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§ 1. Introduction. 

As we have seen in the previous paper, in the ordinary relativistic 
cosmologies the line element of the form : 

L1: M-=-F(r, t)(dr2+r2d82+r2sin2 8df)+dt2, (F=e20<0/[1+ ;J) 
is usually adopted, as having the properties : 

(i) the existence of a non-null vector vi satisfying the equation 

(11= ! flsv8, vi=oiV) (1.1) 

(ii) the conformal flatness of the Vi defined by £i,<2> 
The purpose of this paper is to find variou,s simple forms of the line 

elements obtained from Li, from the point of view of transformations of 
coordinates. 

Besides Li, we shall also consider the following three kinds of line 
element 

Ls: M=e!"<r,t>(-dr2-r2d02-r2 sin2 fJdf+dt2) 

Ls: dz= -A(r, t)dr2-r2(dfJ2+sin2 fJdf)+C(r, t)dt2 

L4 : tis= -A(r, t)dr2-B(dfJ2+sin2 fJdf)+C(r, t)dt2, (B=const.) 

which include almost all the forms of line element discussed in the Rela
tivity theories and cosmologies, in which the spherical symmetricity of the 
line elements is fundamental. '.l.'hus, the transformations of coordinates 
(assumed as non-singular) W?ich we are going to discuss will be restricted , 
to the form of 

G: r=r(r, l), t=i(r, l), [i.e. G-1 : r=r(r, t), l=l(r, t)] 

which preserves the spherical symmetry of any quantity. 

{1) This paper is continued from H. Takeno, this Journal, 10 (1940), 173: (W. G .. 
No. 39). 

(2) W. G. No. 39, 200, Theorem 23. 
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§ 2. Conditions of G in the general case. 

Any one of Li (i= 1, 2, 3, 4) is a special form of the most general 
spherically symmetric line element 

L: M= -A(r, t)dr2 - B(r, t) (dtJ2+sin2 8df)+C(r, t) dt2 • (2.1) 

Now, we shall assume that (2.1) is transformed into another spherically 
symmetric line element 

L: ds2= -A(r, l)dr2-B(r, l)(d(J2+sin2 {}d<f})+C(r, l)dt2. (2.2) 

Then, from the transformation . law of gid, 

(2.3) 

we have, as the condition to be satisfied by G, 

- A= -( :; )2 A+ ( :; )2 C, C = -( ~; )2 A+ ( :~ )2 C } 
(2.4) 

O= -~ 0~ A+~__E_~C, B=ii. 
or at or at 

But it is obvious that (2.4) is equivalent to 

B=B i.e. ✓ ii=rJll B, (7/=1) (2.5) 

and ✓A ✓ c 0~ = E✓ C ✓ A 0~ ✓A✓ A 0~ = E✓ C ✓ C 8! } or at ' at or 

-A= -( :;-JA+c:; )2c, (€2 =1) 

(2.6) 

Hence we have 
Theorem 1. A necessary and sufficient condition for L to be transformed 
into L by a transformation G is given by (2.5) and (2.6). 

Accordingly, so long as r and t which satisfy (2.5) and (2.6) are not 
found as functions of r and l, the two line-elements L and L are not trans
formable intQ each other by G. It is generally rather difficult to solve (2.5) 
and (2.6) directly, but when a solution vi of (1.1) is known, we can solve 
the problem in a simple way by virtue of the transformation law of v. 

§ 3. On the line element £ 1• I. Gene:i;al form of the 
line element of S4 and E4. 

We shall denote a four-dimensional space of constant curvature and a 
four-dimensional flat space by S4 and E4 respectively. S4 and E4 are 
characterized by · 
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Kiilm=0, (3.lb) 

respectively. In this section, first, we shall show that when ds2 takes the 
form 

dt= -A(r, t)(dr2+r2dtf-+r2 sin2 8d<Jr)+dt2 , (3.2) 

the general solution of (3.1) must be of the form Li; and then we shall 
find the actual form of F.Ol 

Since S4 and E4 are both conformally flat, it follows that<2l 

A=[a(t)]2 [1+b(t)r2J-2 , (a, b are any functions) . 

Next, in (3.1 a), if we put (i, j, l, m) = (2, 3, 2, 3), we have 

(1 +br2)2(k2a2-4b-a2)+2aabr2(1 +br2)-a2i'>2r4=0, 

so 

(3.3) 

(3.4) 

(3.5) 

Hence we know that b must lie constant and (3.2) coincides with L 1 if we 
1 

take b= 4W. 

When b=0, from (3.5), we have 

A=f!e±2kt or A=c2 , (c is constant) (3.6) 

according as k =¾= 0 or k=0.. Next, when b =¾= 0, from (3.5), we have 
a(k2a-a)=O; but if a=0, ds2 becomes coincident with that of Einstein
type space; which, as is easily seen, does not satisfy (3.1). So we abandon 
this case. Therefore, according as k =¾= 0 or. k = 0, we have · 

a=c1ekt+c2e-kt' . ( 4c1c2k2=~2 ) ~(3.7) 

or a=c1t+c2, (~= _:_J2). (3.8) 

Conversely, by direct substitution we can readily show that (3.6), (3.7), 
and (3.8) satisfy (3.1). So we have 
Theorem 2. The most general forms of the line elements of 84 and E4 
which are of the form (3.2) are given by 

(3.9) 

(3.10) 

-------·---

(1) The solutions of (8.la) have already been obtained by the present writer ; this 
Journal, 7 (1937), 44 (W. G. No. 11). 

(2) W. G. No. 89, 189. Theorem 14. 
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These four kinds of line elements are transformed into 

l .. ds2= -e2kt(dr2+r2d02+r2 sin2 Od<Ji)+df 
S4 ( kt+ -kt)2 

ds2= - j e r2 ] 2 (dr2+r2d02+r2 sin2 Od<J})+df 
4k2.,..,Ll+ 4R2 

l ds2= -(dr2+r2d02+r2 sin2 Od<J})+dt2 

E4 f • 
ds2 = -----(dr2+ r2d02+r2 sin2 Od<j}) + df 

. R2[1+ 4~J 

(3.11) . 

(3.12) 

(3.13) 

(3.14) 

by the transformations cr=er, TJt=l; r=er, c1ekt=7Jeklj2kR; cr=er, t=TJl; 
r= er, cit+~= T)c1l, respectively. <1) (e2= 7J2= 1). 

Moreover, it is easily seen that by the transformation r2=4R2r, two 
line-elements (3.12) and (3.14) are transformable into the form in which 
4R2=1. 

§ 4. On the line element L1• II. Solution of (1.1). 

In this section we intend to find the general spherically symmetric 
solution v of the equation (1.1) with respect to the line element L1• 

Since v is spherically symmetric, we have v=v(r, t). Hence v2 =v3=0. 
Consequently, if we calculate {t}, and substitute it into (1.1), we have 

(a) F' . (b) 014V - !701V = 0 , 011v--01v-Fgo4v= -Fo44v, 
2F 

(c) (r2F)' 01v -r2F(Jo4v= -r2Fo44v, 
2F . 

(d) {3=044V. 

