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G. Birkhoff® has proved that if in a lattice L a dimension function
is defined, then L is a modular lattice. And J.v. Neumann® says that
if in a complemented continuous lattice L a unique dimension funection
which has some particular properties is defined, then L is a continuous
geometry. These are remarkable facts, which show that the dimension
function restricts the structure of the lattice.

In the present paper I investigate this problem in a general way.
Let L be a lattice, and a real valued function ¢(a) be defined for all
aeL; thus we may say that ¢(a) is a lattice function. The properties
of this lattice function ¢(a) may be given in the following way :

(i) ¢(a) is additive when

¢lawb)+glanb)=¢(a)+¢(b).

(ii) ¢(a) is completely additive when
#(S(:;i=1,2,....)) =SI¢(a)

for any independent system (a;;7=1,2,....).
(iii) ¢(a) is non-decreasing when

a<<b implies ¢(a) < ¢(d).
(iv) ¢(a) is increasing when
a<<b implies ¢(a)<<g(b).

I first investigate the relations between the increasing and the
non-decreasing properties of the additive function ¢(a) and the struec-

(1) G. Birkhoff [1], 744. The numbers in square brackets refer to the list given
at the end of this paper.
(2) J.v. Neumann [1], 99.
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ture of L. If ¢(a) is increasing, then L is modular, and L is a metric
space with respect to the distance d&(a, b)=¢(a\wb)—¢(a~b). When
¢(a) is non-decreasing, I consider the system of equivalence classes.
When é(a, b)=0, we write a=b, and denote by A, the class of all elements
2 such that x=a. Then the system (4.;aelL) is a modular lattice in
which an increasing additive lattice function is defined.

Next I investigate the relation between the complete additivity of
the lattice function and the structure of the lattice. The following
properties of the lattice:

;b i=1,2,....)=I(;;1=1,2,....)uUb
when a;=a;>---->a;=>----

and SHainb;i=1,2,...)=)a;;i=1,2,....)~b
when << L, < e

are closely connected with the complete additivity of the lattice funection,

Lastly I investigate the relation between the completeness of L
with respect to the metric é(a, b)=¢(a wb)—¢(ab) and the structure
of L. If L is an irreducible complemented ¥®;-lattice, then L is a con-
tinuous geometry when, and only when, L is complete with respect to
the metric o(a, b).

1. First I shall give axioms and definitions concerning the lattice.”

Let a class L of elements a,b,¢,.... be partially ordered, that is,
a relation a<<b (written equivalently b>a) holds good for certain pairs
of elements of L in such a way that

(I) Never is a<<a;

(1) a<<b, b<<c together imply a<<c.
We write a<b when a<<b or a=b.

If X is a (finite or infinite) cardinal number, then we say that L
is an N-lattice if the following axiom holds good :

(II) For every set SSL of power <<X there is an element
>3(S) in L which is a least upper bound or join of S, i.e.

(a) 3(S)=a for every aesS,

(b) x=a for every aeS implies =>>1(S).

(1) For details, cf. J. v. Neumann [1], 94-96; [3], 1-3; [5], 5-6.
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(II;) For every set S L of power <<X there is an element II(S)
in L which is a greatest lower bound or meet of S, i.e.

(a) 11(S)<Za for every aeS,

(b) x=<a for every aeS implies x < II(S).

When S=(a,d), we write 21(S)=a b, I(S)=anb. If X>
power of L, then the N-lattice is called a.continuous. lattice.

In an ®,-lattice L, we can introduce a limit of the sequence (a;;
1=1,2,....) as follows:

Lima;=11(S(a:;; i=p, p+1,....); p=12,....),

Lj_m_ai=2(ﬂ(ai; i=p,p+1,...); p=12,... ) .
1>
Of course, Lim a;=Lima; .

If Lima,=Lima;=a, then we say that (a;;7=1,2,....) converges to
1> t->o0
a, and we write
Lima;=a.

Especially if a;,=2a,=>----=a;=----, then
Lima;=1(a;;1=1,2,....),

and if 6, <@, < -Za;<----, then
Lim a;,=>)(a;;1=1.2,....).
If an N-lattice L satisfies the following axiom, then we say that
L is a complemented X-lattice.

(III) For any three elements a,b,c¢, such that a <b<c¢, there
exists an element 2 such that

buzx=c, bnr=a.

If an X-lattice L satisfies the following axiom, then we say that
L is a modular R-lattice.

