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§1. Introduction and Outline of Theory.

On the motion of the planets in the solar system there exist two famous
theories, the classical theory of Newton and the relativistic theory of
Einstein. As is well-known, the former succeeded in explaining the three
laws of Kepler, and thie latter the secular advance of the perihelion of the
Mercury orbit, which could not be explained by Newton’s theory.

.The purpose of this paper iS to build a theory on the motion of the
planets in the solar system in terms of Wave Geometry. The outline of
the theory is as follows:

Prof. Iwatsuki and one of us have put forward a theory of spiral
nebulae.’ In that theory a nebula was considered as a physical system
which might be taken as a loeal irregularity around a point in the universe.
In such a physical system, the physical law is invariantly expressed by the
rotation of coordinate system around a spacial point and by the translation’
with regard to time. In other words, the physical law in such a physical
system is expressed in an invariant form by the following infinitesimal
transformations : '
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As these transformations form a four-parameter group, we shall denote it
by Gi.. The theory of spiral nebulae in Wave Geometry was established
as an invariant theory for G,

- Since the solar system may also be considered ‘as a local irregularity

(1) T. Iwatsuki and T. Sibata: This Journ., 81 (1941), 74 (W.G. No. 44), hereafter
referred to as L



256 ' T. Sibata and K. Sakuma.

in the universe, it is not unnatural to suppose the law controlling the solar
system to be expressible in an invariant form under the transformation G..
But the physical system in which the law is described by an expression
invariant for G, is not only adequate for the solar system, but may also be
‘adequate for spiral nebulae, nebular clusters, and other local irregularities
in the universe. Therefore, the law which is proper to the solar system
must be characterized by some additional conditions which are consistent
with the physical nature of the solar system. In fact, in the theory of
spiral nebulae, in order to characterize the spiral nebulae, the following
three conditions were taken® :
In #* (particle momentum-density vector to describe the motion of
a particle in a spiral nebula) gives a plane motion in each plane
(z=const.)
IIn A system of trajectories (3-dimensional) generated by #® is axial-
symmetric with respect to the z-axis,
IIIy The trajectories generated by w’ are stationary.
In the same way, in the theory of the solar system, the following condi-
tions will be taken in order to characterize the theory for the solar system :
I, kp &1 (k being the inverse of the radius of the universe and
| p=7sin ).
I, The particle in the solar system is governed by the central force
of the sun.
Along the lines of the theoretical consideration above-mentioned, we shall
‘develop a theory on the motion of planets and get the following results:
(i) As the first approximation, a particle in the solar system (planet)
~ describes a conic. This 13 consistent with Newton’s theory.
(ii) The perihelion of the orbit of a planet advances in secular time.
This is consistent with the result of the relativistic theory.
(iii) The eccentricity and latus rectum also change in secular time.
This result has never been obtained in any previous theory.

§2. The fundamental equation which is invariant for
G, and the equation of motion.

In Wave Geometry, as the fundamental equation for physical phenomena
we take '

(2.1) ¥ (Y,
o

where I; is a 4-4 matrix given by —g%= Y ret+iri—1:0, and >3 is also

(1) L p. 54. There were other two conditions VIN and Vn in I. But these are not
necessary when we restrict our discussion to the motion of a particle in a spiral nebula.
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a 4-4 matrix whose elements are, at present, arbitrary functions of a «%
', «*; and 7; is a matrix given by rarp=gsl
The physical law which governs a local irregularity such as spiral

nebulae, the solar system, and so on, must also be considered as based on
(2.1), and moreover must be invariant under the transformation given by
(1.1).

~ Expanding >J; in (2.1) in sedenion, we put, as in the theory of spiral
nebulae,® (2.1) in the form:

(25 =1 = (A APret A7k AT71) ¥

In order that this be invariant by G; A7, AF, A; and 4;® must be in-

variant tensors and vectors for the operators: cos go;%—cotﬁsin gojai,
. 2

sin ¢ a6:-9~+cot 0 cos goai, and -ai respectively, so that we have®’
14

¢
Al t), Al O)=AYr D), Aalr, 1),
Au(r, t), Ap=—Ap=sin 0 Ry(r,t), Au(r1t),
the other A;=0,
and Aqyr, t), A=A éO , Afr,t).

