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§1. Introduction.

As we have seen in the previous paper, in the ordinary relativistic
cosmologies the line element of the form :

Li: det= —F(r, £) (dr*+12 dP+12 sin? 0dg?) + dE, (F=e2"“’/ [1+%T)

is usually adopted, as having the properties:
(i) the existence of a non-null vector v; satisfying the equation

Vv;=p9: <.3=-1—sts, V= 6{0) (1.1)

(i) the conformal flatness of the V, defined by L..®

The purpose of this paper is to find various simple forms of the line
elements obtained from L, from the point of view of transformations of
coordinates.

Besides L, we shall also consider the following three kinds of line
element

Ly: d8=e»"9(—dr*—r?d#? —r* sin® 0d¢?+ dt?)
Ls: d$8=—A(r, 1) dr®—r*(d6?+sin? 0d¢?)+ C(r, t)dt?
Ly: ds*=—A(r, t)dr*— B(dP+sin® 0d¢?) + C(r, t)dt?, (B=const.)

which include almost all the forms of line element discussed in the Rela-
tivity theories and cosmologies, in which the spherical symmetricity of the
line elements is fundamental. Thus, the transformations of coordinates
(assumed as non-singular) which we are going to discuss will be restricted .
to the form of

G: r=r@D), t=tFD, e G:F=Fn1), =i, ]

which preserves the spherical symmetry of any quantity.

(1) This paper is continued from H. Takeno, this Journal, 10 (1940), 173: (W.G..
No. 39). :
(2 W.G. No. 39, 200, Theorem 23.
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§2. Conditions of G in the general case.

Any one of L; (:=1,2,8,4) is a speclal form of the most general
spherically symmetrlc line element

L:d$=— A(r, t)dr*— B(r, t) (dP+sin? 0d)+ C(r, ) d2.  (2.1)

Now, we shall assume that (2.1) is transformed into another spherically
symmetric line element

L:d®=—A(F, 1) dP*— B, 1) (d*+sin? 0dgd) +C (7, D) diz.  (2.2)
Then, from the transformation law of g;;,

_ _ ox! ox™ 2.3)

we have, as the condition to be satisfied by G,

A=~ Jar(2)o, o <d">A+<at>2C}

0=—2r0or 4y % % p-p |
or ot or ot !

But it is obvious that (2.4) is equivalent to
B=B i.e 1/§=m/§, (72=1) (2.5)

and 1/A1/C~—-e1/c 1/A 1/A1/Za_’f'_e1/‘c‘1/— ot }
(2.6)

or
_A-= _(E;_) A+<'a—7) c, (e=1)

Hence we have
Theorem 1. A necessary and sufficient condition for L to be transformed
into L by a transformation G is given by (2.5) and (2.6). :
Accordingly, so long as r and ¢ which satisfy (2.5) and (2.6) are not
found as functions of # and f, the two line-elements L and L are not trans-
formable into each other by G. It is generally rather difficult to solve (2.5)
and (2.6) directly, but when a solution »; of (1.1) is known, we can solve
the problem in a simple way by virtue of the transformation law of v.

§3. On the line element L,. 1. General form of the
line element of S, and E,.

We shall denote a four-dimensional space of constant curvature and a
four-dimensional flat space by S, and E, respectively. S; and E; are
characterized by
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Kulm k (gzmgjl gzlgjm) s (3-1 a) Kijlm= 0 ’ (31 b)

respectively. In this section, first, we shall show that when ds® takes the
Jorm

ds*= — A(r, t) (dr*+r*d6P+1* sin® 0d¢?) + di? , (3.2)

the general solution of (3.1) must be of the form L,; and then we shall
find the actual form of F.¢V
Since S, and E, are both conformally flat, it follows that®

A=[a(®)F[1+bt)*]2, (a, b are any functions). (3.3)
Next, in (8.1a), if we put (4,7,1, m)=(, 8,2, ), we have

(1+b2P (P - 4b— D) + 2aabr*(1+ br) —aBiri=0,  (3.4) -
SO , ka?—4b—a*=0, b=0. (3.5)
Hence we know that b must be constant and (3.2) coincides with L, if we
1 .
ke b=
take i
When b=0, from (8.5), we have

A=c%et¥ or A=¢2, (¢ is constant) (3.6)

according as k0 or k=0.. Next, when b0, from (3.5), we have
a(k’a—ad)=0; but if a=0, ds* becomes coincident with that of Einstein-
type space; which, as is easily seen, does not satisfy (8.1). So we abandon
this case. Therefore, according as k0 or. k=0, we have ’

a= cle"t + Cge—kt. N (40102k2 = —13;> \(3.7)
or a=ct+e;, (c%= — Ié2> . (3.8)

Conversely, by direct substitution we can readily show that (3.6), (3.7),
and (8.8) satisfy (8.1). So we have

Theorem 2. The most general forms of the line elements of S, and K,
which are of the form (3.2) are given by :

K k

Sit A=de*™; A= (cl-‘ifi"z‘? L (tee=L) 69
- [*"ﬂez—]

E: A=c; = (clt“?)z , (=), (3.10)

[1+

(1) The solutions of (3.1a) have already been obtained by the present writer; this
Journal, 7 (1937), 44 (W.G. No. 11).
(2) W.G. No. 39, 189, Theorem 14,
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These four kinds of line elements are transformed into

A= — P+ 12dP+1* sin? 0d ) + At 3.11)°
4 ) ( ekt _I_ e—kt)z . . .
de=— s @ ?sint 0 +dE (3.12)
2
4R 1 +WT
z { ds*= —(dr?+r?’dP+ 12 sin?® 6d ¢?) + dt? (3.13)
|ag=—E (@ rrdRf st ) +dE (B14)

,,.2
RZ[1+~—
AR? .
by the transformations cr=e7, 7t=1; r=er, ce"=7¢"|2kR; cr=€¥, t=7t;
r=e€r, ct+ce;=7cdt, respectively. ¥ (e2=7?=1).
Moreover, it is easily seen that by the transformation »*=4R%? two

line-elements (3.12) and (3.14) are transformable into the form in which
4R?=1,

§4. On the line element L, IIL Solution of (1.1).

In this section we intend to find the general spherically symmetric
solution v of the equation (1.1) with respect to the line element L.

Since v is spherically symmetric, we have v=uv(r,t). Hence vy=v;=0.
Consequently, if we calculate {%}, and substitute it into (1.1), we have

(a) anv—f—Faw—Fga4v= —Fouw, () Buv—gow=0,

(©) (ﬂF)'%’i—ﬂFgmw — 2o, @ p=0u.
~ First, in the case: 9,v=0 and.?w 30, we have at one
n=0, v=ce; 'v=cISe"dt. (4.1)

Secondly, in the case: 2,30 and 32 =0, from (¢) we have (r*F)Y=0;
but obviously this equation cannot be satisfied by F. Hence such a case
does not occur.