(Iv) a<Zc implies (aubnc=au(bnc).
In an N-lattice L, if there exist elements 0 and 1 such that

0<a<1 for all aelL,
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then we call 0 and 1 zero and wunit elements respectively. In a con-
tinuous lattice the zero and unit elements always exist, i.e.

0=1(L), 1=3i(L).

In a complemented R-lattice with the zero element, the element
which satisfies
avwzr=b, amnz=0,

is called the inverse of a in b. Especially when b=1, x is called the
tnverse of a.

If an R-lattice L with zero and unit elements satisfies the follow-
ing axiom, then we say that L is an irreducible X-lattice.

(V) If a has a unique inverse, then @ is either 0 or 1.

In an N-lattice Z with the zero element, let (a,; s€) be a subset
of L of power <®X. If

Sias; 0eJ)N3(a,; 0e K)=0
for every pair of non-intersecting subsets J, K, of I, then we say that

(a,; oel) is independent, and we write (a,;0el) L.

2. If to any element a of an R-lattice L there corresbonds a real
number ¢(a), then we call ¢(a) a lattice function.
If ¢(a) satisfies the following relation .

$(a v b)+plab)=g(a)+¢(0),
then we say that ¢(a) is additive.
If a<<c implies ¢(a)Zole),
then we say that ¢(a) is non-decreasing ; and if
a<<c implies ¢(a)<<¢lc),
then we say that ¢(a) is increasing.

THEOREM 2:1. If an increasing additive function ¢(a) is defined
n an Rg-lattice L, then L is modular.
ProOOF. When a<e¢, it is evident that

(aub)ne=avu(bne).

(1) This proof is due to G. Birkhoff [1], 744,
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Now, ¢ll@wb)ncl=glawd)+d(c)—glaburc)
=9(@)+9(6)— glanb)+9(0)— p(b )
=ga)—ganbFpbne) > (*F¢> azane)
=ga)—glan (b )]+ pbne)=¢glawbno)l.
Hence, by the increasing property of ¢(a), we have
(aub)r\c=au(b\xc).

LEMMA 2:1. When a non-decreasing additive function ¢(a) is de-
fined in an Relattice L, put 6(a, b)=¢(a b)—¢la ~b). Then

da, ¢) < o(a, b)+o(b, ¢) .
PROOF. o(a, b)+a(b, c)—d(a, ¢)
=¢(awb)—planb)+olbuc)—p(bc)
—dlawc)+olanc)
=2{g(b)+pla nc)—planb)— (b )}
=2{glbu@nal—glenb)wbngl} 20
for bulanc)=@nb)ubne).

THEOREM 2-2. If an tncreasing additive function ¢(a) is defined
in an No-lattice L, then L is a metric space with the distance d(a, b). P
PrOOF. By the definition of d(a,b) we have

(1) a(a, b)=4(b, a) ;
and by the increasing property of ¢(a) we have

(ii) o{a,b)=0 when, and only when, a=b;
and by Lemma 21 we have

(i) é(a, ¢) = o(a, b)+d(b, c) .
Hence o(a, b) defines a metric in L.

Theorems 2-1 and 2-2 show that when ¢(a) is increasing, then L

(1) J.v. Neumann introduced the metric d(a, b)=D(a « b)—D{a ~ b) into continuous
geometry. (Cf. J.v. Neumann [2], 106.)
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is modular and metric. In the next section I shall investigate the case
where ¢(a) is non-decreasing.

3. Let L be a complemented XN,-lattice with the zero element.
In L a mnon-decreasing additive function ¢(a) is defined.® When
a(a, b)=0, we write a=b.

LEMMA 3-1. The relation = is reflexive, symmetric, and transitive,
ProOOF. By definition, = is reflexive and symmetric. By Lemma

2.1, if a=b, b=c, then a=c; that is, = is transitive.
LEMMA 3-2. a=b when, and only when, ¢(a)=¢(b)=¢(a b)=
$lab). '

ProOF. Assume that a=b. Then ¢(ab)=¢(anb). Since
avwb=a=anb, we have ¢g(a Ub) = ¢(a) = ¢(a~b). Hence glab)=
¢la)=¢(ab). Similarly for ¢(b). The converse assertion is evident
from the def‘mition of d(a, b). '

LEMMA 3:3. a=b when, and only when, there exist u, v such that
avu=buv and ¢(u)=g¢(v)=¢().
Proor. Sufficiency.

dawu, a)=glawu)—¢la)=gu)—glau).

Since 0<anuZlu and ¢0)glamu) < d(u),
we have $0)=gla~u)=¢(u).
Hence dlavwu,a)=0, thatis auwu=a.