First, in the case : 01v = 0 and. o4v ¾= 0, we have at one 

V1 =0, V4=C1eg; v=ci)eYqt. (4.1) 

Secondly, in the case: 01v ¾= 0 and 04v=O, from (c) we have (r2F)' =0; 
but obviously this equation cannot be satisfied by F. Hence such a case 
does not occur. 

Lastly, when 01v ¾= 0 and 04V ¾= 0, from (a), (b), and (c) we have 

( r2 )-2 o1v=sc>(r)eg and <p(r)=pr 1+ 4R2 (4.2) 

where p is an arbitrary constant. If we assume that 1 =0, from (4.2) 

and (a) we have 

(1) These transformations are all denoted by G1, further on ; (see § 5). Moreover, we 
can make use of r=er, ce±kt=-r;ekl instead of the first transformation. 
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(4.3) 

If c' :\= 0, eu in (4.3) gives S4 in whicb c'2=k2 (Theorem 2), and the cor
responding ¢(t) is obtained from 

(4.4) 

where e1 and e2 are constants satisfying 2cc' ~ = p. If c' = 0, eu in ( 4.3) 
gives E4, and the corresponding ¢ is obtained from c¢= -Pi. 

When ~ :\= 0 in the equation above, from ( 4.2) and (a) we can easily 

obtain 

v= - 2R2peu +¢(t), p=;=ei'(gef,-¢), e2ug= ~ ; · · (4.5) 
1+L .LV 

4R2 

and from the last of these equations we have for eu 

(4.6) 

(4.7) 

These two eu's give S4 and E4 respectively (Theorem 2, § 3), and the cor
responding ,p's are given by 

and 

(4.8) 

(4.9) 

where e1 and e2 are constants satisfying 2k(~1-c1~}=p and ~1-c1e2=P 
respectively. Hence we have 
Theorem 3. When di is of the form Li, the general spherically symmetric 
solution v of the eqaution (1.1) is given by 
( i) when Vi is neither S4 nor E4, fCYr arbitrary eu 

v=c)eu<0 dt (4.10) 

(ii} when Vi is S4 in which K = !£, according as F takes the first CYr the 
. 12 

second form of (3.9), 
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v=-2R2~(1+ 4~}\u+cp(t), ¢==e1ekt+e..ie-kt } 

(eu=c1ekt+c~-kt, 2k(c~1 -c1e2)=p) , 
(4.12) 

(iii) when Vi is E4, according as F takes the first or the second form of 
(3.10), 

(4.13) 

or v=-2R2p(~+ ~2r\c1t+~)+¢(t), ¢=e1t+ez. ) 

(C#1-C1ez=p) 
(4.14) 

Thus we have, corresponding to (3.11), (3.12), (3.13), and (3.14), 

v=m(ekt _ _!':_e-kt) (1 + ___e_)-1 +n(ekt_e-kt)+q 
4R2 4R2 

v=m(t2-r2)+nt+q<n 

v=m( 1- ;~ )t(l + 4~2 rl +nt2 +q 

where m, n, and q are arbitrary constants. 

§ 5. On the line element L1• III. Transformations which 
make the form of L1 invariant. 

(4.i5) 

(4.16) 

(4.17) 

(4.18) 

In this section we shall obtain the general form of the transformations 
which keep the form of L1 invariant. First, we assume that our Vi is 
neither S4 nor E4 ; the transformations in the case of S4 and E4 will be 
considered in the later sections. 

Suppose that, by a transformation G, L1 is transformed into 

I,1 : d~= -F(dr+r2dtP+rsin2 0d92)+dl2, (F=e20(l)/[1+ 4~ 2 J) 
then, in' consequence of T}J.eorem 1, the condition is 

(5.1) 

r at or and----·=E-. r at ar ' 
r2 _ ( ar )2 ( at )2 - F-- - F+ -- . (5.2) r ar ~ 

(1) This result coincides with that of (11.20) in W. G. No. 39. 
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But since v, correspo~ding to L1 and £1, are cJeYdt and cJe11dl respectively, 

from (5.2) and the transformation law of v we have at once 

t = t(l) r = r(r) -1:l =er dr = e' (e'2 = 1) (5.3) 
· ' · ' dl r dr ' . 

Therefore, as the general solutions of (5.1) and (5.2), we have the following 
two kinds of transformations : 

- b- G - b G1 : t=1)t+a, r= r; 2: t=?Jt+a, r=--=- (5.4) 
r 

where a and b are arbitrary constants, and by G1 and G2, R and g(t) 
undergo the following transforrpations, 

by G1: e2li=b2rJg(r/l+a), R2=R2/b2 (5.5) 
( 

and by G2: e'lii= 16.R4 (!,Y(1Jt+a) . n2=____!t__. 
b2 ' 16R2 

(5.6) 

If we classify L1 as follows : 

Lia : L1 in which ~ 2 = 0 i. e. F= (!,Y 

Lib : Li in which ~ ¾= 0 , 

then, as is seen from (5.5) and (5.6), G connecting Lia with Lib does not 
exist, and Gz is a transf<:>rmation connecting two M's of the form Lib• 
Hence we have 
Theorem 4. When Vi is neither S4 nor E4, the general form of G which 
keeps the form of Li invariant is given by Gi and G2, and Lia and Lib 
are not transformable to-· each other. Furthermore, G which keeps the form 
of Lia invariant is Gi alone, whereas G which keeps that of Lib invariant 
is given by both Gi and G2. 

§ 6. On the line element Lz. I. General form of the 
line element of S4 and E4. 

The general form of the line element of S4 and E4 which are of the 
form L2 is given by 

(6.1) 

where P, c2, and cs are constants. m And by transformations of the form 
ar=€r, al+b=t,<2> ds2's become: 
~-----··-· --------

(1) W. G. No. 39, 185. Theorem 10. 
(2) These transformations are all to be denoted by Gs. See § 8. 
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( i) when Vi is 84 

di'= ( i , (-d,'-,'d/P-,'sin'Od,f+dl!J, (X=t'-,') (6.2) 
1-4 x) 

or 

M=-tt2 ( -dr2-r2d82-r2 sin2 8d<f+dt2) , (6.3) 

(ii) when Vi is E4 

di= (t22r2)2 (-dr2-r2d02-r2 sin2 Od<f+dt2), (6.4) 

or 

(6.5) 

Here (6.5) is the same as (3.13), and v corresponding to (6.2), (6.3), and 
(6.4) are given by 

1 t 
v=m- k2 +n k2 +q, 

1--X 1--X 
(6.6)-

4 . 4 

. X+ 1 + v=mt nt q, (6.7) 

and 1 t v=m-+n-+q X X . (6.8) 

§ 7. On the line element ~- II. Solution of (1.1). 

When M is of the form ~. the spherically symmetric solutions e2" and 
v of (1.1) are given (excluding the solutions obtained by the transformation 
t=l+const.) by<u 

Lu: dlr=f(X) (-dr-rd82-r sin2 Odf+dt2) l (7.1) 

v=c1jf(X)dX (X=t2-r2) (7.2) 

Lau: di'= 1_ "( Y)(..:. d,'- ,'di/'-,' sin' Odf + dt')} (7.3) 
t2 

v=c2j<P(Y)dY (Y (X-a)/t) (7.4) 

L21n: · di?= h(t)( -dr2-r2d02-r2 sin2 Od<JJ2+ dt2) l (7.5) 

v=c3jh(t)dt (7.6) 

(1) W; G. No. 39, 206, Theorem 28. 
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where c, (i;::l, 2, 3) are arbitrary constants. Specially, when V, is -either 
S, or E,, as stated in the preceding section, two independent v's correspond 
to one line element,· the additional constants being excluded. 

