24) 

where Evq, E 5, and E are real and are determined in a unique way. 
The calculation, being easy but tedious, is omitted here. 

§ 6. The vector which satisfies the relation v'r AV= vy. 

As an application of the statements made above (§ 4-§ 5), when y 
is given we shall find the general form of the vector vA satisfying the 
relation 

(A= 1, .... , 5). (6.1) 

In the previous paper,<1> we saw that the vectors u' = yt Ar'v and 
p1 _ -tCr1y (A= 1, .... , 5 ; l = 1, .... , 4) satisfy the relations :<2> 

uAr,v=My, f'riv=O. (6.2) 

Therefore, vA=ii', v=M and v1=p', v5=v=O are two special solutions 
of (6.1) •. 

To obtain the general solution, using the relation (4.11), rewriting 
(6.1) as 

(1) Joe. cit., 174 and 180. 
(2) See Note 4. 
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vl [ 1 2 1 2 

✓ M 2+N2 ~(M~1-Nlz)+(NAz+~l1)r5}y } 

+(-i;.z+ A.z)(N-Mr5)D-1v]+~6r5,fr=vt, (6.3) 

(l-1, 2, 3, 4), 

and comparing the coefficients of the bases of (6.3), we have 

vl 1 2 vz 1 2 

V + V +N ~-0 
_/M2 N 2 (MAz-NAz)=v, _/M2 2 (N;.1+Ml1)+v5=0,} 

3 4 
v1(-iAz+l1)=0, 

which is reduced to 

vM2+N2 v1l,=vM-v5N, -VM2+N2 v1ii= -v5M-vN,) 
3 4 

v1(-iAz+lz)= 0. 
Putting 

(a=l, .... ,4), 
from ( 6.5), we have 

(6.5) 

(6.6) 

-vM2+N2 w1=vM-v5N, vM2+N2w2=-v6M-vN,} 
(6.7) 

-i-wa+w.=0; 
hence, (6.6) becomes 

3 4 

or, since -iilz+A.z= Y~~N2 , if we put w4=w, we have 

1 1 2 
v1=~== {(vM-v6N)A.l-(v5M+vNW+wp1} (6.9) 
✓~+N2 ' 

which is the general solution of (6.1), where v, v5, and w are regarded 
as arbitrary. 

In the special case in which vA and v are all real, since W1 is real 
and w., (w=2, 3, 4) are purely imaginary, from (6.7) we have 

✓M2+N2w1=vM-v5N, O=v6M+vN, w2=w3 =w,=O. (6.10) 

Therefore, it follows that 

v=,M, v5=-,N, v1=,u1 (l=l, .... ,4), (6.11) 
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where , is real but arbitrary, so that (6.11) is the general real solution 
of (6.1) . 

. Putting together the results obtained above, we have 
Theorem 12. When 

M2+N2 ~0, 

the general solution v1 of the equation 

(). = 1, .... , 5) 
is given by 

(6.12) 

1 1 2 
v1= 11 M 2+N2 {(vM-v5N)).l-(v5M+vN);.1+wp1}, (l=l, ..•. , 4) 

where v5, v, and w are arbitrary. And the general real solution is 
given by 

v•=,ytAr•v, v=,ytAy ().=1, ...• , 5) (6.13) 

where , is real but arbitrary. 
From theorem 12, we have 
Theorem 13. When 

M 2+N2~0; 

(i) in order that v• in the equation 

v'ri'ir=O 
may be real, it must be true that 

where , is real but arbitrary. 

().=l, .... , 5) 

(ii) in order that v1 and v in the equation 

V1TzY=Vy 

may be real, it must be true that 

(l=l, .... ,4)· 

v1=,ytAr1v, v=,ytAy, N=ytAr5y=0 

where , is real but arbitrary. 
(iii) a real solution v1 of the equation 

V1Tzv=O (l=l, .... ,4), 

(6.14) 

(6.15) 

(6.16) 

does not exist. But, if we pitt aside the condition that v1 be real, the 
general solution of (6.16) is given by . 
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where w is an arbitrary scalar. 
Lastly, we shall consider the converse problem: for given vA and 

v to find the solut-ion ,jr of the equation vAr ;.V = vt (..l. = 1, .... , 5). 
Rewriting vAr.1t=vt as 