—

Similarly =~ bwov=b. Hence, by Lemma 31, a=b.

Necessity. Assume that a=b, and let » be an inverse of a in
awb, that is,
avu=aub, anu=0.

Then ¢laub)=g(a)+ ¢(u) — ¢(0) .

Since, by Lemma 32, ¢(awb)=¢(a), we have ¢(u)=¢(0). Similarly
there exists v such that a wv=aub and ¢(v)=¢(0).

LEMMA 34. If a=b, a,=b;, then avau,=bub, ana,=bNb,.

1) In thié case, YWa)=9(a)—¢(0) is also a non-decreasing additive function wifh
the properties: (0)=0, ¥(a) =0 for all ae L. We may use Y{(a) instead of ¢(a).
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Proor. By Lemma 38-3, there exist u, v, u;, v, such¥ that a wu=
b, ayu=by vy, and g(u)=p(v)=p(u)=@(v))=¢(0). Then
uﬁg;)ﬁ’-é’ ST
avva VU IU=bubr v,
TANARER 1S
Since ¢(u L) = ¢(u)+ P(ur) —plu ~u) =(0), and similarly ¢p(v o v)=
=¢(0), by Lemma 3-3 we have

avy=bub;.
Next, anaZ(@vu)n(aou).
And  g{(a v u)N(a U u)} = plawu)+planu) —g{laa) U (wou)}

=(a)+ (@) — pla L a) = plaay) .

Hence ana=avu)nauy,).
Similarly bAb=buv)nbiuy).
Consequently dma,sbr\b, . 2

‘rLet A, denote the class of all elements 2 such that x=a, and let
€ denote the class of all A,, ae L. Then, by Lemma 3-1, the system
(A,; aelL) is a mutually exclusive and exhaustive partition of L into
subclasses.® We denote the elements of € by 4, B,C,.... and give
the order of elements in £ as follows: A < B means the existence of
aecd, beB with a<b. A<B means ASB, A>XB.

Since ¢(a) is unique for every a e A, we denote this value by ¢(A).
If A<B, then ¢(A)<<¢(B). That is, ¢(A) is an increasing function 3

- defined in 2.

LEMMA 3-5. When AXB, for every aecA, beB, there exists u
such that a <buLu, ¢(u)=¢(0) and b ueB.

ProoF. Since A< B, there exist a;€ 4, bje B such that a; <b,.
Since a=a;, b=b,, by Lemma 3-3 there exist u;, Uz, vy, v3, such that *

AUM=aIU, bUV=bUvs, @(ur) = p(ug) = ¢(v)) = ¢(ve) = $(0) .
Put w=v,Uus since ¢(v;\Uu)=¢(0), b u belongs to B and

el VU ShuwbunUm=buu.

(1) J.v. Neumann has investigated similar partitions when L is a Boolean algebra.
(Cf. J.v. Neumann [5], 10.)
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THEOREM 3-1. If L is a complemented Xy -lattice with the zero
element and ¢(a) is a mon-decreasing additive function defined in L,
then 8=(A4,; aelL) is a complemented Ro-lattice with the zero element,
and ¢(A4) is an increasing additive function defined in L.

Proor. (i) Since A<<A is impossible, by the definition of <<, we
need only prove that the relation << is transitive. Let A<<B, B<C;
then A < B, B C. Hence, by Lemma 3-5, there exist ae 4, be B, ceC,
such that a <b, b<c. Hence a<c. Therefore A C. Since ¢(A)<<
¢(B) < ¢(C), we have A<<C.

(ii) Let A and B be any two elements in £, with ae 4, beB
such that 4=A4,, B=A4,;. Then

Aamb g Aa ’ Aar\b g Ab .

Suppose now that C< A4,, C< A4;,. Andlet ceC. Then, by Lemma 3-5,
there exist ay, b;, such that

cZay, c<h and u=a, bi=b.
Then ¢<a,Nb;, and, by Lemma 34, a;nb=anb. Hence C< Ayns.
Consequently A, NAy=A. 7 @)
Next, A<Aas, AZAuy.

Suppose that 4,<C, 4,<C. And let ceC. Then, by Lemma 35,
there exist «, v, such that a<cuu, b=cuv and ¢(u)=g¢[®)=¢(0).
Put ¢;=cuuuv; then a<¢;, b=c,; and since ¢(uv)=¢(0), ¢; be-
longs to C. Hence aLb<c¢, and A4, ;< C.