Lastly, when 2,930 and 2,0 %0, from (a), (b), and (c) we have

: ' 7 )‘2
= 4 = —_—
ow=g¢(r)e’ and o(r) p’r(1+ e (4.2)
where p is an arbitrary constant. If we assume that L=0, from (4.2)

R?
and (a) we have :

(1) These transformations are all denoted by Gi, further on; (see §5). Moreover, we
can make use of r=e¥, cetkt=yekf instead of the first transformation.
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ef=ce”?; fv=—1—;—r2e”+¢(t) , p=e(gd—9¢). (4.3)

If ¢ 20, ¢ in (4.3) gives S; in which ¢?=k? (Theérem 2), and the cor-
responding ¢(t) is obtained from :

d=ee” e (4.4)
where ¢; and e¢; are constants satisfying 2cc’e;=p. If ¢/=0, ¢ in (4.3)
gives K, and the corresponding ¢ is obtained from 'c¢'— — 1.
When 7{— 30 in the equatlon above, from (4. 2) and (a) we can easily
obtain

p=—_2Rpe +¢(t), p=e"gé—9), Mi=-L;  (45)

o 7
1 _f
TR

and from the last of these equations we have for ¢

k,ci, c; are constants |
(4.6)

(i) when €% 3 const., ¢?=cie"+cp™* (Satisfying 4c102kz’=3}E

(4.7)

¢, C2 are constants
(ii) when e’g=const., e’=cit+ec;

satisfying = —#
These two ¢?’s give S; and E; respectively (Theorem 2, §3), and the cor-
respondmg ¢’s are given by '

g=e+ee ¥ (4.8)
and ' d=et+te 4.9

where ¢, and e, are constants satisfying 2k(ce,—cie)=p and ceei—cie;=p
respectively. Hence we have

Theorem 3. When ds* is of the form L, the general spherically symmetric
solution v of the eqaution (1.1) is given by
(i) when V, is neither S, nor Ey, for arbitrary e’

v= cseg“’ dt » (4.10)

(i) when Vi is Sy in which K =1—k;, according as F takes the first or the
second, form of (3.9),

v= %1‘%" +¢(t), P=eeH+ee™, (¢?=ce*™, 2cke,=p) (4.11)
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. . _‘1
or v=— ZRzp(l + Z%-) e+ot), d=ec*+ee™
} (4.12)
(¢r=cie"+ce™, 2k(ce—ce)=p) ,

(iii) when Vi is Ey, according as F takes the first or the second form of
(3.10),

=% ptot), ¢=—-L ' - (4.13)
2 ¢ .

or v=—2R? (

) (cit+c)+o(t), d=et+e. }
(4.14) -

(coe1—C162=D)
Thus we have, corresponding to (3.11), (3.12), (3.13), and (3.14),

— 2 ___71_ —kt {
v—m('rze t N: e )+ne"t—|—q (4.15)
—_ kt_Ji —kt o -1 Kt —kt
v—m(e 4R2 )(1—!— 4R2> +n(e*—e*)+q (4.16)
v=m(B—1r?)+nt+q?® , : 4.17)
__7‘2__ ” N\ e
v= 'm(l 4R2> (1+ 4R2) +ntt+q (4.18)

where m,\n, and ¢ are arbitrary constants.
- §5. On the line element L, IIL. Transformations which
make the form of L, invariant.

In this section we shall obtain the general form of the transformations
which keep the form of L, invariant. First, we assume that our Vj is
neither S; nor E,; the fransformations in the case of S, and E, will be
considered in the later sections.

Suppose that, by a transformation G, L, is transformed into
- — 2
Li: d¥=—F(@P+7Pd+7 sin’ 0dg)+ a8, (F= a [1+=])

then, in\consequence of Theorem 1, the condition is

FR=FR ie re“(1+—4~71—;—)_ —mg(1+ 4R2)" (5.1)
and T X—elr, %F%:i=e:—; - :_;F=—<~é?> F+(—Z%>z. 5.2

(1) This result coincides with that of (11.20) in W.G. No. 39.
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But since v, corresponding to L, and L;, are cje”dt and ESef’di respectively,

from (5.2) and the transformation law of v we have at once

dt r dT ’ 2

—=e— ——=¢, =1). 5.
7SS €= 63
Therefore, as the general solutions of (5.1) and (5.2), we have the following
two kinds of transformations:

‘ tzt('z) , "'=7'(/7‘)_7

Gi: t=nl+a, r=br; Gy: t=ylta, .'r"=—g— (5.4)

where ¢ and b are arbitrary constants, and by G: and G, R and g(?)
undergo the following transformations,

by Gi: =@ R2=Rp? (5.5)

and by Gz: e?d=l(ZTR4_,ezg(vf+a) , R_2=_]_é)2ﬁ, ) (5.6)

If we classify I, as follows:

Li.: Ly in which %:0 e F=e¥

Liy: Ly in which —Ile—zaFo,

then, as is seen from (56.5) and (5.6), G connecting L;, with L, does not
exist, and G, is a transfprmatioh connecting two ds”s of the form L.
Hence we have .

Theorem 4. When V, is neither S; nor Ei, the general form of G which
keeps the form of L, imvariant is given by Gy and G, and Ly, and L,
are not transformable to each other. Furthermore, G which keeps the form
of Ly, invariomt is Gy alone, whereas G which keeps that of L,y invariant
8 given by both Gy and G.

§6. On the line element L,. I. General form of the
line element of S, and E,.

The general form of the line element of S, and E; which are of the
form L, is given by

e =p*—)tatte  (G=k—4pe), (6.1)

where p, ¢, and c; are constants.” And by transformations of the form
ar=er, at+b=t2 ds”s become:

(1) W.G. No. 39, 185. Theorem 10.
(2) These transformations are all to be denoted by Gs. See §8.
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(i) when V,is S,

ds*=

or

_ 1
“W(

dr®—r’d —? sin? 0d¢* -+ dt?) ,

(i) when V,is E,

dsf=

or

(E—rF 72)2

—=(—dr?— %6 —7* sin® 0d¢2+ dasg),

2 2df— 1 sin? 6dgP+dEt .

Here (6.5) is the same as (8.13), and v corresponding to (6.2), (6.3), and
(6.4) are given by

énd

§7.

vV="m- 1k2 +n tkz +q,
1-—X 1-—X
4 4
v m%+n1+q,
v=m~L+ni+q.

X X

On the line element L,. II. Solution of (1.1).

(— dr2—r?dfP—? sin? 0d@+ dP), (X=82—1)

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)-

(6.7

©9)

When ds? is of the form L,, the spherically symmetric solutions ¢ and
v of (1.1) are given (excluding the solutions obtained by the transformation
t=t-const.) by® '

L21:

Lgn:

Ly :

At =F(X) (— dr®— r*d— 12 sin® 0d g+ d?)
v=c1jf(X) iX (X=£-1)

d.sz=%§—¢(Y) (= dr2—r*dfe— 12 sin? 0d g+ dfd)
v=czjcp(Y)dY (Y=(X-a))

AP =h{t) (—drP—1d6R—1* sin? 0+ A1)
'U=035h(t) dt .

(1) W.G. No. 39, 206, Theorem 28.

j

|
|

'(7 1)
(7.2)

(1.8)

(7.4)

(1.5)
(7.6)
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where ¢; (1=1,2,3) are arbitrary constants. Specially, when V, is either
S; or E,, as stated in the preceding section, two independent v’s correspond
to one line element, the additional constants being excluded.

§8. On the line element L;. III. Transformations which
make the form of L, invariant.