Here if we consider that the fundamental equation (2.1) is completely inte-
grable, the form of >; is determined and the solution ¥ is given as
follows :@ o

@2)  ¥=(cos %—-sin % 76)#,

o=A cos%+Bsin%, -

Po=— {il/ 1—k** B+ krB’} cos  + {@'1/ 1-kr A+ k"rA’} sin -7 ,
(2.2a) < 2 2
= A’ cos %+B’ sin -g :

Py= {7%1/1 — k& B’+Ic'rB} €os %— {il/l — I A+ krA} sin % ,

| A=ae~—;-¢, B=Be%”,
(2.2b) : i

A1=a/e'“'q” B/___B/Q‘Z‘Q’,

(1) L p. 6L
" (@) I Note III, p. 70,
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(o =a{V =B+ ikr} +0{v T= R ikr)
/=y 1=t iy —b{v T=Rr+ilr)

(2.2¢) 3
g =c (V=P +ikr) +av/ T-Rr+itr)

F=c{VI-Rrribr) -V 1=t}

(a=pe—’g~vrmt+qe—§»\/ﬁz—2t,
b= —i(V 1+ L2+ L)pe? "Ft +i(v/ 1+ L2—L)qe 2 ",

k T k
S VITIiZt 1+th
=le? +me 2

- (2.24)

VI+LE ks
\d—_@(1/1+LZ+L)lez T+L t—l—'L( Vit LE— L)me ™2 1+L2t

p, ¢, I, m are arbitrary integration constants, L is a constant involved in
(2.1), and ¢ in (2.2) is a funection of » occurring in (2.1).

But there are two sets of 7,’s (A=1, 2, 3, 4, 5) which satisfy
Tarn=>1, rivstreri=0, | rers=—1. (,5=1,...., 4)

Therefore, to find ¥ after determining g;; and A;; from the field equation—
the condition of integrability of (2. 1),——we must consider two sets of funda-
mental equations® :

@3 (2
and
c @y (D)= Afrek A= AT

_F>";" (A +A T5+A T]+A1 7‘37’5)‘1’,

a T

Accordingly we have two sets of #* made from the solutions of the above-
given equation, as follows:

1. 1 .1 2., 2 .2

w=VtArd,  wi=ytAry.
The 4-vector «* which éxpresses the actual motion of a particle is considered
as a linear homogeneous function of @lc, and 4, and is given as follows® :

’

(2.5) =i+ B
' On the other hand, in (2.1) if we put -

(2.6) d=E+1y (&, 7 are ‘real)
1) L p 64 '

(2) L p: 53, Assumption V.
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then ' ‘
Yt Ayide =cosh 7-gtAr’¢—isinh 7- gt Ar'rsg,

therefore we have

(2.7) 2 =cosh v-v"—iisinhv-vé,
where -
i=gtArig
2.8) {”. gary
v=¢tArTs .

In the same way we have W by substituting —7, —L, 9, ¢, U, m’ for », L,
P, ¢ L, m in the expressions of u’ above. The explicit forms of +* and
are given in cylindrical coordipates“’:
v? = —kpV 1—122 To—12p2 T, — (1 —120®) cos 9Ty

—(1—¥*0® sin ¢T3,
v = —kev'1—12® T+ (1 — k%2) Ty + k2o cos T — K2z sin 50T3 ,

(2.9)
o =080 sin ¢ T,
P
= 1
‘ Vi k27'2

,1v%=(cos pSy+sin pSy)V 1 —I2rP—kz cos ¢S+ Kz sin ¢S, ,
s =v'1—E%% Sy+kp cos pSs—kp sin ¢S,

(210) fiv‘.‘5=ﬁ1—_§f— (cos ¢S, —sin ¢Sl)+lc,—7z— (cos ¢S;+sin S:) +kS;,

\ivfs=—Sg— @S+ p cos pSs—p sin pSy) ,

_k
V1-kr
where Ty, T4, ....; Se, Sie.... are exponential functions of £, as shown in

I. From (2.5), (2.7), (2.9), and (2.10) we have u’, therefore the equation of
motion is given by

(2.11) dp _dz _de _ dt
uo o uR u’ ut

§3. The characteristic conditions for the solar system.