Consequently we have A, VA=A0 . (2)

Thus & is an ¥,-lattice.
(i} In &, A, is the zero element. Let A, B,C, be any elements
in € such that ASB<ZC. Then, by Lemma 35, there exist a,b,c,
such that A=A4,, B=4;, C=4,, and a <b=Zc. Let x be an element
such that
buzxz=c, bNnx=a.

()
Then, by (1) and &), A,ud.=A4., A,NA,=A,.

Hence £ is complemented.
(iv) The increasing property of ¢(A) follows from the definition.
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of ¢(A). Next, let 4, B be any two elements in £, and let A=A4,,
B=A;. Then, by (1) and (2),

HAU B)+$(A A B)=$(Agup) + $(Aans) = Pla U b)+ pla ~b)
= ¢(a)+ ¢(b) = $(AL) + #(By) = p(A) + ¢(B) .
Hence ¢(A) is additive.

From Theorem 3-1, when L is an Nglattice with a non-decreasing
additive function, we can convert L into an X -lattice & with an increasing
additive function. From Theorem 2-1 and 2-2, & is modular and metric.
But especially when L is distributive, that is,

an(duc)=(@@nd)ulanc),

then ¢ is also distributive.’ For, let A=Aa, B=4,, C=A.. Thén,

by (i) and (22),
iy -
AN (Ab v Ac) =A4,N Abuc = Aar\(buc) = A(anb)u(anc) =AU Agne

=A.NA4)U(A4,NA).

4. Let L be an ¥;lattice with the zero element, and ¢(d) a
lattice function defined in L. If, for every finite or infinite independent
system (a;; ©1=1,2,....),

$(S(ai12,...0) =3¢, | &)

then we say that ¢(a) is completely additive.

THEOREM 4-1. Let a lattice function ¢(a) be defined in a comple-
mented R;-lattice L with the zero element. Then the following condi~
tions (a) and (B) are equivalent.

(a) ¢(a) s completely additive.

(B) ¢(a) is additive, that is ¢(aub)+¢(ar\b) ¢(a)+¢(b), and.?

#(0)=0, and ¢(L1m a;)= hm Ha) when ;<< - L <eeen
Proor. (i) First assume that («) holds good. Since (a,0)-L,

we have #(a)=g(a L 0)=g¢(a)+ $(0) .

Hence ¢(0)=0.

(1) Lebesgue measure defined for measurable sets with finite measure belongs to
this case. .
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To prove the additivity, let ¢ be an inverse of a b in a; that is,

ianb)uc a, (anb)nc= 0

Then < cUbeflaSh) Bk b,

s
R A B

and . 1\'\\ cnb=(anb)ne=0.

Hence, by (1), we have L\a byv el b ab, i» L:f : Lk : re
HD=ganD+9E) and Hasb)=g)+90).

Consequently gla b))+ glab)=g(a)+¢0).

Next, when aagagg----ga.-g---f,
let a; be an inverse of a; in a;+1; that is, '
aiua2=di+1, a;Na;=0.
Then (mvarvapu--- -uaé)ma2+;=a;+lna§+1=0.

Hence, for any 1, (a;,ai, a3 ----,a;) L. Y Consequently (ay,0aif,as....,
’ )l®
@y v vad) L

And lea, AL AL ALY uaiu-'--’.
Hence ¢(Lim a)=gla)+plap++ -+ gla))+: - - -= lim Play) .

(i) Next assume that (B) holds good. And let (a,, 1=1,2,...)L

Put b,=31(a;;4=1,2,....,n). Then b,<bh, < b <----,
and P =319(a)

Hence  §(33(0s;i=1,2,....)) =¢(Lim b,) =lim 9(b.)=319(a) .

Consequently ¢(a) is completely additive.

THEOREM 4-2. Let a complemented XRi-lattice L with the zero ele-
ment satisfy the following condition :

Lim (a; Ub)=(Lima)) Ub when a;=a2=---=a;
L] >oo

-

v

(2

(1) J.v. Neumann [3], 11.
(2) J.v. Neumann [3], 12
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If ¢(a) is completely additive function defined in L, then .
HLim @) =lim ¢(a;) ~ when w22 Za; 2. (3)

Especially when ¢(a) is completely additive and mnon-decreasing,
then, for any sequence (a;;1=1,2,....),

#(Lim a;) =Tim ¢(a;),  ¢(Lim a;) <lim ¢(ay) ;
1> o . >0 >0
and if (a;;1=1,2,....) converges, then
¢(Lim a;)=lim ¢(a.). ‘ @
PROOF. (i) When a, ==+ -Za; =+, put c=ij a; and

let a; be an inverse of @; in a;;. That is,
GUA=aiy,  a;Nai=0.
Then (U VA 1T T Uir ) DOt Ly i DAy 1=0.