§ 8. On the line element ~- III. Transformations which 
make the form of ~ inyariant. · 

Suppose that the line element L2 is transformed in~ 

L2 : dK = <fii<r, n ( - dr2- rd02-r sin2 Od¢2+ di2) 

by a transformation G; then, in consequence of Theorem 1, the conditions 
to be satisfied by G are 

and or ot -=e-
or ot ' 

re11 =7Jreii 

o~ -e ot (?t.)2-(or)2_'_ r. 
ot or' or or r2 

(8.1) 

(8.2) 

From the first two equations of (8.2) we have 

er=g1(.;)+g2(E), t=g1(.;)-g2(E)+c, (8.3) 

where g1 and Y2 are arbitr~ry functions, .;=t+r, E=t-r, and c is a con
stant. Substituting (8.3) into the third equation of (8.2), after some calcu
lation we have two systems of solutions of (8.2), as follows: 

(i) Y1=p.;+q, g2= -pE-q (8.4) 

i.e., G3 : er=ar, t=at+b 

(ii) gl = l + C , {h = · · --= l C 
p(p.;+'q) p(p.;+q) 

(8.5) 

i.e., G -2r t= ~(t+q/p) +l, 
5: er= (pt+q)2-p2r2 , . (pt+q)2-'[lr 

where p, q, a, b, and l are arbitrary constants. · But Gs is a special form of 

G5 in which l=!_~_l_, E'._= - ~ , p-o. Hence we have 
2 pq 2. 1/. 

Theorem 5. The general transformation G which makes the form of the _ 
line element ~ invariant is G6, the transformation law of ~ being given" 
by (8.1). 

Since G5 is equivalent to the product of the following three trans
for:qiations 

{
. 2 

(a) er=pr1 

t=~ti+l 
p 

we have 

(c) { -rz~pr 

½=pt+q' 
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Theorem 6. The transformation G's which keep the for,;,, of L2 invariant 
are given by Gs, G4, and their combinations, where 

G r t l . (x--tn -2) 
4 : r=-=-, =--=-. = -r 

X X 
As a matter of course Gis make a group and G3's its subgroup. 

§ 9. Transformation G connecting Li1, L211, and L21u-

In this section we shall study whether L2a (a= I, II, III) in § 7 are 
transformable into. one another, and consider, in the transformable case, 
how to find the actual forms of transformation. From Theorems 5 and 6 
it is clear that we can solve these problems by studying whether the line 
elements obtained from L21, ~n, and L21n by suitable Gs are transformable 
by G4 or not.m 

Now, if we denote by L~a the line elements transformed from- L 2a 
(a=I, II, III) by the transformation Gs's, the e2a•s and v's corresponding to 
l4.a are given by 

L~1: e2111 =aU(X'), v=c1J f(X')dX', (X' -(a1t1+b1)2-aM) 

. 2 J 2 2 ' L~n: e!-112 = , a2 
2 (J)(Y'), v=c2 <P(Y')dY', (Y'= (ast.i+~) -<iiri-a) 

( a2t.i + b2) a2t2 + b2 

L~ III : e2"• = aih( t') ' V = Cg J h( t')dt' , ( t' - asts + bs) 

where ai and b. (i=l, 2, 3) are the respective parameters of G3's and the 
suffices to O", r, t are put in order to distinguish the cases.· 

(i) Transformations connecting L~m and L~u. · If we take the trans
formation G of the form: rs=rs(r2, t.i) and ta= ta(r2, ~), from the trans
formation law of v, ta must be a function of Y', hence we ha~e 

-ata {(a2tz+~)2+aM+a} +~ 2a2r2(a2tz+b2)=0. (9.1) 
ar2 atz 

1 But from the form of G4 it follow that ts=~/(~-ri); so that, from (9.1), 
we have · 

(9.2) 

Conversely, when (9.2) holds good, we can easily prove that I/2m is trans
formable into L~n by G4. Further, in consequence of (8.1), in this trans
formation e2112 and </J( Y') are given by 

e211•=-tle211•= -~~ -h(as~iz--+bs) (9.3) 
rl (~-rl)2 ~-ri ' 

.(1) Since G31 is a transformation of the same kind as Gs. 
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and (f}( Y') = ~2112 = a~~ h (_!!,-fla + bs) . 
y12 Y' 

(9;4) 

Hence we have 
Theorem 71. If Vi is neither S4 nor E«, L~m and L~n are transformable 
by G« when, and only when, b2=a=0. Consequently Lim and Lrn are 
transformable by G when, and only when, a=o.m 

The actual forms of G:s which transform an L2111 into an L2ll will 
easily be obtained by using (9.2). Among these transformations the simplest 
is obtained by putting ~=l=a3 and b2=0=ba; this is nothing but G«. 

(ii) Transformations connecting L~m and L~1. If the equation of 
transformation is r3=ra(ri, t1) and t3=Mri. t1), from the transformation law 
of v, t3 must be a function of X', so ts, i.e. ti/(tr.-riJ, must satisfy 

-~t1L(a1t1 + b1) + at_3a1r1 = 0 ; 
ar1 at1 

(9.5) 

but this is obviously impossible. Hence we have 
Theorem, 72. L~m and ~1 are not transformable by G4, and consequently 
L21u and L21 are also not transformable by G, provided that Vi is neither 
S4 nor E4• 

(iii) Transformations, connecting L~1 and L~n- If the equation of G 
is r1=ri<r2, t2) and t1=Mr2, ~), from the transformation law of v; X' becomes 
a function of Y', so that the equation obtained from (9.1) must hold good if 
we substitute X' for tg. Then, by using the expressions for r1 and t1 in G«, 
we have the following relation as a necessary and sufficient condition for 
the transformability of L~1 and L~rn, · 

b~= -a. (9.6) 

But since a1 and ~ must not be zero, it is impossible for bi,~. and a to 
be zero. Then, as is readily calculated from (9.6), the relation 

(9.7) 

holds good, so that e2112 and (f}( Y') obtained by the transformation are given 
by 

and 

2112 = ri e2"1 = af f( 2a1~b1 +b2) 
e rz (~-rz) Y' -2~ 1 

(f}(Y')= (~~+b2)2 e2112= af~ f. 
. ~ (Y'-2b2)2 

(9.8) 

(9.9) 

(1) The expression "L2m and L2n are transformable by G when, and only when, , 
a=O" means that an arbitrary L2m is transformed into a certain one of L2n in which 
a=O; also, an arbitrary L2n in which a=O is transformed into a certain one of L2.m; and 
none of L21n is ever transformable into the form of Lzn in which a=\'= 0 (and vice versa). 
Hereafter we shall often use such. an expression, whenever it can easiiy be understood. 
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Hence we obtain 
Theorem 73• L~r and L~n are transformable by G4 when, and only when, 
(9.6) holds good; and consequently Lzr and Lm are transformable by G 
when, and only when, a=\= 0, provided that Vi is neither 84 nor E4. 
, · The actual form of G which transforms an L21 into a certain Lzn is 
obtained as a product of an arbitrary G3 whose parameters are ai(=\= 0) and 
b1( =\= 0), G4, and G31 whose parameters are ~ and ~ determined by (9.6). 
In this case the transformation is impossible by G4 alone. 