P,jr=O, where P=vAr;.-v, (6.17) 

the necessary and sufficient condition for the existence of t satisfying 
(6.17) becomes that the determinant I Pl vanishes identically. I Pl can be 
calculated as follows : Take the matrix 

Q=v;.r;.+v. 
Then we have 

(6.18) 

But since the determinants of the matrices P and Q are equal,m from 
(6.18) we have 

So we have 
Theorem 14. The necessary and siifficient condition for the existence 

of ,jr satisfying the relation 

is that 

When IP I= 0, the number of independent solutions ,jr of vAr A°'f = vt 
is classified by the rank of P. That is to say, when the rank of P is 
equal to 3 or 2, the number of independent solutions ,jr of vAr;.t=v,jr 

(1) If we take Ti and Ts as in the previous paper (cf. Joe. cit., 172) 

,,{\ ~/ l· ,.-f-~' -,0J 
P and Q have the following forms respectively : 

I a x x l 
P= ~-: -p:- • 

X X b 

(
-b I X X l 

Q= ~--::!>_.1-~ 
X X -a 
x x , -a 

where a=-v+iv5, b=-v-iv', from which we see that 

I.Pl=IQJ. 
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is 1 or 2. But we see that when IP I = 0, the rank of P is, at most, 
2. For, since 

(v'r, +v) (v'r,-v) =(v'v, -v2) I 

and the determinant of P=v•r,-v is equal to ±(v'v,-v2) 2, every 
cofactor of the matrix v'r A - v is equal to every element of the matrix : 

±(vAv,-v2)(vAr, +v), 

which vanishes on the assumption. JPJ=O, or vAv,-v2=0; so that every 
cofactor of P must vanish, i. e. the rank of P is 2 at most. So we 
have 

Theorem 15. When 
v•v,=v2 

the number of independent solutions ,jr of 

v'r,,jr=v,jr 
is, at least, 2. 

Part II. 

In part I, we considered ,jr as arbitrary. Now we shall investigate 
what relations exist among ul, ul5 etc. when ,jr is a solution of the 
fundamental equation for 'ljr. For this purpose, first we shall find the 
covariant derivative of the matrices A, B, C, and D, defined in part I. 

§ 7. The covariant derivative of A, B, C, and D. 

We know that r.:S defined by rurk>=Yik satisfy the following relation; 

(7.1) 

Following Schrodinger and Pauli, we define the left-hand side of this 
equation as the covariant derivative of r; and denote it by PkTi i.e. 

. (7.2) 

• 
Corresponding to (7.2), we define the covariant derivative of 1-4 matrix 
,jr as follows 

(7.3) 
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As to the matrix A, Pauli has proved<n that 

oA -+Ark+ rktA=akA 
oJ!' 

where ak is a gradient vector. In a similar manner, we can prove that 

oB ~ 
oJ!' +Brk+ rkB=bkB 

oC ~ 
-k +crk+rkC=ckC ox 
oD -
oJ!' +nrk-rkD=dkD, 

where bk, ck and dk are certain gradient vectors. We call the expression 
of the left-hand side of the equations given above the covariant deri­
vative of A, B, C, and D, respectively, and denote them by rkA, rkB, 
rkc, and rkD, i.e., 

(7.4) 

(7.5) 

(7.6) 

(7.7) 

Since we can normalize A, B, C, and D, by taking suitable multipliers,, 
so that ak, bk, ck, and dk vanish, we have 

rkA=O, rkB=O, rkC=O, rkD=O. (7.8) 

Under such definitions of covariant derivatives of A, B; C, D, and 
y, we see<2> that the covariant differentiation of spinor, vector, and 
tensor, obeys the ordinary rule of differentiation; for instance, 

rk(,jrtArjv)=(rky)tAr/o/+vtAri'kY, } (7.9) 

rk(APr p'o/) = (rkAP)r PY+ Apr pVkir, 

where AP is any vector and rkAP denotes the covariant derivative of 
AP with respect of {Jk}• 

(1) Pauli, Ann. d. Physik, 18 (1933), 358, 359. 
(2) Cf. Joe. cit., 358. 
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§ 8. The conditions for integrability of the 
fundamental equation for ,fr. 
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In wave geometry, using the notation (7.3), we know that<0 the 
general fundamental equation for ,fr has the form 