Hence (c,ap,0p1,....,0,-;)-L for any n and 2.® Therefore (c,as
By v vvey oo )L®

cudi(an;n=23,... .)=(I_;im a) U (an;n=2,3,....)

=Lim {e; U3 (an;2=2,3,... )} by (2)
=Iggl{aiUZ(aZ;n=2,3,....,i)}=a1, ‘
for aiQZ(a;; n=2,8,....,0)=a for allr .
Hence o) = ¢(c) +§2¢(a;) . T '
Since pla)+pa)=gla) (=2,3...),

we have  ¢(Lim a)=p(c)=lim {g(e) - g_:z $la)} =lim p(a.) .

(i) Next, assume that ¢(a) is non-decreasing, and let (a;;i=1,
2,....) be any sequence. Put
b= (ap; p=1,1+1,....).
Then by=bg=>+--->b;>---- and @a,:Limbi.

(1) J.v. Neumann [3], 11.
(2) J.v. Neumann [3], 12.
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Hence, by (3), ¢(E§a¢)=£§g #(b)) .

By the non-decreasing property of ¢(a), since b;=>a;, we have .
9(b:) = plas) -

Hence ~ limg)=lm (as).

Consequently, ; ¢(IEP_ ) g@i o(as) .

Similarly, from (8) of Theorem 4-1, we have

¢(L}m a/i) é th ¢(ai) .

When (a;;¢=1,2,....) converges,

ﬁ_}?l;l Pla) < ¢(L£1 @;) < lim ¢(ay) .

Hence ' ¢(I£m a;)=lim ¢(a;) .
Since (3) and (4) are essential properties of the completely additive

funetion, in order to treat such a function ¢(a) in a complemented
R;-lattice L we must assume the condition :

Lim (a; U b)=(Lim a;)b when dlga@ e >
>0 >0
With respect to the dual condition : ' .
Lim (a; nb)=(Lim a;) ~b when g, << S < s

we have the following theorem :

THEOREM 4-3. When o completely additive increasing function
o¢la) is defined in a complemented Ny -lattice L with the zero element,
then in L there obtains the following relation :

Lim (a; ~b)=(Lim a;) "b when @GS e,
PrRoOF. When ¢, <a, <+ Za; < -+, since a; b < (Lima;) Nb,
we have I,;im (a; "b) < (Lima;) Nb. » (5)
>0 >0
From Theorem 4-1, we have
¢(Lim a;)=lim ¢(a;),  ¢(Lim (a; b)) =lim ¢(a;~D).
L x gl 1> 1> 1>00
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Hence  ¢(Lim (a;nb))=lim {¢(a)+¢(b)+9(a:; Lb)}
=1im ¢(a:) +¢(b) +1im ¢la; Ib)
=@(Lim a)+¢(6)+¢(Lim (: b))
=¢(Lim a)+$(0)+¢((Lim a) U b) =¢((Lim a) b) .

Hence, from the increasing property of ¢(a), by (5) we have

Lim (@;Nb)=(Lim a;) Nb.
1>00 >0

5. THEOREM 5-1.° If in an Ry-lattice L an increasing additive
Sunction ¢(a) is defined, then the following two conditions (a), (B) are
equivalent. _

(@) L is complete with respect to the metric é(a,b)=¢(ab)—

¢(a N b). :

B Ifaze=-Z2az2or ySe<----Se;<--c, then

¢(E‘_1gl a;) =1_i12 ¢(a,).

Especially when L is a complemented Xi-lattice with the zero ele-
ment, and ¢(0)=0, then («) and (B) are equivalent to the following (r) :

(r) ¢la) is completely additive in L, and

Lim (a; L b)=(Lim a;) b when @0 ;= .

ProoF. (1)® First assume that («) holds good, and let
G

(1) From this theorem we find that the continuous geometry is complete with
respect to the metric é(a,b)=D(a v b)—D(a ~b). This fact is mentioned by J.v.
Neumann. (Cf. J.v. Neumann [2], 107.)

(2) The inference (z) —> (8) may be stated in a slightly different form:

THEOREM. If, in an N-lattice L with zero and unit elements, an increasing addi-
tive function ¢(a) is defined, and L is complete with respect to the metric é(a,b), then
L is an Rylattice; and if a2, =+ 2a;=++++, o G;SG S-S0,
then ¢(Lim a;)=lim ¢(a;).