I 

Summarizing theorems 71, 7 2, and 7 a, we have 
Theorem 8. Provided that Vi is neither 84 nor E4, the line elements Lza 
(a= I, II, III) are classified into two categories as follows : 

L2a: [L2m, Lm(a=0)], L2t: [£21, Lzu(a =\= O)] • 

And line elements in the same category are intertransformable by G, but 
line elements in one category are not transformable into those of the other. 

· § 10. Relations between L1 and Lz. 

In § 5 we have studied the relations between two kinds of Lr, and in 
§ 9 the relations between any two of the three kinds of L2• In this section 
we shall consider the transformations which connect Lr and £ 2• Let us 
suppose that the V4 is neither 84 nor E4, and that L1 is traQsformed into 
L2 by G. From Theorem 1, the conditions to be satisfied by r(r, t) and 
t(r, l) are 

Fr2=e2;;r2 i.e. reu(1+ ~ 2r1=1e;;f (10.1) 

and -= = €l F -- - =€VF-_ - - - --::c = -i2". (10.2) at 1-- or at - - ar ( at ) 2 ( at ) 2 -

at '3r ' ar at ' ar at 

Now, we shall first show that by G an Li a is transformable into the 
form of L2 a• For this purpose it will be sufficient if we prove that L1 a is 
tr~nsformable into Lzm. Hence if we put 

(10.3) 

in (10.1) and (10.2), we have, from (10.1) and the transformation law of v, 

C1 J eYdt=°'l J ffiidl; 

and from (10.4) and (10.2), 

and 

(10.4) 

(10.5) 

(10.6) 
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here (10.5) determines a transformation, and (10.6) gives the condition . to 
be satisfied by n. Now, if we consider g as a fun_ction of eu and put 
g=H(eu) (the actual form of H is determined if the concrete. form of eu is 
given as a function of t) ; then, from (10.6), we have 

d1n=EYJeaH(E7J :: ea). (10.7) 

This is the equation which determines -;; when eu is given. Conversely, it 
is eviden.t that when -;; satisfies (~0.7), Li is transformed into 4. by (10.5). 
Hence, by putting e7Jc2/c1 = c, we have · 
Theorem 91• The line element Li a is transformable into L21u by G whose 
general form is given by 

r=r;cr, eu=ce;;, (10.8) 

provided that Vi is neither S4 nor E4. 
Next we shall prove that L1b is transformable into the form of L2b, 

For this purpose it is sufficient if we prove that L1 b is transformable into 
£ 21• As in the foregoing case, from the transformation law of v, we have 

c1feudt=- ~ Jf(.X)d.X=~{X), (10.9) 

and, after some calculation, from (10.1), (10.2), and (10.3)m we have 

c2$f =e2n<t>cf. (10.10) 

and 
1+~2 ~ ✓x 
---=e'--__ -, 

1-~ 
__ 4_W_= -e__Eg_ ! , (e'2 =1). (10.11) 

r C1 r r . c1 r 

Hence, in consequence of (10.11), 

C 2 _ /-= 
r= - - 1 --=-(e'-v X +el), (10.12) 

C2 r 

Conversely, we can readily show that when f satisfies (10.10), G defined 
by (10.9) and (10.12) transforms L1b into L21, Hence, putting c1/c2=c, we 
have 
Theorem 92, The line element Lib is transformable into ~1 by G whose 
general form is given by 

2c ✓-=- -r= ----:::-(e' X +et), (10.13) 
r 

(1) In this calculation the following equations are used : 

8r C2 -1 (l r2 ) 2 1 r t . .1 1 ar cfr ar=-e01t • + 4R2 e-U=-€€ f VX, SlIDJary af =€€1 VX~. 
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where c 'is a constant, provided that V 4 is neither S4 nor E 4• m 
To obtain the actual form of the function f(X) when the concrete 

form of e0 is given, we have only to express t as a function of (f, r, l) 
from (10.10), and solve f(X) from (10.9). And we can easily prove that 
the transformation obtained by using (10.1) in place of the second equation 
of (10.13) is equivalent to the . transformation defined by (10.13). 

As" a special case of Theorem 92, if we put e0 =1, we have f= -1 ~n 

consequence of (10.10). So that we know that the line element of Einstein 
type 

M= - [ 1+ 1,.,_1 (dr'+r'd/P+r' sin' Od,;,')+df 

4R2 

is transformable into 

<1$= - 'f!. (-dr2-r2d02-r2sin2 0d¢2+dl2) . 
X 

by the transformation 

(10.14) 

(10.15) 

r= 2~(E'✓X+et):, ct=R2log.X+const., (c2=-R2). (10.16) 
r 

When R is real, (10.16) becomes an imaginary transformation. 
Summarizing Theorems 91 and 92, we have 

Theorem 10. Lia and L2a, and Llb and L2h, are transformable by G, but 
L~a and ~h, and Llb an,d ~a, are not transformable. 

§ 11. On the line element L3• . I. General form of the 
line element of S4 and E .-

In this section we shall assume that in S4 and E4, dff- is of the form 
L3• It is well-known that when d.s2 is static (i.e., both A and Care func
tions of r alone), the general forms of the line elements of S4 and E4 are 
given by 

. ds2= ____ {If}_ - -r2d02-r2 sin2 Od,p2+(1-k2r2)dt2 (11.1) 
1-k2r2 

and (6.5) respectively, where the constant factor of C is excluded. 
Now let us find the general form of ds2, assuming that A=A(r, t) and 

C= C(r, t). Substituting Yii of La into (3.1), and putting (i, j, l, m) = (1, 2, 2, 4), 
we see that A· must be si;atic, i. e. a function of r alone. Next, putting 
(i,.j, l, m) = (2, 3, 2, 3) and (2, 4, 2, 4), we have 

(1) From Theorems 8, 91, and 92 we know that Lia is not transformable into L21. 
This can easily be proved directly as follows: In the proof of Theorem 92, if we consider 
the case in which 1/R2=0, the equation obtained from (10.11) by putting 1/R2=0 should 
hold good; but it is obviously impossible. Therefore Lia is not transformable into L2l. 
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A=(l-k2r 2)-1 , C=So(t)(l-k2r2) 

A=l, C=So(t), 

(11.2) 

(11.3) 
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where \l'(t) is an arbitrary function of t. Conversely, it is evident that A 
and C thus obtained satisfy (3.1). Hence we have 
Theorem 11. In S 4 and E4, the general forms of the line elements of the 
form La are given by (11.2) and (11.3) respectively. 

Clearly, the line elements (11.2) and (11.3) are transformable into Ul.1) 
and (6.5) respectively by the transformation r=T/r; dl=e✓"""i dt.<1> v's cor
responding to (11.2) and (11.3) will be obtained in the next section. 

§ 12. On the line element La. II. Solution of (1.1). 

A necessary and sufficient condition for La to be conformally flat is 
given by<2> 

, · r(A' C') r2(2AC-AC 2C"C-C'2 A'C'-A2 ) 
l-A+2 A-C -c 4C ~- 4C + 4A =O. 