Suppose that the line element L, is transformed into
Ly: d#=67D(—dr*—7?d6®— 7 sin® 6d¢*+ di?)

by a transformation G; then, in consequence of Theorem 1, the conditions
to be satisfied by G are .

- re’=7yie’ (8.1)

or ot or ot ot \? or 2" 2
g el Do (MY (Y2
an or ot ot or or or 7 ®82)

From the first two equations of (8.2) we have )
er=g0i6)+0E), t=0)—-g@+c, (8.3)

where ¢; and g, are arbitrary functions, é=t+7, E=t—7, and ¢ is a con-
stant. Substituting (8.3) into the third equation of (8.2), after some calcu-
lation we have two systems of solutions of (8.2), as follows:

(i) g=pt+q, g=-pE—¢ ' (8.4)
ie, G;: er=ar, t‘=ai+b,

.s 1 . -1

(i) gi=——F—7~+tc, Gp=—7——c (8.5)

" p(pE+aq) © pE+g)
. —9F _ 2E+q/p)
.e., Gs: = —, t=—2F 41,
e BT g - (pt+gl—pP
where p, ¢, a,b, and [ are arbitrary constants. But Gs is a special form of
. . b 1 a 1 '
hich l=———, —=——-, p—0. Hence we have

G5 in whic 5 5 7 »

Theorem 5. The general tramsformation G which makes the form of the
line element L, invariant is Gs, the tramsformation law of € being given”
by (8.1).

Since Gs is equivalent to the product of the following three trans-
formations :

. 2 7y _
Er=—m : "= —1y=pr
(a) { D (b) { (tz)z — (1) (c) { b
2

2 _
=S4+l B t,=pi+q,
p " (&P — (o pre

t1=

we have
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Theorem 6. The transformation G's which keep the fwm of L, tnvariant

" are given by Gs, Gs and their combinations, where

Gy r=—, t= (X=B-P)

bl =
Nll o

As a matter of course G5's make a group and Gy’s its subgroup.

§9. Transformation G connecting Ls;, Lyi;, and Loy,

In this section we shall study whether Ly, («=1,1IL III) in §7 are
transformable into, one another, and consider, in the transformable case,
how to find the actual forms of transformation. From Theorems 5 and 6
it is clear that we can solve these problems by studying whether the line

elements obtained from L,i, Lo, and Lo by suitable Gs are transformable

by G, or not.®’

" Now, if we denote by Lj, the line elements transformed from- Ly,
(«=1, II, III) by the transformation G’s, the ¢*’s and v’s corresponding to
Lj, are given by

Lyt én=aff(X), v=a|f(X)X', (X'=(ut+by—ai)

Lin: én=— B o(v7), v=c2j¢(Y')dY', (Y’E (%tﬁbz)z‘w?’zz-a)

(aztz+ by
Lym: é2=adh(t), v= 03§k(t’)dg , (U=astz+by)

gte+ b,

where a; and b; (1=1,2,3) are the respective parameters of Gi’s and the
suffices to 4,7, ¢ are put in order to distinguish the cases.

(i) Transformations connecting Lijw and Lin. +If we take the trans-
formation G of the form: r3=rs(ry 1) 'and &=tyrs t;), from the trans-
formation law of v, % must be a function of Y, hence we have

s {(antat bt +ari+ad + 08 2aprata b)) =0, (9.1)
0Tz ota .

But from the form of G, it follow that t;=t/(t5—7%); so that, from (9.1),
we have '

bb=a=0; so Y =aB—-1r)ts. 9.2)

Conversely, when (9.2) holds good, we can easily prove that L}y is trans-
formable into L;;y by G. Further, in consequence of (8.1), in this trans-
formation ¢*2 and @(Y”’) are given by

202_.!"% 203 — ”;ag 1‘,2
€ _1%6 (t% ﬁ)zh(aatg 72+b3> (9.3)

(1) Since Gz 1 js a transformation of the same kind as Gs.
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and O(Y") =t = “1;“; h( 005 +b3) 9:4)
Hence we have

Theorem 7;,. If V, is meither S; nor Ey, Ly and Liy are transformable
by G, when, and only when, bob=a=0. Consequently Loy amd Lsy are
transformable by G when, and only when, a=0.?

The actual forms of G’s which transform an L,y into an Lpy will
easily be obtained by using (9.2). Among these transformations the simplest
is obtained by putting a;=1=a3 and b,=0=b;; this is nothing but G.

(ii) Transformations commecting Ljy and Lj;. If the equation of
transformation is ry=wrs(ry, t;) and t3=1tyy, t,), from the transformation law
of v, t; must be a function of X', 50 &, i.e. t/(—7%, must satisfy

(at )+ Bam=0;  (95)

1
but this is obviously impOSS1ble. Hence we have , )
Theorem 7;. Lym and Lz; are mot tramsformable by Gy, and consequently
Ly and Lg; are also not transformable by G, provided that V, is neither
S4 nor E4
(iii) Transfwmatwns connecting Ljy and Ljy. If the equation of G

is ri=ry(re, 1) and ¢, =1t(ry, &), from the transformation law of v, X’ becomes
a function of Y7, so that the equation obtained from (9.1) must hold good if
we substitute X’ for ¢, Then, by using the expressions for 7 and ¢ in Gy,
"we have the following relation as a necessary and sufficient condition for
the transformability of L;; and Ly,

0= 2b1b2 ’ bi=—a. 9.6)

. But since a; and a, must not be zero, it is impossible for by, b;, and a to
be zero. Then, as is readily calculated from (9.6), the relation

‘/= 2a2b1(t§_7‘§) . /. 2a100h, 2 .
y'=2Bb) yop; = D00y ©.7)

holds good, so that ¢ and @(Y”) obtained by the transformation are given
by

2
02 — 62-11 o 2a1a'2b1 b2 v 9.8
R T f( s +1) 9.8)
' N — (et b o alaz
and oY== 2 T 2b2)2f (9.9)

(1) The expression “ Lamy and Lz are transformable by G when, and only when, -
a=0" means that an arbitrary Lgmr is transformed into a certain one of Lz11 in which
a=0; also, an arbitrary Le in which a=0 is transformed into a certain one of Lamr; and
none of Lam is ever transformable into the form of Lgzir in which a =0 (and vice versa).
Hereafter we shall often use such.an expression, whenever it can easiiy be understood.
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Hence we obtain

Theorem 75 Lj; and Lin are tmnsformable by G., when, and only when,
(9.6) holds good ; and comsequently L,y and Ly are transformable by G
when, and only when, a0, provided that V, i8 neither S; nor E,.

The actual form of G which transforms an L.; into a certain L.y is
obtained as a product of an arbitrary G; whose parameters are a;(3 0) and
bi(3:0), Gy, and Gs' whose parameters are a, and b, determined by (9.6).
In this case the transformation is impossible by G, alone.

Summarizing theorems 7y, 75, and 73, we have
Theorem 8. Provided that V, is neither S; nor K, the line elements Ls,

(=1, 1L III) are classified into two categories as follows :

Lya: [Lom, Lyy(a=0)], Loy [Lsy, LG(d 0)].

- And line elements in the same category are intertransformable by G, but
line elements in one category are not transformable into those of the other.

§ 10. Relations between L, and L,.