1> >0

ProOF. Let a,>a;>:---=a;=----; then, as above, there exists an element a
such that (3) and (4) hold good. Next, let b be any element such that b < a; for all .
Then, by (8), a;i=a b for all <. Hence ¢(a;) = ¢(a w b) = ¢(a). Consequently, by (4),
avwb=a; that is, a =>b. Therefore a is effective as II(a;; t=1,2,... .)=L_Eg1 a;, and, by

v

4), ¢(I_._i)m a;)=lim ¢(a;). Since MM(a;;i=1,2,....) exists when @, =@, =----=a; =",
>0 i->00 . - -
I(a;;i=1,2,....) exists for any set (a;; =1,2,....). Similarly for the dual case.
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Since ¢(a:)=¢(0,)=¢(Lima,) when ¢<lj, the sequence (g(a));i=1,
2,... ) converges. Hence :

Jim [p(a:)—pla)]=0.

Since &a;, a))=¢la)—¢la;) (P<<j), and L is complete, there exists
aeL, such that

lim &(a;, @) =0 )
Now, da;, a)=¢la; L a)—a;~a) = Ha)—¢p(a;Na) =0,

and we have ’ »l.iam ¢la;Na)=¢(a). )

When i<<j, a;na=a;na. Consequently (¢(a,-r\a); 1=1,2,... ) is
a monotone non-ing:reasing sequence, and

L ana)<g@)  for all i

Hence (2) is absurd unless ¢(a;~a)=¢(a) for all 4, that is a;Na=aq,

and a:=a for all 7. 3)
Then, since o(a;, a)=g(a;) —¢la),
by (1) we have lim ¢(a))=ga) . ()

Since, from (3), a;=Lima;=a, we have ¢(a;)= ¢(L1;§ a;) = ¢la).
Hence, by (4), I,igm a;=a, and lim ¢(a;)= ¢(I_,1;gl a;).

Similarly we can prove the case where ;<@ <+ Za; <00,
Consequently (8) holds good.
(ii) Next, assume that (B) holds good. Let (a;;¢=1,2,....) be
any sequence such that _li»mm o(a;, a;)=0. First I shall show that there
2%

exists a partial sequence (a,,y; v=1,2,....) which converges to an ele-
ment a. Next I shall prove that 1i1£ d(a;, a)=0.
Since ~ oas, a))=gla; a;) —pla; N ay) ,
we have 0 ¢la; v ay)—dla) oy ), (5)
0= ¢las)— plasay) < d(as, ay) . (6)
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Take 7y, 72, such that

m<<n, and &ay, a,,,)gé—.

After taking ny, ns,...., 1, take 7,41 such that

nﬂ<np+1 and a(anp’ (1% +1)= zp . (7) ¢

Now P, Vs, T -uany+”+l)—¢(anyuanv+lu .o 'U“"m)

= Pt ) (@, Vs T, YO,

é ¢(any+,u+l) - ¢{(a‘"'y+l o a”y+2v e a"’v+/1) ha"u+/1+l}

= ¢(any+1 J a”y+2u eV a”y+p+1) - ¢(a'”'v+1u a”y+2u Y a”vhu) *

Proceeding in this way, we have, by (5) and (7),

¢(anyua,,y+lu----uany+ﬂ+l)—¢(anyua,, u--'-uan”y)

ésb(a'nw,”u any+ﬂ+1)_¢(a’n )—

v+u' = 2y+u *

Add these inequalities for #=0,1,2,....,7; then

1
¢(a’”yua"‘»+lu T 'Ua"u+y+1)—¢(a’”u) é,g{, ov+u ’

Let 7— oo ; then, by condition (3), we have

Ha”)—glas) < 2,_1 , (8)
where a‘”’=2(a,,p; p=y,p»+1,....).

‘ Similarly, using (6) and (7), we have

Pan)—plac) < 2,_1 ) (9)
where a<,,)=11(a,,p; p=v,v+1,....).
By (8) and (9), we have
9(a®) - plac) < 2,_2 . (10)

Hence, by condition (B),
Lim a®= le 0wy s

y>o0
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that is, Lim a, exists. Put a=Lima,. Since a,,<a<a®, by (10)
] v

y>o0

we have  d(a®, a)=¢(a*)—¢(a) < ¢(a®) — pla,) < 2—13 . (1)

. For any given positive number ¢, there exists an integer I such that

e, a)<<e for 4,7=>1. (12)

Let » be such that 2}_ <e If we take n, such that n,=>1I, p=>»,

=
then v a =< O, <a®.
Hence, by (10),

80, an,)=Pa®) = Plan,) < $(a) ~ plac)) < ‘2]-j . (13)
By (11), (12), and (13), we have

oas, @) S 8(ai, @n ) +3(an,, a¥) +3(a*, @) <3Be,

when ¢=1. Consequently lim é(a; a)=0.
>0

Thus condition (a) holds good.