(12.1) 

Hence, to obtain the forms of Ls which is transformed from L1 by G, we 
have only to solve (1.1) under the additional condition (12.1). (1.1) corres
ponding to Ls becomes 

c1 6 c (b) 044V- 01V- -04V= -~01V 
2A 2C rA 

(d) /J = - - 1-01V • 
rA 

From these equations and (12.1), A, C, and v can be determined. But it 
is rather difficult to solve the equations as they are, on account of the 
complexity of the form of (12.1) ; so we shall, as a first step, solve the 
equations on the assumption that A is static, i. e. A= A(r). 
(i) When cl1v=0 and 04V ~ 0. From (c), we have C' =O. Hence, as the 
general solution we have 

and 

ds2 = - __ ij/f~ -r2d82 - r 2 sin2 8d¢l' + C (t)dt2 

1-L 
R2 

v=c1 J ✓ C(t) dt. (f]=O) 

· (12.2) 

I (12.3) 

Obviously (12.2) is transformed by the transformation r=r;r, El/ C-dt=dl 
into the 9rdinary form of line element of Einstein type : 

(1) This transformation is denoted by GG later on. See § 13. 
(2) W. G. No. 39. 187, Theorem 12. 
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ds2= - dr rdfJ2-r2 sin2 Od<f}+df, (12.4) 
1-£ 

w 
and v corresponding to (12.4) becomes 

v=mt+q, 

where m and q are arbitrary constants. 

(12.5) 

(ii). When 01v =\= 0 and o4v=O. From (b), we have C=a(t)r; and then, 
from (12.1), A=O; this is a trivial case. · 
(iii) When 01v =\= 0 and 34v =¾= 0. From (a), (b), and (c), we have 

01V=P1(t)r✓A, 04V=pit)✓c (p1=\=0, P2=\=0) (12.6) 

where Pi and P2 are functions of t satisfying 

When P1 =O here, we have (11.3), and 

v=- ~1 {(J✓cdt)2-r}+P.ij✓Cdt+p4, (12.8) 

where Pi, P.i, and p4 are arbitrary constants. As a matter of course, if we 
transform (11.3) into (6.5) by the transformation 1/ C dt=dl, (12.8) is trans

, formed into (4.17). 
When Pi =\= 0, from (12. 7) we have 

Hence it must follow that i>z/(bp'f.) = h=const. and Pi./(bPiP2) = k2 =const .. 

Substituting these results into (12.1), we have h=l and Y1'f!1 =k2-. Hence, 
P2'P2 · 

as the general solutions for A and C, we have (11.2) in which cp=bj)z. To 
obtain v- corresponding to this ds2 changing the variables: 7J✓i dt=dl, we 
have (11.1) for di' and (12.6) becomes Pi.= -k2-P2 and i>z= -Pi, from which 
we have 

(12.10) 

where m, n, and q are arbitrary constants. Hence we have 
Theorem 12. When ds2 is of the form L 3 in which A=A(r), the general 
solution of (1.1) and (12.1) are gipen by the following three forms : 

(11.1), (12.10) ; (6.5), (4.17) ; (12.4), (12.5) ; 

excluding those connected by G6, i.e. (r=71r, t=f(l)). 
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Accordingly, if we assume that A,. i~ static, there exists no Vi ~hich 
gives the solution of (1.1) and (12.1) ·except for S4, E4, and Einstein-type Vi. 

§ 13. On the line element 4 III. Transformations which 
make the form of L3 invariant. 

In the same way as in § 5 ~nd § 8, we have the theorem concerning 
the transformations which transform Ls into 

Ls: dB'-=-:- A(r, l)dr2-r2dtJ2-r2 sin~ Od,p2+C(r, f)dl2 • 

Theorem 13. The general form of the transformation which keeps theform 
La invariant is given by 

G6: r=r;r, t=f(l). 

And by G6, A and C undergo the transformation 

A=A, c( d~ )2=c .. 
dt 

The proof is omitted 'here as it is just the same as for Theorems 4 and 5. 

§ 14. Transformations connecting Ls and L1• 

In consequence of Theorem 1, the conditions to be satisfied by G which 
transforms· La into L1 are 

(✓F =eu(1 +L)-1
) ., 4R2 (14.1) 

✓ A 0~ =e✓ c ✓p 0~, ✓ A 1llf' 0~ =E✓ c-q_t, If'=;( 0~)2A-( 0~ ) 2c. 
ar at at ar or or 

(14.2) 

Therefore, when · F is given, from the equations· above we havem 

(i) when L1 is L1b (i.e. --\- ::\= 0 ), excluding the case of Einstein-type ds2 
. R 

(in .which jj=O) 

G: r= r;-V Fr, t= 91(!;), ( 1; = 2R2 log !!:... + 2 J-d!. ) (14.3) 
~ e2Yg 

(14.4) 

at /A- .!. at IA f3 
(1) From (14.1) and (14.2), we have fir-=er;,v C e2'iir : 2 , fit =er;~ C --;; ; so we have 

fiJ-~_ -~=0, from which t=19(~) is obtained. 
fir e2u gr fit 
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where a -1 + r\, fJ = 1- 4~ ,- and <p is arbitrary, 
, 4R n.-

(ii) when Li is L1a(i. e. 1 =0) 

G: 

where rp is arbitrary. 

1 1 _.2.:.2 -= _,,-g 
A ' 

(14.5) 

(14.6) 

The fact that the transformation G contains an arbitra_ry function 
corresponds to the invariance of the form L3 under G6• 

· In the ease of Einstein-type ll, the transformation which transforms 
(10.14) into (12.4) is obtained as follows. From (4.10) and (12.5), v and v 
are given by 

v=mt+q, v=mt+<i. (14.7) 

Accordingly t must be a linear function of f. By applying this relation to 
(14.1) and (14.2), we can easily prove the following theorem : 

Theorem 14. The general form of G which transforms (10.14) into 
(12.4) is given by 

r=7Jr(1+ :;2r1. t=ef+c, (c is a constant). (14.8) 

By this· transformation the coefficients m and q in v undergo the trans
formation 

m=me, q=mc+q. (14.9) 

And, from Theorem 14, we know that both (10.14) and (12.4) are of the 
same category as Lib and L2b• 

§ 15. ' Transformations connecting La and La. 

As in the preceding section, the conditions to be satisfied by G which 
transforms La into L2 are 

(15.1) 

✓--ar ;-· at A-=e.., c~_ or at ' 

Therefore, when ea is given, from the equations above we have<n 
(i) when L2 is Lu, excluding the case of Einstein-type di' (in which 
1+2X(dxa)=0) 

(1) As in § 14, t=rp(~) is obtained from the relation :~ r~= :~ (l+ra'). 
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r=1)e;;r, t=So(E), '(e_.·logt-f (dgu)dX ) 
J 1+2X(dxa) 

' 

(15.3) 

1._ = 1-4r(d:xa){l + X(d:xa)}, A . C=Ae26l2(1+2Xdxi,)2/(de<p)2 (15.4) 

(ii) when L2 is ~m, 

G: 

_1_=1-r2~ 
A ' 

where <p is an arbitrary function. 

