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§1. Introduction.

. Any 4-4 matrices 7; which satisfy the relations
rarp=0sI  1,7=1,2,8,4 (1.1)

for any given fundamental tensor g;; in a 4-dimensional Riemannian space
are given as follows® :

Ti= S—lh::'frs ’ ’ ‘ (1-2)

where S is any 4-4 matrix, 7; are any 4-4 matrices satisfying Tl 5 =041,
and A} satisfy the following relations:

4
2 ihi =g, : (1.3)
i.e. arbitrary r; are given by H=|h;| (¢ indicate the rows and j the
columns) and a spin matrix S. Now let us consider the space I'; consisting
of all y; (=h?%,) where 7, are fixed and hi may take all the value$ satisfy-
ing relations (1.3). An element 7; of Iy evidently satisfies (1.1). Further,
let us consider the spin transformation S of the elements r’s of I} such
that r;=S"7;S. “The set of all such 8 we write ©; then, clearly, © makes
a group. So for any 7; and 7; satisfying (1.1), there exists S such that
transitive group leaving I} invariant. There now -arises the problem of
determining group ©. '

If any two elements r; and r; of Iy be written as follows:

ri=hi#. and 'r;=ki,,

then, from (1.3), we have H*H=K*K=G, where H=|kil, K=|k|, and
G=lg;l, and the asterisk denotes the transposed matrix. If we put
HK'=A, we have A*A=1, i.e. A is an orthogonal matrix. Then we say
that 7; and r; have the same or opposite orientations, according as the
orthogonal matrix A is proper or improper. Specially, if we take &; for

(1) Pauli, Ann. d. Physik. 18 (1933).
Newman, Jour, London Math. Soc. 7 (1932), p. 93.
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gi;, then H=|h}| satisfying (1.3) becomes an orthogonal matrix, and then
the space I of 7; can.-be considered as a vector space whose basis is- {7;}.
If we say that 7; and r; (¢°¢j) are perpendicular when, and only when,
rar»=0, then {r;} forms an orthogonal ennuple in the space I, In this
case the orientation of the system 7; is equivalent to the or1entat10n of an
orthogonal ennuple A 4

In this paper we assume that A is a real matrix, i e. the elements of
A are all real numbers. Now if, for any two elements y;=hi; and 7;=
ki¥; of I, HK™ is real, we say that the systems {r;} and {’7;} are
equivalent ; and this equivalence is obviously reflective and transitive. Then
all the elements of I are classified into certain sets R,, S, .... of elements
such that elements of the same set are equivalent to one another. Thus,
in this paper, instead of I, we shall consider any sub-space of I, say R,
‘in which any two elements are related to each other by real orthogonal
matrices. By S we denote the set of S such that 'y;=S"Y.,S for any two
elements 7; and 7; of R, & is clearly a sub-group of &.

Brauer and Weyl® have algebraically classified the spin matrices S of
.S, and therefore of S, into two classes; but in order to determine the
concrete forms, the infinitesimal method has been adopted there. In this
paper, however, where consideration is purely abstract, regarding 7; as any
operator satisfying 7,7;=0;I we shall algebraically evaluate S and then
classify the elements of &. That is to say, in §2-4 we actually evaluate
S for any given 7; and ‘y; in a sub-space R,; and as its corollary, we prove
the existence of operator S such that 'y;=S'7;S for.any given 7; and ‘7;
in R®. In §5 we classify the elements of & into two classes, one pre-
serving the orientations and the other changing them; and in §6 we
determine the concrete forms of spin operators S of . In §7 we describe
the infinitesimal method ; and in §8 we discuss the relations of our method
to the infinitesimal method, and then obtain the simple relation between
Cayley’s parametrization of an orthogonal matrix and the spin operator.
In 8§9-§811 we extend the result above-obtained for 8-8 matrix, and show
that the same procedure can be extended to 2"-2" matrix.

The result of this paper holds good also for the general case in which
the condition of reality is removed.® Therefore we can apply this result -
to 4-dimensional space-time. Lastly we shall suggest that the case of 8-8
matrix seems to be applicable to the atomic nucleus.

(1) R. Brauer and H. Weyl, Amer. Jour. of Math. 57 (1935), pp. 426-449.

(2) The proof of the existence of operator S for any operator 7; and “7; satisfying
TGT)H="7@'TjH»=084I has been given by Eddington. Our result is a special case of that result.
Cf. A.S. Edington; Jour. Lond. Math. Soc. 7 (1932), pp. 53-68.

(3) We shall give the proof in the next paper.
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'§2. Determination of S.

Take any two eiements r;=hir, and ’r,~=k£ 7, of I'y where 7,7v=1,2,8,4,
and consider the matrices H=[h%| and K=|k:|; then HK™ becomes an
orthogonal matrix. Now we shall determine S satisfying the relation

ri=kit,=8"rS=S"hiF.S. (2.1)
If we put HK'=A=|ail, from (2.1) we have
, | | Ti=8" ai7;S . - 2.2)
Expanding S by basic elements, , | _
S=AI+ A%+ A%+ A% s+ A7, (2.3)
where Taln=0yl ; | A
A""'J= —;15‘ » and  Fs=rFiTod e, } | @4

and taking into account the relations:

P ite= — €5 Til's (#,5%) ,
e (2.5)

o O O 1 044 o o . *
YiFits= ~Eeﬁ"‘rm (G 3)

where €;,,=0 Whén any two of 1,7, k,1 are equal,

=1 when (3,7, %,1) is an even permutation of 1,2,8,4),
=—-1 when (4,7, k,1) is an odd permutation of (1, 2, 3, 4),
from (2.2) and (2.8) we have

(i) (a¥—09)A,=0,

(ii) (ai—6)A+2(ak+65)A7=0,

(iii) (a¥+e89A;5=0, ' (2.6)
(iv) (adi+e)A5=(ak—o¥)AEL;7,

(v) (@P+67) (& A*— 5 A7) = (ai— ) A7

3

Thus the problem of determining S for given H and K becomes that of
solving A’s from (2.6) for given a’.