From (i) and (ii), (a) and (B) are equivalent.

Next we shall prove the equivalency of (8) and (7).

(iii) Assume that () holds good. By Theorem 4-1, ¢(a) is com-
pletely additive. When a; ==+ =Za;=>---+, from the relation
¢(Ii£“rp a,-)=%i£1 ¢(a;) we can obtain

Lim (a; W b)=Lima,) b
>0 >0

by the method dual to the proof of Theorem 4.3.

Consequently, from (8), (r) holds good.

(iv) Next assume that (r) holds good. Then, by Theorems 4-1
and 4-2, (8) holds good.

From (iii) and (iv), (3) and (y) are equivalent.

THEOREM 5-2. If, in an XRi-lattice® L, an increasing additive
Junction ¢(a) is defined, and L is complete with respect to the metric
o(a, b)=¢(a \wb) —¢la N b), then

(1) We may replace “ X,-lattice” by “ ¥,-lattice with zero and unit elements”;
cf. p. 97, footnote (2).
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(i) L s modular ;
(ii) L 1is a continuous lattice ;
(iii) let 2 be any Cantor ordinal number; then in a system
(@5 a<<9),
(@) if a<<p implies a,=az, then

H((aa; a<!2))ub=1](aaub; a<l®),
(b) if a<<p implies a, < ap, then
(Z'(aa; a<!2))r\b=2(a,,ﬁb; a<lf).
(iv) ¢la) is completely additive when ¢(0)=0.¥
PrROOF. The modularity of L is proved in Theorem 2:1. From
Theorem 51, if 61>y -+ ;> -+, or (<< + v+ <y < - - - -

= = ’

then ¢(Lim a;)=lim ¢(a;). Starting from this property, we can prove
1> 1>00

(ii) and (iii) as J.v. Neumann® has done, or in a dual way. Complete
additivity follows from Theorems 4-1 and 5-1.

THEOREM 5-8. If, in an trreducible® complemented X-lattice® L,
an increasing additive function ¢(a) is defined, and L is complete with
respect to the metric 8(a, b)=¢(a v b)—¢(a ~b), then

(i) L s a continuous geometry ;

(ii) ¢(a) 7s expressed by the dimension fuction D(a) of L as
Sollows : b =0 D=1

¢la)=aD(a)+8B, 0 oA

'
Loy v 4%‘«‘[4[1
Vool

where a and B are real mumbers ; o
(iii) ¢(a) has a discrete bounded range or a continuous bounded

range, according as L satisfies the chain condition or mot.

(1) Or we may say that ¢(a)—¢(0) is completely additive.

(2) J. v. Neumann [4], 164-166, Lemmas 18-5 and 18-6.

(8) Here we add a theorem which shows the relation between the irreducibility
of the lattice and the uniqueness of the lattice function. -

THEOREM.- If, in an complemented NX,-lattice L with zero and wunit elements, we
can define only one additive function ¢(a) such that ¢(0)=a and ¢(1)=8, e, B being
given real numbers, then L 1is irreducible.

ProoF. Since Y(a)=¢(a)—¢(0) is additive, and ¥(0)=0, we can assume, without
loss of generality, that a=0. If L.is-reducible, then there exist ¢, d such that c v d=1,
¢~d=0, and 2=(x~c)w (@ ~d) for all ze L. Let p,q be any real numbers such that
po(c)+g¢(d)=B. And put ¢,(x)=p¢(x~c)+qs(x ~d). Then ¢,(0)=0, ¢,(1)=4, and ¢,(a) is
additive. Hence there are many additive functions ¢(a) such that ¢(0)=0, ¢(1)=p. And
this fact contradicts the assumption.

(4) We may replace “ X;-lattice” by “ X,-lattice with zero and unit elements”;
cf. p. 97, footnote (2).
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ProoF, (i) Complementariness and irreducibility are assumed,
Hence, by Theorem 52, L satisfies all the axioms of continuous
geometry.®

(ii) By the increasingness of ¢(a),

)< ¢la)<¢(1) . for all aeL.

Hence the range of ¢(a) has either an upper bound or a lower bound.
Therefore, by a theorem proved by J. v. Neumann,®

pla)=aD(a)+f

?