The form of u’, determined by the considerations in § 2, is available for
any local irregularity in the universe, and is not peculiar to the solar
system. Accordingly, in order to obtain the equation of motion proper to
the solar system, we must characterize u’ obtained in §2 by some physical

(1) 1. Note IV.
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nature of the solar system. For this purpose we shall inquire into the ex- -
" isting theories.

. First, we shall examine the classical theory of gravitation; in his
theory Newton characterized the solar system by considering a planet as
“a physical existence which is influenced by the central force of the sun.”
Under this consideration, the three laws of Kepler were deduced by means
of his gravitational law (the inverse-square law) and the laws of motion.

On the other hand, in the general theory of relativity K;=0 (K; be-
- ing the contracted Riemann-Christoffel tensor) was taken as the law of
gravitation, and under the theoretical consideration that the gravitational
field of the solar system is that of an isolated particle (the sun) continually
at rest at the origin, the solution ¢;; of the equation K;;=0 was sought,
and well-known Schwarzschield’s line element was obtained.

Now, in our theory, as the quantity whose physical meaning has been
clarified, we have only u’ for the present, so if we intend to give our
theory the characteristics of the solar system, it is desirable to restrict u’
by some physical nature of the solar system. From this point of view, we
prefer Newton’s theory to Einstein’s as our guide. '

But in Wave Geometry, since the laws hitherto obtained are. still
kinematical, and not dynamical, a dynamical expression such as that ‘the
solar system is-a physical existence which is influenced by the central force
of the sun” is not avairable as it stands. Therefore we must translate the
terminology above into kinematical description. Now, in the Newtonian
dynamics, the condition of a particle’s being influenced by a central force
is equivalent, to the particle’s moving in a plane and its areal velocity’s
being constant. Accordingly, instead of the condition *central force” we
take ‘“ plane motion” and “ areal law” as the condition to be imposed on
u® to characterize our theory as that for the solar system. These condi-
tions, especially the areal law, may seem at first glance to be very stringent;
they are not, however, but a quite weak restriction, at least not so stringent
as to presume the property which is to be deduced as a result of the theory.
On this point we shall give some detailed discussion in Note I.®

But the conditions; plane motion and areal law are those taken in
Newtonian theory, therefore we must impose these conditions on our theory
in its Newtonian approximation, but not in the general case. Then, the
problem arises: In what form of approximation may our theory be taken
as Newtonian? To answer this problem, we proceed with our considera-
tion as follows.

The coefficients Ty, T4, ....; So, Sy, .... in (2.8) and (2.9) are functions
of ¢t in the form of ¢"** (I is a constant) as was mentioned there, and, since
lkt £ 1, we have

1) P. 246.
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(3.1) elki=1+lkt+_(l_;0%)f+. e

Therefore, by putting kt=0 in (3.1), we have the first approximation of
our theory, which may be ekxpected to be Newtonian. Of course, this ex-
pectation is still a mere presumption. Whether this approximation is pre-
cisely Newtonian or not will be decided only when we have actually ob-
tained the Newtonian theory as the first approximation (kt=0) of our
general theory. To this problem we shall return later. At any rate, for
the present we shall take our first approximation (kt=0) as Newtonian, and
in that approximation we shall characterize the theory by the physical
nature of the solar system.

The dimension of the solar system is less than 10®em., so kp in (2.8)
-and (2.9) is less than 1072, Therefore we may neglect kp compared
with 1. )

Thus we ha\:e the conditions for characterizing the solar system as
follows :

L. keK1 )
II, Particles in the solar system are governed by the central force
of the sun,

or in kinematical terms:.
II,a A particle in the solar system moves in a plane,
II,b The areal velocity of a particle in the system is constant.