(8.1) 
where 

~k=Ai.Wrpra+A1c+Ai.6r5+Ai!rp+Ai!5rpT5 (Aitq= -Ai.,qp). (8.2) 

Now, making use of the fact that the covariant differentiation of 
spinor, vector, and tensor, obeys the ordinary rule of differentiation, we 
can obtain the condition for integrability of (8.1). Operating P3 on both 
sides of (8.1), we have 

PcP1cJV=(Pu~1cJ+ ~ck~iJ) ,Jr. (8.3) 

But, because of (8.2), we have 

Pu~1cJ=PuAi.,~qT prq+PuA1cJ+PuAi.:~r5+Pc;Ai!1r p+PuAi.:~5r vT5, (8.4) 

~~n= Ai:fl A;-5sr prqr rTs+ Ai:£qA;-3r prqr r+ Ai:f'A;fr pr qr rT5 
+ AJA;,fr5r p + Ai:iA;-3'5r p 
+ Ai:£A;1rr PT qr r + Ai:tA;~ pT5 + Ai:£A;1r PT q + Ai-£A;15r pr qT5 
+ Ai:r A;jr pT5r qr r-Ai:r A;~r p + Ai:r A;~r pTsT q + Ai:f A;fr PT q 

= 4A~1 A;Jiqr pr q + 4Ai:fl Aj]qr p + 4Ai:£q A;itr pT5+ Aci!5 A;fr pr q 

- 2Ai:%A;-3'r pT5 + 2A11A;f5r p + Ai:£A;:Yr pr q+ 2Ai:£A;1q5gpqr5 ' 

Pc.f'kJifr= ! K;;rrprqv. (8.6) 

Substituting (8.4)-(8.6) into (8.3), (8.3) is reduced to the form 

where 

ppq = ! K;.r + A[/? A;1 + Acicp5 A,;15 + PuAicf<l + 4Acicpl A,;]iq ' 

P =PuA1cJ, P5=PuAic3+2AcicP A;15gpq, (8.8) 
PP =PuAic3'+2Acic5A,;f5+4AcicP(lA;]q, 
Pp(,= PuAicf5-2Acic5 A;-3' + 4Acicpq A;i,5. 

(8.5) 

(1) When we consider the most general tra:llsformation and parallel displacement 
which make dxiri'i"=O invariant, the fundamental equation for '+' becomes (8.1). 

(2) See Note 5. 
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So that the condition for integrability of (8.1) is given by (8.7) together 
with (8.8). 

§ 9. The differential equations for Ui, Ujs, etc., when 
y is a solution of the fundamental equation. 

We shall obtain the differential equations for Uj, ui5, etc., when v 
is the solution of (8.1). From (8.1), we have 

(9.1) 
But since 

~kt= A,rrir pt+ Airi+ Ak+ Aklrzt+ _Akl5rhit' (9.2) 

it follows that 

~kt A= A (Akpqrqr p + Ak5r5 + Ak + Ai!r1 + Ak15rsrt> . (9.3) 

Substituting this equation into (9.1), we have 

rkui=vtA {(Akpqrqrp+ Ak5r5+ Ak+ A;/r1+ Ak15rsr1)rj } 
+rj(Akpqr prq+ Ak5rs+ Ak+ A,;1r1+ A,;15rzrs)} 'o/, 

Separating A,;P"" etc. into real and imaginary parts, i.e. 

Akpq=akpq+ib,?q, A,;5=a,;5+ibk5 , Ak=ak+ibk, 

A,;1=ak1+ib,;1' Ak15=a,;l5+ibk1s' 

(9.4) becomes as follows : 

(9.4) 

17kui=4a,;/uq+2akui+2(akiM+a,;j5N) } 
(9.5) 

+ 2i(b,;P<Juipq + b,;5ujs + b,;1ui1 + b,;15itj15) , 

which is the differential equation for ui=vtAriV when y is the solu• 
tion of (8.1). Similarly, we have 

17kU3a=4a,;/uq5+2akui5-2a,;1uils+2a,;15ui1 
+2i(b,;pqujpq5-b,;5ui-bkiN+b;.;/M), 

17kpj=4A,;/pq+2Akpj+2A,;Ppjp+2A,;p5pjp5' 

17kM =2(ib,;PQupq+akM +a,;5N+a,;1u1+ib,;15u1s), 

} (9.6) 

(9.7) 

(9.8) 

17kN=2(ib,;pqupq5+akN-a,;5M-ib,;1ul5+a,;15u1). (9.9) 

But, on the other hand, vle saw thatm the determination of y in 

(1) T. Sibata; This Journal, 8 (1938), 186. 
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spin space is equivalent to that of Uj, ui6, Pi, M, and N, in vector space. 
So we have the result: the fundamental equation for ,jr (9.1) can be 
replaced by the equations (9.5)-(9.9). 