In §5 we have studied the relations between two kinds of L,, and in
8§89 the relations between any two of the three kinds of L, In this section
we shall consider the transformations which conneet L; and L.. Let us
~ suppose that the V, is neither S, nor E,, and that L, is transformed into
L, by G. From Theorem 1, the conditions to be satisfied by »(¥,?) and
U7, ) are

— 255 3 g _'Cz_. ﬁl_..__ G e

2= i e re <1+ 4R2) 7e°F (10.1)
—e/F, BTl (AY_(2Y__wm o

and oFr - o o o <ar~> (at> . (102)

Now, we shall first show that by G an L;, is transformable into the
form of L;.. For this purpose it will be sufficient if we prove that Ll,iL is
transformable into Ly, Hence if we put

V' F =et® , 27 = 2D \ (10.3)
in (10.1) and (10.2), we have, from (10.1) and the transformation law of v,
eor=7er | ¢ E edt=c, S &odt; (10.4)
" and from (10.4) and (10.2), ' \
co® =encie? Cotr = C1ET (10.5)

and dis=ene’d,g; . . (10.6)
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here (10.5) determines a transformation, and (10.6) gives the condition to
be satisfied by 7. Now, if we consider ¢ as a function of ¢’ and put
g=H(e) (the actual form of H is determined if the conecrete form of e is
given as a function of ¢); then, from (10.6), we have

dic=epe’H (ev%”e’). (10.7)
1

This is the equation which determines 7 when ¢’ is given. Conversely, it
is evident that when 7 satisfies (10.7), L, is transformed into Lz by (10.5).
Hence, by putting ezcs/e;=c, we have

Theorem 9;,. The line element L., is transformable into Ly by G whose
general form is given by

r=7er, e'=cé’, (10.8)

provided that Vy is neither S, nor E,.

Next we shall prove that L,;, is transformable into the form of L.
For this purpose it is sufficient if we prove that L, is transformable into
L,;i.  As in the foregoing case, from the transformation law of v, we have

cljeadt———"z—jf(X)dX WX), (X=B-F), (10.9)

and, after some calculation, from (10.1), (10.2), and (10.3)® we have

EX f="¢4Vc : (10.10)

» 7.2 7‘2
14— = 1= ;
md AR _ e VX T 4B el ey qo1)
r N G r r G 7 ~

Hence, in consequence of (10.11),

b 2T Yo _1

r=—% 2y X te), (cl) & (012)
Conversely, we can readily show that when f satisfies (10.10), G defined

by (10.9) and (10.12) transforms L, into L»;. Hence, putting ¢/c;=c, we

have : :

Theorem 9,. The line element L,y is transformable into L,; by G whose

general form is given by

r= ——2;—(6’1/ X+el), —c j Fdt= j (X)X, (F=—FR) (1013)

(1) In this calculation the following equations are used:

or
or

cl'r

Yx '

=— ﬂ- — —20= — /i—i; imi —=ce’
eo1 tf- (1+ 4R2)e ee’ = 5 similarly =ee
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where ¢ is o constant, provided that V4 is neither Sy nor E,©
To obtain the actual form of the function f(X) when the concrete
form of e’ is given, we have only to express ¢ as a function of (f,7,1)
from (10.10), and solve f(X) from (10.9). And we can easily prove that
the transformation obtained by using (10.1) in place of the second equation
of (10.13) is equivalent to the transformation defined by (10.13).
2

As a special case of Theorem 9, if we put ¢?=1, we have f= —«—l—;_? in

consequence of (10.10). So that we know that the line element of Einstein
type
ds*= — —————(dr*+r*dt*-+7” sin® 0d¢*) + dt* (10.14)

[1+

is transformable into
2 . . -
d#= — %(—d?z——'?dﬂz—?z sin? 8d¢?-+d?) (10.15)

by the transformation

r= —2-5—(6/1/ X +ef), ct=R’log X+const., (¢=—R%. (10.16)

When R is real, (10.16) becomes an imaginary transformation.
Summarizing Theorems 9; and 9;, we have

Theorem 10. L;, and L.s;, and Ly, and Ls,, are transformable by G, but

L%a and Loy, and Ly, and Ls., are not transformable.

§11. On the line element L;. -I. General form of the
line element of S, and E,.

In this section we shall assume that in S, and E,, ds® is of the form
Ls. It is well-known that when ds? is static (i.e., both A and C are func-
tions of r alone), the general forms of the line elements of S; and FE, are
given by
- d’;; PR i g (- (L)
and (6.5) respectively, where the constant factor of C is excluded.

Now let us find the general form of ds? assuming that A=A(r,f) and
C=C(r,t). Substituting g,; of L; into (3.1), and putting (7,4,1, m)=(1, 2, 2, 4),
we see that A must be static, i.e. a function of r alone. Next, putting
(47,1, m)=(2,8,2,3) and (2,4, 2,4), we have

(1) From Theorems 8, 91, and 92 we know that Lia is not transformable into Loi.
This can easily be proved directly as follows: In the proof of Theorem 9, if we consider
the case in which 1/R2=0, the equation obtained from (10.11) by putting 1/R2=0 should
hold good ; but it is obviously impossible, Therefore Ly, is. not transformable into Lzi.
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in Si: A=(1-k), C=p(t)(1~Kr) 19
in Ey: A=1, C=¢), (11.3)
where ¢(t) is an arbitrary function of £. Conversely, it is evident that 4
and C thus obtained satisfy (3.1). Hence we have
- Theorem 11. In S, and E,, the general forms of the line elements of the

form Ls are given by (11.2) and (11.3) respectively.
Clearly, the line elements (11.2) and (11.8) are transformable into (11.1)
and (6.5) respectively by the transformation r=7%%, di=eV ¢ dt.L o’s cor-

responding to (11.2) and (11.3) will be obtained in the next section.
/

§12. On the line element L;. IL Solution of (1.1).

A necessary and sufficient condition for L; to be conformally flat is
given by®

A O\ P (2AC—AC _20'C—C” , AC'—A*\_
- A+2(A C> C< 4C 4C + 4A )‘0'
(12.1)
Hence, to obtain the forms of L; which is transformed from L, by G, we
have only to solve (1.1) under the additional condition (12.1). (1.1) corres-

ponding to Ls; becomes ‘
o] c

(a) 811?) —24281'21——?6641)—-l81v. (b) 844?)—261—1481’0—%64’D=_7A—a1'0
© al4vf—é%aly—§—ca4v=0 (& ﬁ=—;lzalv.

From these equations and (12.1), 4, C, and v can be determined. But it
is rather difficult to solve the equations as they are, on account of the
complexity of the form of (12.1); so we shall, as a first step, solve the
equations on the assumption that A is static, i.e. A=A(r).

(i) When 2;,v=0 and 9,0 % 0. From (c), we have C'=0. Hence, as the
general solution we have

@t

df= — U —r2dfP 1 sin? 0P+ C(t)AE -(12.2)
and v=a j/ Chdt. (g=0) © (12.3)

Obviously (12.2) is transformed by the transformatlon r=7F, v/ Cdt= dt
into the ordinary form of line element of Einstein type: ‘

(1) This transformation is denoted by Gs later on, See §13.
(2) W.G. No. 39. 187, Theorem 12.
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dg=— I —pp—r it gdgrde, (12.4)
L |
R2

and v corresponding to (12.4) becomes

P

v=mt+q, (12.5)

where m and ¢ are arbitrary constants.
(i) When 2230 and 2=0. From (b) we have C=a(t)r*; and then,

from (12.1), A=0; this is a trivial case.