§4. The theory of the solar system.
From (2.8) and (2:‘9), using conditions I, II;a, and ILb in §3, we have
the following simple expressions for w*®:
u”=K1 cos ¢+ Kysin g,
w =0,

u"=%(K2 cos ¢—K;sin ¢+ K3) ,

, u'=1,
where K, K;, and K; are given by (N.13) and (N.14a, b, ¢) in Note II,
and depend only on ¢ in the form of ™,

As the first approximation, which is expected to be Newtonian, putting
kt=04n K, K,, and K; we have, by solving (2.11),

4.2 = “
2 P Kycosp— Ky sinp—K;

where ¢; is an integration constant of (2.11), and K, K, K; are con-

(1) See Note II of this paper (p. 265).

s
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stants involved in (4.1). (4.2) shows that the orbit of a particle in the
solar system is a conie, coinciding with the result of the Newtonian theory.
Thus our expectation that the first approximation of our theory would be
Newtonian is justified.

Next, in the higher approximation, neglecting the terms higher than
k% in (3.1), we have

u® = (K + Kikt) cos o+ (Kp+ Kokt) sing

A

4.,
( : %) u = L{(Kz+ Kikt) cos ¢ — (K + Kikt) sin ¢ + K+ Kékt} s
P ]

ut=1,
JIn (4.3), the terms multiplied by Kkt are very small compared with 1, so
taking these as secular terms, by solving (2.11), we have the path-curve of
a particle as follows:

44 = 2} ,
@4 r (Kx+ Kikt) cos ¢ — (K, + Kikt) sin ¢+ (Kz+ Kikt)

or
o= C+4C
1+ (e+de€) cos (p—w—dw)
where B
e =‘/(K1)2+ (K de= 1/(K1)?+(K2)2< KKi+KK; _K; > Lt
_ K; ’ K; (KK Ky ’
4K K K,— KK}
=tan'=%, dop="L227 252 g
“=B g, T R+ (K
;. 41 __cK;
e=-L AC= — 223 )t |
K; (K)

.This result shows that the path-curve of a particle in the solar system
is approximately a conic, but, in secular time, it varies as regards its
eccentricity, its longitude of perihelion, and its latus rectum.

§5. The third law of Kepler and integration constants.

In order to review the results obtained in the previous section,” we
shall take some constants in our theory into consideration, making com-
parison with the Newtonian theory.

From (4.2), we have

2 uf _ Fo=c, <dot represents dif‘ferenta-)
ut ’ tion with respect to ¢
therefore

(5.1) ¢;=h=twice the areal velocit.y.
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Next, if a be half the major axis of the elhptlc orbit, it is given by
(.2) a=—F Ko
1—¢? (K»,-)2 (K)*— (K2
and if b be half the minor axis,
b= C — C1 .
‘ Vi-& VK- K- (&P
therefore the period of revolution along the elliptic orbit is given by
2mab 2rn Ky
(5.3) T=7= = 1 o .
h (KaP— (K — (K))%
Accordingly, we have, from (5.2) and (5.3)

T? _ 4%
5.4 ==
(. ) a3 K301
On the other hand, according to Newton’s theory
' T? _ 42*
@ M
where f is the universal constant of gravitation, and M the mass of the sun.
Therefore, if we put . N
(505) -K3cl =f M ’

\
the right-hand side of (5.4) becomes a constant common to all planets in
the solar system, and Kepler’s third law holds good in our theory.

It must ‘be noticed that K; and ¢, are integration constants of funda-
mental equation (2.1) and of differential equation (2.11) respectively, and
that these cannot be independent of each other, but are connected by (5.5).

Lastly, we shall inquire into the Law of force in our theory in terms
of Newtonian dynamics.

In cylindrical coordinates, the component of acceleration in p-direction
is given from (4.1) and (4.2) as follows:

a=p-pp=— T2,
therefore, from (5.5),
M
7

This is nothing but the Newtonian law of gravitation.

a,=—

§6. Conclusions.