§ 10. Simplification of the form of the fundamental 
equation for y. 

Theorem. Assuming that M2+ N2 ~ 0 the general fundamental 
equation for ,jr 

• (10.1) 

where ::Sk is any 4-4 matrix, can be reduced to the form: 

(10.2) 

where Akpq are all real, in which case M and N are constant. 
Proof. By theorem 7, when M2+N2 ~0, the equation (10.1) is 

reduced to the form : 

where Akpq, A,;5, and Ak are real and are determined in a unique way. 
Then, by (8.7) and (8.8), the condition for integrability of (10.3) becomes 

{( ! Kkr+11uAk~q+4Ai/4'1A;Jiq)rprq+l1uAk~r6+11uAkJ}v=O. 

But as the coefficients of rcprqJ'o/, r5V, and y, of the equation above 
are real, by theorem 7 it must follow that 

(10.5) 

From (10.5), Ak and Ai5 must be gradient vectors, i. e. 

where a and b are any scalars. If we putm 

(1) See Note 6. 
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(10.3) becomes 
r k v' = A,?qr pr q v'. 

Replacing y' by t, we have 

rkt=Ai.Wrprqv, 
the condition for integrability being given by (10.4). 

Further, from (9.8) and (9.9) we have 

17,.N=0. 

So the theorem is proved. 
When the fundamental equation (10.1) is reduced to (10.2), because 

of M 2+.N2=constant, (9.6)-(9.9) become 
a a 

l7kA;=4Akii.:l1 (a=l, .... , 4), PkM=0., rkN=0, (10.7) 
a 

where ).;s are defined by the equation (4.8). So, taking account of the 
result in § 9, we are led to the conclusion that the wave geometry 
characterized by y and the differential equation for y can be repl,aced 
by the "geometry of vectors" satisfying the relation (10.7). 

Note 1. 
Since 

we have 

hence 

Notes. 

D=A.-1B (loc. cit., 182), where B= -Cr5, 

n-1=B-1A= -ri1c-1:X. 

= -11r5c-1A (because of T5T5= 11), 

cn-1= -111\A. 
Therefore, the first term of (3.12) is rewritten as 

~cn-1v= -17~r5Av 
= - 17yt Ar5V (by transposing) , 

and the second term is rewritten as 

~Cr5n-1v=~75CD-1y (since %=Cr6c-1) 

= -17~7575.Ay (by (*)) 

= -~Av (since f575=11> 

= - tt At , (by transposing) 
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Note 2. 
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In the calculation we need the expansion of riD-1v. For this, 
since fi=DriD-1, we have 

r1D-1v=D-1r1v, 

or, substituting the conjugate of (4.2) into the above and using the 
relation: 

DD= -I, or D= -n-1 , (loc. cit., 183), 
we have 

riD-1v= 2 1 
2 [{(Mui+Nu15)+(Nui-MU15)r5}D-1v 

M+N 

-MN-Mr5)v]. 
Then, (4.13) follows from (4.2). 

Note 3 • 

. The relation (4.15) can be obtained in the same way as (4.14); 

putting 

from the relations 

and 

ukpkj=itk~Cr[krj]v=uk~C(gkj-r;rk)V 

==·~Mp;' (because 'tCv=O, 'tCr;r5y=O), 

ukpkj* = ! uk-tCek;pqrprqv=iuk'tCr6r[kr1JY 

= iuk~Cr5(gki-rirk)V = -i"tCr5r;(M+ Nr5)y 

·=-iNp;, 

it must follow that 

and 

or 
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i.e. 

and 

T. Sibata. 

ft2=0, f13=iM, f14= -M 

f34=0, f.i2= -N, J,;a= -iN. 
a b 

So that, substituting the values of lab into the expansion Pim= f abli'Am, 

[1 3] [1 4J [2 4] [2 3] 

we have Pim= 2M(ililm - lilm)+ 2N(Azlm-ililm) . 