(15.5) 

(15.6) 

., 
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In the case of Einstein-type space, there are two kinds of line element 
of the form L2, namely (i) that belonging to the type L21, i. e. (10.15), and 
(ii) that belonging to the type ~rr, in which a~ o,0 ) i.e. 

4 Kl · · 
<Ii' (X ~2 2 (-dr2-r2dfJ2-r2sin2 0d<j/'+dt2). (15.7) 

-a +4at 

But we have. seen that (10.15) and (15.7) are intertransformable by G, the 
equation of transformation being given in Theorem · 73_ Accordingly, we 
have only to consider the transformation which transforms (12.4) into (10.15). 
But in consequence of (4.10) and (7.2), we have, respectively, 

v=mt+q and v=mlog X+ii. 

Hence, from (15.1), (15.2), and (15.7), we can readily prove the following 
theorem. 
Theorem. 15. The general f<>rm of the transformation . G which transforms 
(12.4) into (10. 15) is given by<2> 

r= ;; r, t= ie~R log X+c. (c 'is a const. and e' =e1J)_ (15.8) 

Furthermore, we see that by (15.8) the coefficients m and q in v 
undergo the transformation· . 

- ie'R m=--m 
2 ' 

q=q+cm, (15,9) 

And the transformation (15.8) becomes real only when R is i;>urely imaginary. 

X > 0 ( corresponding to 1- ; > 0 ), and c is real. 

(1) W. G. No. 39, 210. 
(2) A special form of this transformation is given in W. G. No. 39, 186. 
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§ 16. Transformations connecting the line elements of S4• 

The line elements of S4, and the corresponding v's, are given by the 
following five systems. 

I ds¥= -e21ct1(drf +ndd2+n sin2 tJdf)+dtr, 

Sr vi = m (r.ekti -1=-e-kt1) + niekt, + q 
1 1 k2 1, -

The most general forms of ds2's and corresponding v's are obtained by . 
operating on SP (p= I, II, .... , V) the -transformations G1, Gi, G8, Ga, G6. Of 
_the five Sp, ds'f and _ cl.si belong to Li, Ma and ~ to L2, and ds'#, to La. If k 
and R are both real, the signatures of the five ds2's are the same. In this 
section we shall determine the forms of G's connecting · SP (p = I, .... , V) 
with one another. 

(i) -Transformations ccmnecting Sr and S11• To simplify the calcula
tion, operating a transformation (?i=4R2r~, t2 =l2) to S11, we have the re
sulting system Srr : 
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From· (2.5) and _the tra~s:formation law of v, we have 
' _ ekt2+e~kt2 

r1ekt'=7Jr2 k(l+~)' 

ekt, = a(ekt2 -r~-ktz) (1 + ~)-1 + {l(ekt2 -e-kt2) + T 

(16.1) 

(16.2) 

where a, fl, and r are any constants to be determined. From (~6.1), (16.2), 
and (2,6), i. e. 

we have a(e-1)=2{1, r=O. (16.4) 

Therefore we obtain two transformations connecting S1 and Sn, correspond
ing to e = + 1 and e = -1. Hence we have 
Theorem 16. The general forms of G's connecting S1 and Sn are given ·by 

Tuia: 

T . r ekt,_71 r2(ekt•+e-kt2) 
Illb • 1 - , 

2Ric(1+ 4i )· 
where c is an arbitrary constants. 

Further, in consequence of the equation 

rfokt,_l_e-kt,= __ l_(ekt2_e-~ ~ )(1+ ~ )-l+_l_(ekt._e-kt2)1 
\ 

1 k2 ck2 4R2 4R2 ck2 ' 
(16.5) 

the equation of transformation of the coefficients m, n, q in v becomes 

(16.6) 

Similarly 
(16.7) 

(ii) Transformations connecting Sm and S1v, Such transformations 
can be obtained by a 'method analogous to that used in (i).(1) In this case, 

(1) In this case, as the eqi;iation corresponding :to (16.2) it is convenient to use 

1 ( k2 )-1 4 = 1-4 Xa (a+fJta)+r. 

In this way, as the. equations defining Tm 1v we obtain (16.8) and (16.11), which are equi
valent to'those mentioned in Theorem 17. 
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however, we can obtain the transformations in a simpler way by using the 
result attained in § 8, a& follows. By Theorem 5, the transformation must 
be of the form G5 satisfying (8.1), i e. 

(16.8) 

from which we have 

2( 1- ~ Xs)= -E71k[ 2(ts+ ! )+l{(pts+q)2-p2Ji}]. (16.9) 

Therefore, as a necessary and sufficient condition to be satisfied by G5, we 
have · 

(16.10) 

Hence we have 
, Theorem 17. The general form of the trans! ormation G connecting Sm 
and S1v is given by 

w_here p2 is an arbitrary constant. Here we may use (16.8) in place of the 
first equation. 

From the form of Tuuv given above, we have 

l=(1-Kx3)-1
( 4# e'+2rts)- 2r E' 

t4 4 k k 
· (16.11) 

(16.12) 

- So we have 

in Tmrv: 

q3=q,-E'(?,f m4+ 2~ n4). (16.13) 

(iii) Transformations connecting Sr and Srv, Substituting 

(16.14) 

into (2.6), in the same way as previously in (i), we have two systems of 
solutions a, {3, and r : 

(a) when e=71, {3=0=r, a is arbitrary 

and , (b) when e= -71, a=O=r, p is arbitrary. 
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Hence we have 
Theorem 18. The general forms of the transformations connecting Sr and 
Srv are given lry 

Tuva: 

Tuvb: 

where a, {1 are arbitrary constants. 
It is to be noticed that in place of the first equations in Tuva and 

Tuvb, we may use 

Tuva: Tuvb: r1=-k71 r4. 
I /1 

(16.15) 

And by these. transformations the coefficients in V undergo the trans-
formation 

in Tuva: m4=n1a, 1 
n4= -m1/i}a , q4=q1, (16.16) 

in Tnvb: 1 
m4= -mi 1,;2-7i, n4=n1f1, q4=q1 • (16.17) 

Thus there are two kinds of transformations connecting S1 and Srv, the 
forms of which are entireLy different from each other. From this result, 
so far as the fundamental tensor gii is concerned no ambiguities arise owing 
to the different kinds of transformation; but when we are considering 
vectors and tensors other than gii, it is necessary to make clear which 
transformation should be adopted. This remark may be applied to other 
similar cases. 

(iv) In the same way as (i) we can prove 
Theorem 19. The general forms of the transformations connecting Sr and Sv 
and the corresponding transformations of the coefficients in v are given by 

Trv a : r1ekti = 71r6 , ekt, = aektsy, 1 - k2r~ , ( a is arbitrary) 

n _ 1m1 q -q. 
5- - ak2- , 5- 1, (16.18) 

(16.19) 

(v) The other transformations connecting SP (p=I, .... ', V) with one 
another can be obtained by combining the above-mentioned Trn, Tm rv, Tuv, 
and Tr v. But if we adhere to these four transformations only, we have 
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the trouble of combining some of them (per~aps three) in order to obtain 
another (say Tnn, T'rnv, etc,). But by adding Tun to the above--given four, 
we can simplify the combination of transformations. Actually, 

Ti Ill: 

n3 =_£_mi+ akenr, 
ak 

where a is an arbitrary constant. 