Considering the solar system as a local 1rregular1ty in the universe we
obtained the following results:
(i) The orbit of a particle (a planet) in the solar system coincides
with the result of the Newtonian Law of Gmmtatzon,
in the higher approximation,
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(ii) The longitude of perihelion of the elliptic -orbit of a planet ad-
vances m secular time, '

(iii) the eccentricity of the orbit varies in secular time, and

(iv) the latus rectum of the orbit varies in secular time.
Result (ii) has already been obtained in the relativistic theory of grav1ta-
tion, whereas (iii) and (iv) are new theoretical results that have never been
deduced in any previous theory. As for the secular change of eccentricity,
we have the experimental data®:

Mercury —0/88+0/33 .
Venus +0.21+0.21
Earth +0. 02+0. 07
Mars +0.2940. 18.

As the experimental error is quite large, it is hard to say anything de-
finite on the secular change of eccentricity; but of the data above, two
exceed probable error, and one is about 2.7 times in excess of probable
error, so that the existence of secular change of eccentricity may perhaps
be true. This is what our theory expects.

As to the secular change of latus rectum (iv), we have nothing to say
experimentally.

In our theory, the number of arbltrary constants to be determined
exceeds that of expected experimental data, therefore we can always identify
our theoretical values with any observational data. Accordingly, we can
give no numerical value to anticipate theoretically the secular changes of
eccentricity or latus rectum. Consequently as regards determination of their
numerical value we must deduce some more physical relations from our
theory, the solution of this problems being left for the future.

N(;te |

Let P denote the acceleration directed to the centre of force, i.e., the
sun, (P may be any function of g, ¢, ¢, o, ¢ ete.); then we have the follow-
ing equations in cylindrical coordinates:

(N. 1) p—pP=—P,
d 2,
.2 —(p)=0,
(N.2) p (0°0)
The latter equation gives on integration

0?0 =h=constant,

and eliminating ¢ from (N. 1),

(1) Cf. Eddington: The Mathematical Theory of Relativity, p. 89.
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< h.d(h d_P)_E:_ (i=ﬁ, _d_>
U ( b=-r (=L &
'This gives the orbit of motion of a particle. ‘

As is seen from (N.1) and (N.2), whatever the form of P may be,
the areal law always holds good, as long as the central force is assumed,
while this assumption gives no definite knowledge as to the orbit of motion, -
because P is arbitrary and (N. 3) gives any form of the orbit.

Note II

From the assumption (Il.a) we choose the plane of motion as xy-plane,
i.e. z=0. Then, from (2.8) and (2.9), putting 2=0 and taking account of
the assumption I,, we have

[Q}p=—kPTo—TQCOSSD+T35in(P,

’Uz=T1, '

N.4 .

( ) v“’=l(T3cossp+Tzsmsp),
p

vt=T4,

wls=S;cos ¢+ S;sin ¢,

?:Q)f5=S0,

N.5
( ) ‘iv‘f’5=l(Sgcosso—Slsin<,ﬂ)+kS5,
p .

7:’U§5 = - Ss .

Substitufing (N.4) and (N. 5) into (2.7) and (2.5), and taking account of the
assumption (II;a), %’ are given, disregarding the common factor, as follows:

/ = (01 + aap)ep+ (@5 + autt+ ag?) cos o+ (as+arp+agd sin g ,

w=0,

(N.6) 1 w= %'{(as+a7p+ag/ﬂ) cos ¢ — (az+asu+ ast?) sin ¢
- + (@t aur)rkp)
Y =an+aps+apst '

where

alleTo/'—Tl,To s . a’SESOSZ,_SO,SZ ’
=81+ STy , a=T/S:+T:S5 ,
=TT, —T\T,, . a10=S0S5—S6S¢ ,