(ili) When 9w 0 and_ 2w 3% 0. From (a), (b), and (c), we have
ow=plr/ A, sw=pt)V'C (p¥0, p30) (12.6)

where p; and p, are functions of ¢ satisfying

I4

C .
' - (127
o/c ' P 21/AC ac T p‘*/ (12.7)

When p,=0 here, we have (11.3), and

prV A =p,

v=— %{(V _Cidt)2—72}+p3j V' dt+p, (12.9)

where py, ps, and p; are arbitrary constants. As a matter of course, if we
transform (11.3) into (6.5) by the transformation v/ C dt=d%, (12.8) is trans-
formed into (4.17).

When p 30, from (12.7) we have

_ pprr 1 1 (.  opr
O=(in=22"Nn, = L (- 2. (29)

Hence it must follow that pu/(bp}) =h=const. and p/(bpp,) = k*=const..

Substituting these results into (12.1), we have =1 and z:g‘ =k%. Hence,
2

as the general solutions for A and C, we have (11.2) in which ¢=bp,. To
obtain - corresponding to this ds® changing the variables: 7V ¢ dt=df, we
have (11.1) for ds* and (12.6) becomes p;=—k%p, and p,= —p;, from which
we have

v=me"V' 11—k +ne *v' 1—I&% +q, (12.10)

where m, n, and ¢ are arbitrary constants. Hence we have

Theorem 12. When ds® is of the form Ls in which A=A(r), the general

solution of (1.1) and (12.1) are gipen by the following three forms :
(11.1), (12.10); (6.5), (4.17); (12.4), (12.5);
excluding those conmected by G, i.e. (r=777', t=f(f)).
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Accordingly, if we assume that A4 is static, there exists no V, which
gives the solution of (1.1) and (12.1) except for S,, E,, and Einstein-type V..

§13. On the line element L. III. Transformations which
'make the form of L; invariant.

In the same way as in §5 and $§8, we have the theorem concerning
the transformations which transform Ls into

L: df=— A, DdP—Pdfi— 7 sin® 6dg*+ C(7, DdE.

Theorem 13. The general form of the tmnsformatwn which keeps the form
Ly snvariant 1s given by

Ge: r=7F, t=f().
And by Gs, A and C undergo the transformation

i dt \2_

A=1A, C(E)—

The proof is Qmitted here as it is just thé sar_rié._ as for Theorems 4 and 5.

Y

!

§ 14, Transformatlons connectmg L; and L,

In consequence of Theorem 1, the conditions to be satisfied by G which
transforms' Ly into L, are

r=pV/FF, <1/F—ve”(1+»»ﬁ2->_l)' | (14.1)

VAL -e/CVFL, VAVFT /T2, P (2 Ya—(2t Yo,
or ot or or
(14.2)

Therefore, when F-is given, from the equations above we have®

(i) when L, is E b (i. e. # 5;0), excluding the case of Einstein-type ds?
(in which g=0)
. = 1/?__ = N = 9 i di
G:  r=7VFF, t=¢@), (e 2R log +2j7§.&7>, (143)

% =%2 -,  C= A_EQ_ (14.4)

(1) From (14.1) and (14.2), we have —attzem/ g F%' ﬁg—:em/% %; so we have

8t a8 0t
or gy ot =0, from which t=¢(¢) is obtained.
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Wherg a=1+ 471222’ BEI—%,\ and go. is arbitrary,
i) when I, is Ela<i. . %2—=o>
o L oo [ dE
G: T o(£), (s_q +zjerg) (14.5)
1 . eﬁg"z
11 22, c=4 146
A= i(deo? (146

where ¢ is arbitrary.
The fact that the transformation G contains an arbitrary function
corresponds to the invariance of the form L; under Gs.

"In the case of Einstein-type ds?, the transformation which transforms
(10.14) into (12.4) is obtained as follows. From (4.10) and (12.5), v and ¥
are given by |
v=mi+q, v=mt+q. 14.7)

Accordingly ¢ must be a linear function of 7. By applying this relation to
(14.1) and (14.2), we can easily prove the following theorem :
Theorem 14. The general form of G which transforms (10.14) mto

(12.4) is given by

—1 _
r= 77r<1+ ) , t=et+c, (c is a constant). (14.8)

4R?
By this transformation the coefficients m and ¢ in » undergo the trans-
formation

m=me, qg=mec+q. (14.9)
And, from Theorem 14, we know that both (10.14) and (12.4) are of the
same category as Ly, and L.

§15. " Transformations cennecting L; and L.

As in the preceding section, the conditions to be satisfied by G which
transforms L; into L, are -
r=7e7r (15.1)

. 2
VAL =e/CL, VAT /2, #=(T)a-(2)c. asz)
or ot or \or
Therefore, when ¢° is given, from the equations above we have®

(i) when L, is L;; excluding the case of Einstein-type ds* (in which
14+2X(dz7)=0)

(1) As in §14, t=¢(¢) is obtained from the relation -:—tii=%(l+?3’).
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G: r= véfi s t= go(§) s i (E Eblog t— S—%) (15.3)

% =1-4P(dza){1+ X(dz5)}, C=A&R(1+2Xdz7)/(deoP (15.4)
(ll) when Ez is Ezn;,
. — o =1z di
G:  r=1eF, t=p(0), (e 17 +S ) (15.5)

i=1—1—2:;*2, C=AP2|(dev)?, (15.6)
where ¢ is an arbitrary function.

In the case of Einstein-type space, there are two kinds of line element
of the form L,, namely (i) that belonging to the type L,y i.e. (10.15), and
(ii) that belonging to the type L.y, in which a3 0,® i.e.

M:(T_‘lf)ER:TMZ_(—dW—wdoz—rzsinzad¢2+dt2). s

But we have seen that (10.15) and (15.7) are intertransformable by G, the
equation of transformation being given in Theorem 7;. Accordingly, we
have only to consider the transformation which transforms (12.4) into (10.15).
But in consequence of (4.10) and (7.2), we have, respectively,

v=mt+q and v=mlog X+q.

Hence, from (15.1), (15.2), and (15.7), we can readily prove the following
theorem.

Theorem. 15. The general form of the transformation G which tramforms
(12.4) into (10.15) is given by® '

= l/rr, t=ﬂlogff+c. (c 7s a const. and € =¢€7) (15.8) |

Furthermore, we see that by (15.8) the coefficients m and ¢ m v
undergo the transformation

‘m, q=qtem, " (15.9)

And the transformation (15.8) becomes real only when R is purely imaginary,

X>0 (corresponding to 1-——1":2— >0), and c is real.

(1) W.G. No. 39, 210.
(2) A special form of this transformatlon is given in W.G. No. 39, 186.
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§16. Transformations connecting the line elements of S,.

The line elements of S, and the corresponding v’s, are given by the
following five systems.