§ 17. Transformations connecting the line elements of E4• 

The line elements and the corresponding v's obtained in. our discussion 
are as follows : 

~ . 

w(1+-·1-"2 { 
~= ... 2 . ) 2 (d11+rid(}2+ri sin2 Od<j})+ d~, 

E2 · · 4R2 

2 ( r~ ) ( . ri )-1 2 v=m2 1- 4R2 tz 1+ 4R2 +n2~+q2, . 

The most general forms of M's ·and v's are obtained from Ea (a=I, II, III) 
by operating the transformations (G11 G3, G6), G1, Gs. Mi belongs to any of 
Li, L2, and Ls, and d.si and ds~ belong to L1 and L2 respectively. When R is 
real, the signature of diz differs from those of other M's. If we find the 
general form of the transformations connecting Ea with one another and the 
~ransformations of the corresponding mi, n., and qi ( i = 1, 2, 3), we have 

tz(l- 4t-) 
t1 =E rl +c, 

l+-2_ 
4R2 

U1n: 
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U1111: - rs . r1 - 7J 1:§- rs , t - ta. + 1-€.,2 2 c, 
v.i-ra 

Uurn: 

"2(1 r~ .) 
• 4.R2 _ ta+ 

• .2 -C 2 2 C l+_,,.,_2,_ ta-rs. 
4R2 

where e's are arbitrary constants and U11 m is the combination of Urn and 
Uuu- Here Urn and Unm. are real transformations when R is purely 
imaginary. 

§ 18. Solution of (1.1) when v=v(r, fJ, ¢, t). 

Above (§ 4, § 7, § 12) we have solved equation (1.1) on the assumption 
that v is spherically symmetric. In this section we shall try to solve (1.1) 
when v contains not only r, t but also 0, ¢. 

When di- is of the form Li, (1.1) becomes 

(18.1) 

(a=l,2,3) (18.2) 

B' . 
o2'JV+2Faiv-r2F~o4v= -r2Fa«v (18.4) 

oaav+ :; sin2 Oa1v+sin O cos 802v-r2Fsin2 fJ(go4v-o44v)=O (18.5) 

(18.6) 

If o3v :\= 0, from (18.1) and (18.2) we ·have 

v= ( sin (J j b(¢)d¢+ J a(U)dfJ )rv F +c(r, t) , , (18.7) 

where a(0), b(¢), and c(r, t) are arbitrary functions. Substituting (18.7) 
into (18.4), after some calculation we have 

,- B'2 , ✓- ✓-
-rV F +-----=s--r3Fgo4 F +r3Fa« F =O; (18.8) 

4rF11 . 

and further substituting the actual form of F into this equation, we have· 
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2g" 1 
e g= R2 ' (18.9) 

which coincides with. the third equation of (4.5). • Hence, by the same calcula
. tion as in § 4, we see that F coincides with A given by either (3.9) or 
(3.10) ; which shows that Vi must be either S4 or E4. So that when Vi is 
neither S4 nor E4, we must have 03V = 0. 

Similarly, we can prove that cl2v=O when Vi is neither 84 nor E4; so 
v must be spherically symmetric. Therefore, we know that (4.10) gives the
general solution v of (1.1) even when we do not assume that v is spherically 
symmetric. 

Similarly, we obtain the same result when di2 is of the form L2, 
provided Vi is neither S4 nor E4; the proof being omitted.<n IIence we 
have 
Theorem 20. When Vi is neither S4 nor E4, if we assume that ds2 is of 
the form L 1 or Li, the solution v of (1.1) becomes spherically symmetric. 
Accordingly, when ds2 is of the form Li, (4.10) gives the general solution 
of v; and when ds2 is of the form L2, the general solution di2 and the 
corresponding v are given "by L21, (7.2); L2II, (7.3); L2Ilr, (7.4). 

When Vi is either S4 or E4, (1.1) becomes completely integrable for vi, 
so that the general solution of v must contain four arbitrary constants at 
least excluding the additive constant. As the simplest example in an E4 

we shall find v corresponding to di2 of E1 (cf. (3.13)). If we put ii F =1 
and iJ = 0 in (18.1), .... , (18.7), from (18.7) and (18.4) we have 

o0a+ J adO=p, p+orc+rottc=O, (p is const.) (18.10) 

On the other hand, from (18.2) and (18.3) we have orrc+auc=O=ortC, 
Making use of these results, as the general solution of v we have 

v=r sin O(c1 sin ¢+c2 cos ¢)+c3r cos O+c4t+c5(t2-r2)+c6 , (18.11) 

'where ci (i=l, .... , 6) are arbitrary constants.<2> Hence, we know that 
there · are five kinds of vi which are linearly independent with constant 
coefficients. 

In the same way, we can obtain the solution v's corresponding to the 

(1) In this proof, as the equations corresponding to (18.9) we have 

f'+rf=O, / 11 +]=0, i'=O, (/=.e-a) 

from which we can easily obtain (6.1), i. e. the equation defining S4 and E4. 
- (1.1) has only one independent solution of v in the coordinate system in which ds2 is of 

the form Li. From this, we may conclude that when ds2 is of the form L2a (a=I, II, III), 
(7.2), (7.4); and (7.6) give the general solution of v even when we do not assume that v is 
spherically symmetric. 

(2) 0 corresponding to (18.11) is given by cs, which coincides with the result of the 
corollary in W. G. :t-]o. 39, 201. 
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other forms ,of dz of S4 and E4. For example, the general solution v 
corresponding 1;o ds2 of Robertson's form (i. e. ds2 of, S1) is obtained as · 
follows: 

(18.12) 

N. B. In the ordinary (x, y, z, t)-coordinate system in which ds2 is given by . . . 

(E4): dz= -dx2-dy2-dz2+dt2 (18.13) 

or (S4) : ds2= -e2kt(dx2+dy2+dz2)+dt2 , (18.14) 

(18.11) and (18.12) become 

v=c1x+~y+cg2+c4t+c5(t2-r2) +c6, 

V = ekt( C1X + C2Y + CgZ + C4) + C5( rekt - J2 e-kt) + C6 . 

In this coordinate system, the calculation is simpler than in (r, (}, ¢, t)-system. 

§ 19. On the line element L4• 

The line elemer'it £ 4 is obtained by putting B = const. in the most general 
spherically symmetric line-element (2.1), and cannot be transformed· into the 
line element in which B is not constant by the transformation G. Line 
elements of the form £ 4 are not in general adopted in the ordinary rela: 
tivities and cosmologies. In wave geometry, however, we have treated them 
several times ; therefore it is not purposeless to study such £ 4• 

In £ 1, the coefficient of d82 cannot be constant, so it is evident that by 
any G we cannot transform L1 into £4. Further, we can prove that not 
only not by G, but also by no transformation of (r, 0, ¢, t), can we trans
form L1 into £4. 