(N.7) ¢ a=SiTo+ STy +T(S+ TS, an=TIT,\—T\T{, ‘
=88] — S S, = —(S; Ty+ ST + T{Ss+ TuS%),
a=T{Ts—T\T§, a15=8Ss— SoSs

ar=—(SsTs+SoT%) s=tanh 7.
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Putting
Ai=(ay+at)kp
Ar=agtaptags?
As=agt+ agp+ agt?
A=(ag+ awp)pkp

As=an+aputapt®,
(N. 6) is expressed as

u"=A1+A2 cos ¥7+A3 sin ¢
u?=0 '

Ul = l(Ag cos ¢g— Ay sin o+ A))
‘0
ut= A5

In order that w’ shall satisfy the assumption (II,b) in Newtonian ap-
proximation, it must be true that, because of da’/dt=u‘lu’

Sl

(N. 9) % 2o (#)=o0.

or

ut

Substituting (N. 8) into (N.9) and putting A4:/4s=B; (i=1, 2, 3, 4), we have

(By+ B; cos ¢+ B sin so)—aa?{p(Bg cos ¢ — B, sin <p+B4)}

+ “,1;'(33 cos ¢— By sin o+ BQ%{p(Bs cos ¢ — B, sin 90+B4)} =0,

because By, By, B;, B, are functions of p and do not involve ¢ in Newtonian
approximation. Evaluating the equation above, and taking the condition
that the resulting equation must hold good for all values of ¢, we have
B,B;+BsB;=0 (a)
(N.10) § (BBi+B,By)p+B;B,=0 (©)
(- BB+ BzBQ)P —B;B;=0 d
(*BsBé‘*‘ BIB;)P +BB,=0, (e)

where dash denotes differentiation with respect to p.
From (N.10a) and (N.10Db), it follows that

(N.11) B;=B;=0,
or (Bz)z+(33)2=0 s i e., Bz=B3=0 ’
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because B, and Bs are real. As the latter is contained in the former case,
we need only consider the former case (N.11). Then the remaining three
equations of (N.10) become

B,B,p+ B;B,=0

(N.12) { B;Bip—B;B;=0
B]_ng + B4B1 =(

respectively. From the last equation of these three it must be true that
Case 1. . B=0,

or Case II. Bjp+B;=0, i.e, B4,=£/§4 (K,=constant)

In case II, from the first two equations otl (N. 12), it must be true that

(A) ’ B,=B,=0,
or (B) B,=B;=0.

Similarly, in case I we have

(C) B;=B;=0,
or (D) 1=0.

Thus, putting together the equations above, we get the result : in order that
u* given by (N. 8) shall satisfy the assumption (IL,b); A4,, 4, A4 A, As must
be one of the following four forms:

(A) (i}:)’=(ﬁ—:)’=o, A=A4,=0,

(B) A=A;=0, A K (K,=constant)
: 4 p

(C)  Ai=A=A4;=0, % =arbitrary function of p,

5

o (). e

Now we shall investigate the cases above in detail.

Case (A). “%:-=K1, %=K2, A1=A4=0,
ie, T
atoptas’ _ astoptag’ _
autapstag antopptagd

al+a’2/‘(=0, a’9+a101u=07
K, and K; being constants. But g=tanh7 is a function of p and in-
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dependent of the integration constants of ¥ (I, m,p,q; l) ,m', v, q'), accord-
ingly independent of a;’s. Therefore, we have

r=constant
: a a
or L B AL I L L SR B
(2431 (277 3 an a2 a3

and u° becomes as follows :
u*=K; cos ¢+ Kpsin ¢,
u*=0

u"‘=%(K2 cos ¢— K sin ¢)
w=1.
Case (B). astagptayg=0,  azt+aptayl=0,

_(agtawrkp _ Ky

5 (K;=constant)
an Q-+ agp P

From the last equation above, we have the following two cases:

[ p="" (m=constant)
P
(BY -

L a=0, G O K
an A mk

[ p="2  (n,=constant)

or (By) f e
| B=0a=0a1=0, Go - He
an Mk

Corresponding to the two cases (B;) and (B.), we have

o=t amlPp
an+ o/ 4

and
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Case (C). ,
A= A,=A4;3=0,
uf=0
w=0
—_(ag+anp)pkp
an+ampp+ agp?
ut=1.
Case (D).
at+ap=0,

u’

astauptag®
an +app+ ag?