(iii) This is evident from (ii), since the range of D(a) is (O,

3=

—2—, Ceeey 1), or all real numbers between 0 and 1.®
n

THEOREM 5-4. If L is a complemented ¥N-lattice with the zero
element in which a non-decreasing additive function ¢(a)® is defined,

and HLim a)=lim ¢(a.) 1)

when << <@ < eer o G A @,

then 8=(A,; aeL)® is a complemented modular continuous lattice
which satisfies (iii) of Theorem 52, and ¢(A) is completely additive
when ¢(0)=0.

Proor. (i) From Theorem 3-1, € is a complemented X -lattice
with the zero element, and ¢(4) is an increasing additive function
defined in &.

(i) Now I shall prove that 8 is an X;-lattice and

#(Lim A)=lim 6(4;) (@)

when A1§A2§_""§_Ai§"" or AIZAZ—_Z“”

vV
>
\%

(1) J.v. Neumann [1], 94-96; [3], 1-3.
(2) J.v. Neumann [3], 70.
(3) J.v. Neumann [1], 99; [3], 69.
(4) If we use a completely additive function ¢(a) instead of the additive function,
then we must assume, instead of (1), the following condition:
I,_im(a,-ub):(l__._ig a;)wb when a,=2a,=---=a; =
1> L5

(Cf. Theorems 4-1 and 4-2),
(6) Cf. sec. 8.
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Let 4, Azg c oL A4, < -+, Applying Lemma 3-5 suceessively,
we have ;<< - Za; < -+ -+ such that A,-==Aai for all 7. Put

Lim a;=a. Then A;< A, for all 7. Next, let A, be any element in
L such that A;< A4, for all 7. Then, by Lemma 8-5, there exist u;(¢
=1,2,....), such that ¢;<buu; and #(u;)=0. Hence

, a=Lime; <>y, t=1,2,....). 3
" If we put b= (buu; i=1,2,....,m)=bu> (u;; i=1,....,n),
then 5 <6< b, <---- and Limb,=>(buwu;; ¢=1,2,....).

2P0

Since ¢(Z (u;; 1=1,2,...., n)) =¢(0) we have ¢(b,)=¢(b) and
¢(Lim b,)=lim ¢(b,) =¢(b). Since b= Lg? b., we have b=Limb,, and

Limb,e A;. Hence, by (3), 4. < A,;. Consequently A4, is effective as

i»oo

3(4;; 9=1,2,....)=Lim 4;, and
PLim 4)= (@) =lim p(a) =lim p(4)) .
Next let 4, =>2A4,=>----=Z4;=----, and let ¢(:=1,2,....) be
such that Ai=Aci. By Lemma 3-5, there exist u;(:=1,2,....) such

that ¢;.1 < c; U u; and ¢(u) =¢(0). Put ap=c, (U i=n,n+1,....);
then, since ¢(Z (u;; i=n,n+1,...., n+m)) =0, we have, by (1),

¢(Z(ui;i=n, n+1,....))=0. Hence a,eA, and o =ap=>----
Z0n=---+. Put Lima;=a. Then 4;=A4, for all <. Next, let A4,

be any element in & such that A;=> A4, for all <. By Lemma 835,
there exist u; (¢=1,2,....) snch that b<a;Uu; and ¢(u;)=¢(0). Put

=0, S (u;; i=n,n+1,....).
Then, as above, ‘ =0y . 4)
Now, a1 =a;=> -+~ >a;=--+-; put a’=Lima; Since a;>a;
2->00
we have o’ =Lima;>Lima;=a.
>0 >0

Since, by (1) and (4), @(Lim a))=lim ¢(a)) =lim g(a;) =¢(Lim a;)
we have a'=q.

Since : a;=>b, we have a’=Lim a; >b.
>



104 F. Maeda.

Hence A=A, = A,.
Consequently A, is effective as II(4;; +=1,2,....)=Lim 4;, and

¢(LB;£1 A)=¢(im a;) = 11+m ola;)= 11_>m ¢(A) .

Since € is an Ny-lattice, and Lim A; exists when 4, S 4, < -+

LA - or Al 4= 2 A; = ----, 8 is an ¥j-lattice.

(iii) Since (2) holds good, by Theorem 51 % is'complete with
respect to the metric (A4, B)=¢(4 U B)—¢(A N B). Hence, by Theorem
52, € is a modular continuous lattice which satisfies (iii) of Theorem
52, and ¢(A) is completely additive when ¢(A4,) =0, that is, ¢(0)=0.
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