To prove this, we have only to obtain ds2 which gives a conformally 
flat space and is of the form £ 4, and then to prove that the equation (1.1) . 
relating to this ds2 has no solution v. But such dz is always transformable 
into the form 

ds2= ~ (-dr2-:r2d82-r2 sin2 Od¢2+dt2), (B=const.) · (19.1) , 

by a suitable transformation,<1) while (19.1) is of the form £ 2, and Vi defined 
by (19.1) is neither S4 nor E4• Hence, by Theorem 20, v must be spherically , 
symmetric ; moreover, (19.1) does not belong to any of £ 2 a (a= I, II, III) ; 
so it is evident that (1.1) has no solution v. 
Hence we have 

(1) W. G. No. 39, 186, Theorem 11. 
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Theorem 21. The line element of the form , Li cannot be transformed into 
the f<Yrrfl, L4 by any transformation of (r, 0, <P, t). Accordingly, the space 
defined by L4 is entirely di.ff erent from that defined by the line element 
of the form L1. 

§ 20. Group of motions. 

In this sectjon we shall consider the group of motions in the space Vi 
. defined by L1• Let the infinitesimal motion be 

(i=l, 2, 3, 4); (20.1) 

then the operator of the motion is given by €iaj, The vector c;i is obtained 
. as the solution of Killing's equation 

(20.2) 
or, in contravariant form, 

£;h oglm + 3t;=i _ + a£;i ·=0 
Cl h Cl l g,m c, m gl1 
uX , uX uX 

(20.3) 

Tb solve (20.3), if we put x=r sin tJ cos ¢(=x1), y=r sin tJ sin ¢(=x2), 

z=r cos tJ(=x3), and t=t(=x4), L1 can be written as 

Li: ds2=-F(r,t)(dx2+dy2+dz2)+dt2, (F=e20(t)/[1+ 4~ 2 J2) (20.4) 

and (20.3) becomes 

F' (E1x+E2y+E3z)+€4F+2Fo€1 =0; oE2 + ac:3 =0, l 
r ox oz oy 

(20.5) 
aE1 aE4 • a£;4 

-F-+-=O and cychc· -=0. 
at ox ' ' at 

By solving (20.5), we get the following result (as the calculation is easy 
. and somewhat long, we omit it) : 

Theorem 22. The operators of motions in the space defined by L~, are 
given by 

1 I. In the case: R2 =0, 

la. when g = const. = k( ~ 0 ), taking e29 = e2kt by G1 ( i. e. ds2 is S{) 
123 123 123 
T, T, T; S, S, S; R, R, R ; U, (group of 10 parameters) 

Ia'. when g = co:nst. = 0, taking e29 = 1 by G1 ( i. e. ds2 is E{) 
123 123 123 
T, T, T; S,S,S; R,R,R; U, (group of 10 parameters) 

1 2 3 1 2 

lb. when g ~ canst.; T, T, T; R, R, R, (group of 6 parameters). 
1 II. In the case : R2 ~ 0, 
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Ila. when e2ug=-}2 and geu¾=const., taking e2u=(ekt+e-kt)2/4k2R2 by 

Gi ( i. e. ds2 is S{r).' 
1 2 3 1 2 3 1 2 3 

P, P, P; Q, Q, Q ; R, R, R ; U' , (group of 10 parameters) 

II ' . h ..2u·· 1 d · u t a. w en e- g=-R2 an ge ;;=cons., 

is E/.r) 

0 2g __ t2 • ...7...2 
taking e - R2 by G1 (i.e. w, 

1 2 3 ·1 2 3 1 2 3 

P, P, P; V, V, V; R, R, R ; U' , (group· of 10 parameters) 

llb. when g=0, (i.e. M is of Einstein type (10.14)) 
123 123 _ 

V, V, V; R, R, R; U, (group of 7 parameters) 

Ile. when e2gg ¾= if and g ¾= 0, 

1 2 3 1 2 3 
V, V, V; R,R,R, (group of 6 parameters) 

a a 
where T, S, U, .... , etc. (a=1, 2, 3) are operators of motions, in which ~• 
are given by . ~1 e,2 ~3 ~4 

1 

T 1 0 0 0 
1 

s e-2kt - 4R2kzr 2k2ey 2k2xz -2kx 
1 

R 0 -z y 0 

u kx ky kz -1 
1 

s t 0 0 X 

(j 0 0 0 -1 
1 

'2kR (ekt_e-ktr) kxye-k!_ kxze-kt ~i'i p 
a Rri Ra R 

1 2kR ( -kt kt ) keyekt kxzekt __ !La Q -- e -er 
a Ra Ra R 

U' kx{1j ky{1 kzµ -(1-_!:._ }, 
4R2 

1 
p -__!._(l+r) X1J xz -~a ·-·-

t 2Rt 2Rt R 
1 xy xz vm 1-r 

2R2 2R2 
0 

U' X JL z -(1- 4~)a - -
t t t 

---·-- --~~ --- ~~----------

(1) As. is easily seen, the following relation exists: 
a 1 a a 
V= 2kR(P+Q). 
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where a=ekt+e-kt, 0 =l(ekt_e-kt), r= r- 2x2 and a=(1+L)-l and 
,., a 4R2 4R2 ' 

2 3 2 3 1 1 

T, T; P, P; •... are obtained form T, P, ...• by the cyclic change of x, Y, z. 
Among these_ operators only 7 operators 

a - -
R, U, U', U, U' 

make r = 0 invariant. 
a 

Further, we can prove that R is invariant by G, and that in S4 and 
E4 the following transformation laws hold good: 

a a a a 
when Sr------»Sn by Tnra (17=c=l), T, S, U - P, Q, U', 

a a a a 
when Sr-Sn by Trnh (17=c=l), T,S, U------»Q,P, -U', 

a a a a 
when Er-En by Urn (e=71=l, c=O), T, S, U - iP, -iRV, U'. 

Lastly, in preparation for some future applications, we add the form 
of the alternants between the operators of each of the groups obtained 
above. (The proof is easy, so we omit it.) 

ab 1 ab a ab cab c 
(T, T) =(S, S)=(R, U)=O, (R,R)= -Eabc4R, (R, T)= .:...€abc4T, 
ab cab c a a 

(R, S) = -€abc4S, (T, S)= -2k2Eabc4R+2kr3abU, (U, T)= -T, 
a a 

(U,S)=S; 
ab c ab cab a a 

(S, S) =Eabc4R, (R, S)= -Eabc4S, (T, S)= -aabU, (U, S)= -T, 
_ G a _ 

(U, T) =(R, U)=O; 
ab ab a ab cab c 

(P,P) =(Q,Q)=(R, U')=O, (R,P)=-€abc4P, (R,Q)=-Eabc4Q, 
ab c .a a a 

(P, Q) = -2k2€abc4R+2kaabU', (U', P)= -P_, (U', Q)=Qa; 
a b a a !! b ' 1 _ 1 a !!._ .!:._ 

(P, P) =(U', P)=(R, U')=O, (P, V)= -~aabU , (R, P)= -eabc4P, 
R . 

- a 1 ~ 
(U' V)= --P . , R , 

a b 1 c 

(V, V)= - RZ Eabc4R, 
a b c 

(R, V)= -Eabc4 V; 

a -
(V, U)=O. (a, b, c= 1, 2, 3) 

This problem was discussed at a special Seminar of Geometry and 
Theoretical Physics in the Hirosima University, and research into it has 
been carried on under the Scientific-Research Expenditure of the Department 
of Education. 

Hirosima Rikugun Yemen Gakko, Hirosima. 
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