{ dsi= — & (dri +rid6P+ 13 sin® 0d¢?) + di} ,
1

b= m1<ﬁe"t‘ - —1k—2—e""“) +me*+q,,

dg=— (e"”+e"k22 (dr3+ r3dfP-+ 1 sin? 0dgP)+ di3,
2, .

s 4R (1+ 4R2)
2 Kotz __ 7'% ¢kt s \*! Kt __ ,~ktz
’U—’ﬂh(etz B’ )(1+ 4R2) +ng(e* —e ")+ gy,
.. dsg:‘m( — dr3—r3d6t— 1§ sin® 6+ d83) ,

S i
b=my—L_ s b tm,  G=t-1,

1'—""X3 1—‘*4~X3

{ds% mz( — dr3—r3d6R— 1% sin? 0P+ dEY) ,
Stv

v= m4%+”4%*+‘14, (X =t- "‘2);
4

4
dsg= — __drs —ridtP—rE sin® 0d¢?+ (1 — Krd)dez,
Sy 1—kE
D =ms"' 1— k2 +nse~*v' 1— 2% +q5.

The most general forms of ds¥s and corresponding 's are obtained by .
operating on S, (¢=I,1I,....,V) the transformations Gy, Gy, Gs, Gs, Gs. Of
the five S,,ds? and ds} belong to L, ds? and ds to L,, and ds? to Ls. If k
and R are both real, the signatures of the five ds¥’s are the same. In this
section we shall determine the forms of G’s connecting S, (¢=I,....,V)
with one another. ‘

(1) " Transformations connecting S; and Sy. To simplify the caleula-
tion, operating a transformatlon (3=4R*%, t=%) to Sy, we have the re-
sulting system Sy :

1P(1+72)P

o { = — (oY (i G 2 it ddg?) + B
TI .
Vo =" —Tie~¥2) (1+ 77%)“1+ﬁz(ekt2 —e )+ q, .
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From- (2 5) and ‘the transformatlon law of v, we have

|

ktl _ ektz + e-—ktz ‘ 16 1
™e 777'2m’ : - (16.1)
ot = ok — k%) (L+ F3) 1+ B(eH — o) + 7 (16.2)

where a, 3, and 7 are any constants to be determined. From (16 1), (16 2)
and (2,6), i.e.

noh O T 0T Oh {_ﬁ;—(a—?)z}e%?e(—afl ), a63)
Ty ol ors T2 oty oTs T2 o2 ore

we have ' ale—1)=28, 7r=0. (16.4)

Therefore we obtain two transformations connectmg S; and Sp, correspond-
ing to e=+1 and e=—1. Hence we have
Theorem 16. The general f_orms of G’s connecting S; and Sn are given by

ektz — ’r% —ktz

Tx Ii a- 7’19’“‘ 7} TZ(ektz + e_ktz) h=¢ —4R2_
2RK(1+-%) (1+-2)
AR AR
- 73
e Ktz 2 ektz
TI IIb + Tlekt‘ /] TZ(ektz—I_e—ktz) eiti=¢ 4R?

/

1‘2 i ’ 72 ’ '
2RH(1+ ) (i)
AR? 4R?
where ¢ 18 an arbitrary constants.
Further, in consequence of the equation

rie*h — —kl?e"‘“= —~1—(e’°‘2—e"‘t= s )(1+ s >_1+ L (et—gin),

ck? 4R? 4R? ck?
(16.5)
the equation of transformation of the coefﬁcient_s m,n, ¢ in v becomes
in Tig,: \%=—Z%‘+cn1, ~nz=—cmk—;—, ®=a. (16.6)
Similarly
in Timp: ma=——"2 4eny, M= —CNy, G2=0. (16.7)

k2

(i) Transformations connecting Sm and Spy. Such transformations
can be obtained by a method analogous to that used in (i).*> In this case,

~ (1) In this case, as the eqpation corresponding to (16.2) it is convenient to use
o 1

e (I—E‘Xa) _l(a+Bt3)+r .

In this way, as the equations defining 71 v we obtain (16 8) and (16.11), which are equi-
valent_to‘those mentioned in Theorem 17.
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however, we can obtain the transformations in a simpler way by using the
result attained in §8, as follows. By Theorem 5, the transformation must
be of the form G; satisfying (8.1), i e.

To s ' (16.8)

kty  (y_K )\’ )
(1 2 Xs)

' from which we have

2(1 —fzfxs)= —evk[z(-t3+—%>+l{(pt3+q)2— p%.}] . 169)

Therefore, as a necessary and suﬁ‘icignt condition to be satisfied by Gs, we
have ‘
2¢’ :
l=—¢-2 = .
2202 =57 (
Hence we have
. Theorem 17. The general form of the tramsformation G connecting Sm

and Sy 18 gwen by 2
on 2¢ (1 —“-Xs).

Pl 2e =" " ke 2ejip—n] © & D

where p* is an arbitrary constant. Here we may use (16.8) in place of the
JSirst equation. '
From the form of Tuv given above, we have

€= —en) (16(10)‘

Tmiv: ery=

,,;4_=(1_ : X) (4?”2 ’+2p2t3) 20 o ' ‘(16.11)‘
e e e
* So we have
in Ty : W=e’(é’fzm4+}%n4> , ng=2p2m4-2k—;2n4,
B=0qs— ( 20/ m4+ﬁ’n4) (16.13)

(iii) Transformations connecting Sy and Sry. Substituting

refi=y Tt gh= X4 Bl +r (16.14)
: k 4 t4 t4

into (2.6), in the same way as previously in (i), we have two systems of
-solutions «, 8, and 7:

(a) when e=7, B-—-O=r , a is arbitrary

| and (b) when e=-—7, «=0=y, g is arbitrary.
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Hence we have
Theorem 18. The general forms of the tmnsfarﬂwtwm connecting Sy and
Siv are given by

2 —12
Tiva:  Teh= dh=gq4 "4
1IVa 1 77’“4 a y

1
Tiwvy:  1Teh= eh=p—
1IVDb 1 ’7 kt,, B t,

where a, B are arbitmfy constants,
It is to be noticed that in place of the first equations in Tirv. and
T1ivy, we may use

Tiva: 7'1=“77— T Tirve : ’)"1=L’I'4 ‘ (1615)

k(l X4 ’ K k,B
And by these transformations the coefficients in v undergo the trans-
formation :

in Tiva: Me=ma, m= "’ml—l— y U=, (16.16)

Ka

in Tivp: me=—my m=mb, G=a. (16.17)

1
kg’
Thus there are two kinds of transformations connecting Sy and S, the
forms of which are entirely different from each other. From this result,
so far as the fundamental tensor g;; is concerned no ambiguities arise owing
to.the different kinds of transformation; but when we are considering
vectors and tensors other than g;, it is necessary to make clear which
transformation should be adopted. This remark may be applied to other
similar cases.
(iv) In the same way as (i) we can prove

Theorem 19. The general forms of the transformations connecting Sy and Sy
and the corresponding transformations of the coefficients in v are given by

Tive: mei=nrs, M=/ 1—k%% , (a is arbitrary)

Me=amy, Mg=——L  gr=qu; (16.18)
ok |

Tve: T =7rg, "“—Be"“sl/ 1—k*%, (B is arbitrary)

ms= ._jg_i_!z__ . n5=ﬁnl y G=Qq . (16.19)
(v) The other transformations connecting S, (¢o=1I,.... V) with one

another can be qbtained by combining the above-mentioned Tin, Tuirv, Tiiv,
and Tiv. But if we adhére to these four transformations only, we have
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the trouble of combining some of them (perhaps three) in order to obtain
another (say Ty, Tmv, ete,). But by adding T1m to the above-given four’,\
we can simplify the combination of transformations. Actually,

Tim: ?"18M‘=—"7Lkz—, e"t1=a(2_+£2e_t3_—-1),
1-—=X: 1-2Xx,
47’ 4

Mg= — M+ 2aty , 'n3=—ek—m1+aken1 y B=q@Tt ’“}Cz“ml_’nl’l (16.20)
a a . .