(N.13) ast+aptag®  _

A+ Qo+ uggt®

(a9t an)pkp  _
o+ s+ app®

From ‘the last equation of (N. 13), we have the following three cases :

p="" " (m;=constant)
0 ‘

(1)
a3=0 K= gflg,km1= _@_kml ,
) (451 an
p=mep  (mg=constant)
ii ' ,
( ) a’10=a11=a12=0 ) Ks=&kmz,
: Q3

p="8 (= constant)

(iii)
Ag=ap=0;3=0, K="y, .
: an

Corresponding to these three cases, from the first and second equations of
(N. 13) we have '

. a3 _
(i) as=az=0, K=—"=",
an O

a,
K="% =%
0n - G

’
. a [0
(u) B=a,=as=0a;=0, Kl=“—5‘, K2=_3_’
. a3 . O

. a a
(i) a=as=a;=0as=0, Ki=—"2, K,=-%,
an 0y
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But in all cases (i), (ii), and (iii), «° is expressed as
u*=Kj cos o+ K, sin ¢
w'=0,

u"’=%(K2 cos ¢— K sin o+ K3)

ut=1. .
Putting together the results obtained above, the forms of * are classified

as follows : (in all cases u*=0)
Case (A): Disregarding the common factor, we have

u’=K; cos ¢+ K;sin ¢
u¢=—i—(K2 cos ¢ — K; sin ¢+ Kp)

ut=0.

\

K, K;, and K; being constants.

Case (B) p="™ (m=constant)

Pz
_ aitagu
~ u=(ax+aylkp " antags”
w=(agtaes)bpr  or g o K
u'=(an+aps) -, 7
w=1

Qg _ o _ Ks

(K;=constant).
an (177 ’ﬂlk

Case (B,) # =—7—;3 (np=constant)

uf = amk/lz
w=ay.
Case (C) p=arbitrary function of p.

{ u”¥(a1+az#)kp

u’=0,
{ u’ = (ag+aurk ,
w=an+aps+aps’.
Case (D)
u* =K cos ¢+ K; sin ¢

u?= (K3 cos ¢ — K, sin o+ K3)

w=1, (K, K;, K3=constants)
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where K, K, K; are given by

K= ag+ ayps+ agd
an+ Qs+ e

K= s+ anp+ agt®
O+ Qppt=apt?

—_ (ag+aus)ukp
K; : P
A+ Gt + Ayt

.and # and a;s are one of the following three forms:

(i) p=" (m,=constant)
P

M=A=0;=03=0;3=0

L@_kml'= &kml( = K3)

(N. 143) Q12 an
s = G (=g, U = 4 (=)
Oy a2 an Qi

(ii) p=map (mp=constant)

UM=B=UB=0U=0%=U=0=01=0;=0

N.14b
( ){&zKl, g g g
Q3 13 a3

(i) ©="" (ms=constant)
p

a1=a2=a4=a5=a7=ag=ag=am=a13-‘-=0

N.1l4c ! .
( ){&4{1, G g, O p—E,.
an an i

For respective cases the trajectories of motion of a particle defined by

L= =" are given as follows:
U

Case (A): straight lines. :

Case (B) : some system of curves which are symmetric with respect

to z-axis.

Case (C): circle (the circular velocity depends only on p).

Case (D): conical curves.

Cases (A) and (C) are included as special cases in case (D) as far as
their trajectories are concerned. Therefore if we neglect the case (B),
which represents axial-symmetrie curve-systems, from the condition that.u"
satisfies assumption (I;), (IL;a), s}nd (IL.b), we have (4.1).
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This problem was discussed at a special Seminar of Geometry and
Theoretical Physics in the Hirosima University, and research into it has
been carried on under the Scientific-Research Expenditure of the Depart-
ment of Eduecation.'

Mathematics Institute and Physies Institute,
Hirosima University.
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