Note 4. 
As the generalized equation of ( 6.2), we have obtained the equation 

(¢r'v)r,,jr=(¢,jr),jr' (*) 

where ¢ is any 4-1 matrix ¢-( ¢1, ¢2, ¢3, ¢4) (cf. loc. cit., 17 4). We can 
see that, if we take ¢ suitably, v' = ¢r'v and v = ¢,jr may give the 
general solution of (6.1). However, in this section, we are looking for 
the solution of (6.1) in terms of v only, avoiding the complication of 

using v and </J. (Xi) 
If we put <j;=XC, where X ,,is a certain 1-4 matrix x= ~: , the 

relation ( *) becomes 

(l=l, .•.. , 5) 

which is a spin-invariant. Corresponding to the relation above, we can 
also prove the following identity: 

(l=l, .... , 4) 

Note 5. 
The relation (8.6) is obtained from the identity (7.2). For, from 

(7.3), we have 

but, on the other hand, from the condition for integrability of the 
relation: 

we have 

0r} = hUr1 + rkrh -rhrk , ox 

- 0;:jk +rurk]= ~ Kjicpqrvrq 
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where Kji,N is the curvature tensor : Kjkp q = 2(8 ::tJ -{,i}{ IP7kJ} ), so 

that (8.6) is obtained. (Cf. E. Schrodinger; Berl. Ber. (1932), 105). 

Note 6. 
When y and y are related by (10.6), among the spin-invariant 

quantities constructed from v and v' the following relations hold 
good: 

M =e2a(cos 2bM' +sin 2bN) 

N = e2"( cos 2bN' - sin 2bM') . 

Note 7. 
In the case when 

(N.1) 

we shall find the bases of any 1-4 matrix in terms of y. For this, we have 
Theorem :-When M = 0, the matrices 

where 

v, n-1,ir, <P, n-1¢, 

¢>=w1rzV, 

form the bases of 1-4 matrix so far as 

w1uz~O, 

where 

(N. 2) 

(N. 3) 

(N. 4) 

N. B. If v ~ 0, there exists a vector w1 satisfying w.,,uz ~ 0. For 
u1 cannot be zero when, and only when, v ~ 0, so we can take 
w1 such that w1uz ~ 0. 

Proof. To prove the theorem it is sufficient to show that the 
determinant of the matrix 

(N. 5) 

does not vanish identically, the determinant \ Pl being calculated as 
follows. Take a matrix B satisfying TA=Br,B-1• Then, in consequence 

~ (""'tl-1
] of P= [ .• we have 

¢tD-1 
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i-BD-1v 
,irti5-1Bn-1v 

¢BD-1v 
¢Ji5-1Bn-1v 

i'B¢ 
yt.D-1B¢ 

<PB¢ 
¢JD-1B¢ 

But B ~nd D have the following properties<0 

and 

because of 

B=-B, 

D=A.-1B, or n-1=B-1A., 
i5-1B= -A, 

i5-1sn-1= -AD-1= -AB-1.A= -Bt 

AB-1.A=Bt. 

Therefore, from (N. 7)-(N. 11), it follows that 

"tB,Jr=O, ¢B¢=0, 

' 

(N. 7) 

(N. 8) 

(N. 9) 

(N.10) 

(N.11) 

,i,t.fi-1sn-1v= -vtBtv= -(i'Bv)=o, 9ti5-1sv-1¢=0, 

i'Bn-1t=~Av=vtA,ir, ,irtn-1s,ir= -,irtA,ir, 

i'BD-1¢'=f A¢=q>tA,Jr, yti5-1B¢= -,JrtA¢, 

,i,tn-1Bn-1¢'= -ytBt¢= -(i-B¢)=(~B¢). 