2
ak?
where « is an arbitrary constant.

§17. Transformations connecting the line elements of E,.

The line elements and the corresponding +’s obtained  in our discussion
are as follows :

B { dst= —dri—rd 6 —ri sin® 0d¢*+di3 ,
‘?11=m1(t%—7‘%)+%1t1+‘11; ,

d=—B (A3 r3dtP+ 3 si? 0dg) +dB
B+ %)
E, AR?
2 _ _n N
bem(1-2 (142 ) e,

(B—73F

1?3=m»3—1~+n3 ] +a;. -

dg=— L (= dr3—r3dfP— 3 sin’fdg?+dt)

The most general forms of ds”s and v’s are obtained from E, (e=1, II, III)
by operating the transformations (Gy Gs, Gs), Gi, Gs.  dsi belongs to any of
Ly, L;, and L;, and ds} and ds? belong to L; and L, respectively. When R is
real, the signature of ds? differs from those of other ds”s. If we find the
general form of the transformations connecting E, with one another and the
transformations of the corresponding m;, n; and ¢; (¢=1, 2, 3), we have

_ T
lUIn! =7 ’L'__“thzflz —~, t1=€———#—t2(1 ;121232>+C,
R1+72) 1w

Come=e2emtn), Mm=mi, G=¢+Emten, (17.1)
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Uimi: m=7—"18_, t=e——t§‘—‘—+c,
1111 . 1 77t§—-'r§ 1 t§-—r§ |
mg=m, m=e2emtm), gG=q+cm+en, (17.2)
A 2 .
: B(1-12)
Ui ity =7 73 ’ \ 4R? —c Zts‘ te
4R? 4R?
My="ny, Mg=e€(myt2cm)), @g=gqetometcmy  (17.3)

where ¢’s are arbitrary constants and Uy is the combination of Uiy and -
Uim. Here Uin and Upim are real transformations when R is purely
imaginary. ‘

§18. Solution of (1.1) when v=u(r, 6, ¢, ).

Above (54, §7, $12) we have solved equation (1.1) on the assumption
that v is spherically symmetric. In this section we shall try to solve (1.1)
when v contains not only 7, t but also 4, ¢.

When ds? is of the form L, (1.1) becomes

812?)"‘—2%*82’0= 0130 — ZBB OES azg?j—cot 083’1}-’—"0 (18.1)
aw{U——gaa’U:O ’ (‘1:1, 2, 3) (18-2)
an’v’—‘ F alv—Fg')a4v= _‘Fa44’0 (18.3)
duv+ fF ow—rFjop=—rFow (18.4)
Dav+ ZBF sin? #2,v+sin 0 cos 00,0 — r2F' sin? 0(gow —o4v)=0 (18.5)

B=duwr. (B=1F) \ (18.6)
If 930, from (18.1) and (18.2) we have |

o=(sind | b+ | a@d0)rv/ F+etr,1), | (18.7)

where a(d), b(¢), and c¢(r,t) are arbitrary functions. Substituting (18.7)
into (18.4), after some calculation we have

/=, B”? v S |
—'F +——4r4 o —rPFgey/ F+rFo/F=0; (18.8)
T

and further substituting the actual form of F' into this equation, we have:
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1
R’
which coincides with.the third equation of (4.5). - Hence, by the same calcula-
‘tion as in $4, we see that F' coincides with A given by either (3.9) or
(8.10) ; which shows that V, must be either S; or F, So that when V,is
neither S; nor E,, we must have 2;v=0, »
‘ Similarly, we can prove that 2,0=0 when V, is neither S; nor E;; so
‘v must be spherically symmetric. Therefore, we know that (4.10) gives the-
general solution v of (1.1) even when we do not assume that v is spherically
symmetric.

Similarly, we obtain the same result when ds® is of the form L,
provided - V, is neither S, nor E,; the proof being omitted.’ Hence we
have ' ' o
Theorem 20. When V, is neither S; nor E,, if we assume that ds* is of
the form L, or L, the solution v of (1.1) becomes spherically symmetric.
Accordingly, when ds® is of the form L, (4.10) gives the general solution
of v; and when ds* is of the form L, the general solution ds* and the
corresponding v are given by Loy, (7.2); Len, (7.3); Lom, (7.4).

When V; is either S, or E,,-(1.1) becomes completely integrable for v;,
so that the general solution of v must contain four arbitrary constants at
least excluding the additive constant. As the simplest example in an E,
we shall find v corresponding to ds? of E; (cf. (3.13)). If we put vV F =1
and ¢=0 in (18.1),...., (18.7), from (18.7) and (18.4) we have

g = (18.9)

Q0+ g add=p, p+o,ctrouc=0, (p isi const.) (18.10)

On the other hand, from (18.2) and (18.3) we have awc+attc#0=aﬁc.
Making use of these results, as the general solution of v we have

v=1 sin 6(c, sin ¢+ c;, cos ¢)+car cos 0+ ct+es(t2—rH+cs, (18.11)

'where ¢; (1=1,....,6) are arbitrary constants.? Hence, we know that
there are five kinds of »; which are linearly independent with constant
coefficients.

In the same way, we can obtain the solution ¢’s corresponding to the

(1) In this proof, as the equations corresponding to (18.9) we have

. Frf=0,  fref=0, f'=0, (f=e)
from which we can easily obtain (6.1), i.e. the equation defining S; and E\4.

- (1.1) has only one independent solution of v in the coordinate system in which ds? is of
the form L;. From this, we may conclude that when ds? is of the form Lz4(a=I, II, III),
(7.2), (7.4), and (7.6) give the general solution of v even when we do not assume that v is
spherically symmetric.

(2) B corresponding to (18.11) is given by c5, which ecoincides with the result of the
corollary in W.G. No. 39, 201. .
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other forms of ds? of S, and E, For example, the .general solution v
corresponding to ds® of Robertson’s form (i.e. ds? of| St) is obtained as -
follows : |

v=e"{r sin 0(c, sin ¢p-+¢; cos @)+ csr cos -+ c,}
+c5<frze’°‘ _kl "‘t> +cg. (18.12)

N.B. In the or'din_ary (2, 9,2, t)—coordinate_system in which ds? is given by
(B): ds¢=—d?—dy*—d?+dE (18.13)
or ‘ Sy : ds?= — " (da?+dy?+d2?)+dt?, (18.14)
(18.11) and (18.12) become | -
v=c@w+ey+cg+ed+e(@—rD) e,

v=e"(cyr+eyteetel)+ 05<'r2e’°‘ - %lz—e"“) +cs.

In thfs coordinaté system, the calculaﬁon is simpler than in (r, 6, ¢, t)-system.

§19. On the line element L,.

The line element L, is obtained by putting B=const. in the most general
spherically symmetric line-element (2.1), and cannot be transformed into the
line element in which B is not constant by the transformation G. Line
elements of the form L, are not in general adopted in the ordinary rela'- ,
tivities and cosmologies. In wave geometry, however, we have treated them
several times; therefore it is not purposeless to study such L,

In L, the coefficient of df? cannot be constant, so it is evident that by
any G we cannot transform L, into L, Further, we can prove that not
only not by G, but also by no transformation of (7,6, ¢,t), can we trans-
form L, into L,

To prove this, we have only to obtain ds* which gives a conformally
flat space and is of the form L, and then to prove that the equation (1.1) .
relating to this ds?® has no solutlon v. But such ds? is always transformable
into the form

=?(—d72—r2d02—-1*2sin20d¢2+dt2), (B=const.) - (19.1) _

by a suitable transformation,® while (19.1) is of the form L,, and V, defined
by (19.1) is neither S, nor E;. Hence, by Theorem 20, v must be spherically .
symmetric ; moreover, (19.1) does not belong to any of Ly, (a—I II, III) ;
so it is evident that (1.1) has no solution v.

Hence we have

(1) W.G. No. 39, 186, Theorem 11.
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Theorem 21. The line element of the form L, cannot be /tmnsformed into
the form L, by any transformation of (r,0,$,t). Accordingly, the space
defined by Ly is entirely dzﬁerent Jrom that defined by the line element
of the form L.

§20. Group of motions.

In this section we shall consider the group of motions in the épace Vs
. defined by L;. Let the infinitesimal motion be
i =g+ €%, (1=1,2,8,4); (20.1)

~ then the operator of the motion is given by &0, The vector & is obtained
. as the solution of Killing’s equation

Va€p=0 - (20.2)
or, in contravariant form,

3Gim 98
g aglh ’+ gz-m+ - 0u=0 (20.3)

To solve (20.3), if we put xz=7siné cos ¢(_ ), y=rsin d sin ¢(=a?),
z=7cos 0(=2%), and t=t(=x"), L; can be written as -

1
d¢=—F(r, )@ +dy+d)+de, (F=e /[1+- 2 ]) @00
and (20.3) becomes ’
7 . 1 2
F opreyronrepror® =0, 1% o,
r ox 0z oY
o e (20.5)
—F°% 4+ ° =0, and cyclic; =—=0.
ot ox ot

By solving (20.5), we get the following result (as the calculatlon is easy
. and somewhat long, we omit it):
Theorem 22. The operators of motions in the space defined by Li, are

given by
1
L In th ;o —==0,
n the case B

Ia. when g=const.=k(30), taking &= by Gy (i.e. ds® is S)

1 2 8 1 2 3 1 2 3

T, T, 13’; S,S,S; RR,R; U, (group of 10 parameters)
when g—const =0, taking =1 by Gy (i.e. ds* is EY)

2 3 1 3

T T T, S 3 S R R R U, = (group of 10 parameters)
Ib. when g const; T,T.T; B

1
II. In the ;D =0,
n, case =

Ia.

1 2 .
R, R, (group of 6 parameters).
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ITa. when e29§=%2- and ge’ éFconsi., taking € =(e"+e *P/AK’RE by
G: Gi.e. ds* is Sfy).
1 2 8 1 2 3 1 2 8 R o
PPP;QQQ;RRR; U, (group of 10 parameters)

1Ia/, when g=- }—]2'? and ge’=const., taking ézg = ——;;7 by Gy (2. e. ds*

is Eq)
1238 1 2 3 1 2 8 _ ,
P,PP;V,V,V:RR,R; U, (group of 10 parameters)

ITb. when =0, (i.e. ds* is of Einstein type (10.14))
1 2 3 1 2 38 _
V,V,V; R,R,R; U, (group of .7 parameters)

1 3 1 2 3 .
V,V,V; R,R,R, (group of 6 parameters)

where Ia', §, U,...., etec. (a=1,2,3) are operators of motions, in which &
are given by :
&l £ £ &4
' 1
T 1 0 0 0 '
Sl' e —ARMeqr 2kPxy 2kxz — 2k
1 ,
R 0 - -2 Y 0
U kx ky kz -1
1
S t 0 0 x
U 0 0 0 -1
L '2kR _ kexye ™™ kxze ™ x
P LRV gt -kt _ R
a (¢ —e"") Ra Ra R ?
L 2kR |, 1t ne kxye™ koze®t 2
EldY (gt S
? a (6 ¢ Ra  Ra R
’ i — — 72
U kxf ; kyp k2B (1 "3 )6
1
P T XY _xz_ 25
L) 2Rt 2Rt R
1
Vo R xy xr2
T 2R 2R
o’ E3 | Y 2z _(1 __Tf_)a
) 4R?

t t t

) As.i;s easily seen, the following relation exists:

Vet (P46




[

230 o H. Takeno.

- ~ ' =

'whe:'e a=elt+e, BE-{II—(e"‘-—e"‘t), 1r=:l= 724R22x2 and B_=.<1+74—7~;2—-> , and

2 2 3 .

T,T; P, P;.... are obtained form T, P,.... by the cyclic change of =,y,z.
Among these operators only 7 operators

BU U, U D

make r=0 invariant.

a
Further, we can prove that R is invariant by G, and that in S, and
E, the following transformation laws hold good:

when SI"""SII by TIIIa (77=C=1), 1‘11’§’ U_)ﬁ’ é! U/’
. when SI—’SII by TIIIb (7=C=1), 1"‘7’5', U_)Qu7ﬁ’ U,x

when EI'_)EII by UIII (G=77=1, C=Q), T, g, (—]—*ip, —"iRV, U,.

Lastly, in preparation for some future applications, we add the form
of the alternants between the operators of each of the groups obtained
above. (The proof is easy, so we omit it.)

(Tawy Zb’) /=(§: g’):(ﬁs U)=0 ’ (1%: ﬁ): "'.'eaboallcer (I‘%, wa): ;eabc4flc‘;
a b [ a ) [ a a
(B, 8) = —cuu, (T,8)=—2Wepult+2MouU, (UT)=-T,
(U, 8) =8;
o b e a b L e b _ _
(S;g) =eabo4R9 (R,S)=_eabc487 (T,S)=—3@U, (Uv
(T, =&, 0)=0; |
' a b a b a ' a b c a b c
(P’ P) =(Q’ Q)=(R’ U/)=0 ’ (Rr P)= "—eabc4P’ (R, Q)= _eabctlQ ’
a b c . a a ! a
(P, Q) = —2KeqpuR+2k6, U, (U,P)=—P, (U,Q)=Q.;

)=—’1$’ :

1721

a b e a _ a b ! _ a b <
(P,P)=(T", P)=(R, U)=0, (P, V>=—71§a,,,,U', (R, P)=—eaiP,

—_ a a a b ' c a b c
(@=L P, (VV)= L, (B V)= eV
(“}’ (7)=0- (a! b,C=1,‘2,3)
This problem was discussed at a special Seminar of Geometry and
Theoretical Physics in the Hirosima University, and research into it has

been carried on under the Scientific-Research Expenditure of the Department
of Education. :

Hirosima Rikugun Yonen Gakkd, Hirosima.
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