Hence, using the relation stated above, (N. 6) is rewritten in the form 

( 

0 ytA,Jr 

~ -ytAy 0 
PBP= ~ 

-'ljrB¢ ytA¢ 

-¢tAy -(i-B¢) 

~ ,jrB¢ 

-ytA¢ 

0 

-¢tA¢ 

i.e. PBP is an antisymmetric matrix, and the determinant is 

IPI IB\ I Pl={(ytAy)(¢tA¢)-(~B¢)(~B¢)-(ytA¢,)(¢tAy)}2• (N.12) 

If we normalize B such that I Bl= ±1, from (N.12), we have 

IP\=(ytA,Jr)(¢tA¢,)-(fB<P)(fB¢)-(ytA¢)(¢tA,Jr). (N.13) 

(1) (N. 8) and (N. 11) were given in the previous paper (loc. cit., 182) and in Pauli's 
paper; Annales de l'Institut H. Poincare 6 (1936), 121. And (N. 9) is obtained by taking 

the transposed matrix of the latter of (N.8), because of B=-B. 
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Substituting the relations (N.1) and (N. 3), i.e . 

. M=vtAy=O, 

into (N. 13), we have 

!Pl= -(ytAw1ri'lfr)(ytAwmrmv), 

or 

So that I PI cannot vanish indentically so far as 

w1ul=¾=O. 

191 

Q. E.D. 

Next we shall show that actually when M = N = 0 the matrices 
(3.11) cannot be the bases of 1-4 matrix; in this case the matrices 
(3.11) are linearly dependent. For this, we have 

Theorem :-When 
M=O, N=O, 

among the matrices y, r5y, and v-1v, there exists the following rel,ation: 

(N.14) 

where a and b are cerf,ain scal,a,rs satisfying the rel,a,tions 

(N.15) . 

Proof. Expand the matrix r5y by the bases (N.2), i. e. 

(N.16) 

To determine a, b, c, and d, multiply (N.16) by the matrix ytA, then 
we have 

N=aM+bytAn-1v+cw1ui+dw1ytAr1D-1v; (N. 17) 

but, because of AD-1=Bt (by (N.10)), we have 

ytAn-1v=(~Bt)=O, ytAr1D-1v=ttr/AD-1v=(~r1Bt)=O, 

hence, from (N. 17), using (N. 1) and (N. 4), we have 

O=c; (N.18) 

further, multiplying (N.16) by -tB and using (N. 1) and (N, 18), we 
have 
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O=btBD-1v+dw1tBrzD-1v, 

but, because of BD-1=A (by (N. 8)), we have 

-tBn-1v=~Ay=,jrtA,jr=O, 

~Br1D-1v= 'tr1BD-1v='tr1Av= ,jrtAriv=uz, 

hence, from (N.19), using (N. 4), it follows that 

O=d, 

so that we. have the form of (N. 14), i. e. 

r5,jr=a,jr+bD-1,tr. 

Multiplying (N. 21) by ytArz, we have 

Uz5=aui+b,jrtAr1n-1v, · 

(N.19) 

(N. 20) 

(N. 21) 

from which, because of the relation ,jrtAr1n-1v=vtr1tAD-1i]r= 
vtr1tBtf=O, it follows that 

from which a is determined. Similarly, multiplying (N. 21) by -tBrz, 
we have 

from which, in consequence of the relations 

and 

~Brzr5'1jr= --tCrorirsv= -pl, 

-tBr1D-1v="tr1BD-1v="tr1Av=u1, 

it follows that 
Pi= -buz, 

from which b is determined. 
From the theorem above, we have 
Theorem :-When M = N = 0, there exist the relations 

Pi= -buz, 

where a and b satisfy the following equation 

-a2+bb=l. 

Q.E.D. 

(N. 22) 
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Proof. Proof of the first part of the theorem being the same as 
in the preceding theorem, we shall only show that (N. 22) holds good. 
From (N. 14) and (N. 15), we have 

UiT5'o/=Uz5V-PiD-Lilr. 

Multiplying (N. 23) by ytAr pr5, we have 

-UtUp=Uz5Up5-pzytArpr5D-1,!r, 

from which, because of 

we have 

Substituting (N. 15) into (N. 24), we have 

or, in consequence of uiup =¾= 0, 

l=bb-a2• 

So that the theorem is proved. 

(N. 23) 

(N. 24) 

(Q. E. D.) 

This problem was discussed at a special Seminar of Geometry and 
Theoretical Physics of the Hirosima University. 

In conclusion, we wish to express our thanks to the Hattori-H6k6-
K wai for financial support. 

Mathematical Institute, Hirosima University. 
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