§ 3. Determination of S for same orientations.

In order to solve (2.6), we use the following well-known theorems :
Lemma 1. If F 1s a real skew-symmetric matrixc whose degree is even,
say 2n, there exists a real orthogonal matriz P such that
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digppo e O al)'< 0 wz) ( 0 a,l>

P FP-F-(__MO (g )+ H(0, T)-

Lemma 2. If A is a real proper orthogonal matrix whose dqgreeb 8 .
even, say 2n, there exists a real orthogonal matrixz T such that

agm_ % _( cosbysind,) ; ( cdsﬂg sin 02> L4 ( cos 0, sin 0n>
T AT'_A—(—sin f; cos 01>+ —gin 6, cos 6, + + —sin 6, cos 8,/ *
When [[ai]l is real and proper, by Lemma 2 we can choose a real ortho-
.gonal matrix T such that . ‘
LA K cos(isinﬁ)'( cossasingo) ;
T AT_A“"(-—sin # cos 8 + —singcos ¢/ ° @3.1)
Put T=| t| and #7,='7;; then 7(7;5=0;l, because T is an orthogonal
matrix. If we write ,7?'5 for /‘)0’1,722/733/7?'4, then ’f5=det.| T! '79'5 and det.‘ T l =1
or —1, according as the matrix T is proper or improper. If we put
T-1=| T:l, then #;=T%#,. Substituting this into (2.2), we get:
"ti=S ;TS
or ,
o ‘ "P:=8"1a'E,8, (3.2
‘where @i |=A=T"AT and
S=’AI+’A5’7"5+’A""°,-+’A”'s’i’i’i’ﬁ A9, T (8.8)
where
‘A=A, 'N=eds, 'A=TiA*, 'AB=eTiA®, 'A¥=TiTjA", (34)
or N ) N .
A="A, A=A, Ai=t/A", AP=eti’/A™, AY=tH'A", (3.5)
and e=det.|T|. To simplify description, we write A, 45 .... ete., and af,

_instead of ‘A,’A%.... ete, and G} Then we have, from (8.2), the same
relation as (2.6), in which

A—( cosﬂsinﬂ)_i_( cosgsingo)
“\—sinfcosd —singcos ¢/ °

To solve (2.6), we consider the problem in the following cases:

-

Case I |[I+A]%0, |I-A|x0;
Case II [ I+A|=0, |I-A|%0;
Case III. |I+A4|%0, |I-A]|=0;
Case IV. |[I+A|=0, |I-A|=0.

~ In what follows we use the letters of indices as follows:
' 49 k. ... =1,2,84
a, b, s =1,2
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Case I. From (2.6) (1) and (111) we have Ak——Ak =0, and from (ii), we

have A®=0, A%= ; tan_A A34— 5 tan - ZA From (1v), As*-tan g tan? A
Then (v) becomes an 1dent1ty. Thus we have .
AP=4¥=0, A%=0, AP=>tantA, A%="tan b4,
2. 2 ‘2 (8.6)

AS=tan —g— tan %A , and A is arbitrary.

Case II. From |I+A|=0, 6== or p=n (mod. 27). First we assume
that == (mod. 27) and ¢ % = (mod. 27). Then ai=—o;. From (i) A4,=0,
and from (i) A=0, A*=0, A=0; from (iii) A%=0, from (iv) A%=
1

Ecot —;Aﬁ, and from (v) A®*=0. Rewriting (3.6) as follows:

Al

A=2A12coti, A12—2 cotgm A‘”— tan "’A

and putting § == (mod. 27), we see that A=0; consequently A34—-0 and

Am=%cot %AF’. Thus, from (3.6), we can obtain the result for when

0=r (mod. 2r). When #=r and ¢=n= (mod. 27), we have again the
same result. , C

Case III. Here =0 or ¢=0 (mod. 27). By the same treatment as
above we have (3.6), in which ¢ or ¢ is congruent to 0 mod. 27.

Case IV. Here, we can take ai=o; and ai=—6% Then we have:
Av=AB=0, A=A=A%=0; and A* is arbitrary. So in the same way as
in Case II, we have (3.6), in which /=0 and ¢ =n (mod. 2n).

Thus, as the general solution of (8.2) we have

AP=AB=20, A®==0, A12=%tanu(-}—A, Ar=Lan e 4y

2 3.7)
A=tan L tan L A.

nz )

As is easily seen from this, for given 7, and ’y; of R; S is determined
uniquely except for a numerical factor, and A4, A% A% are real except for
a common factor. Returning to A, A5.... in (8.5), from these in (8.7)"
AF=A"=0. Thus S defined by (2.2) for the real proper orthogonal matrix
A=|ail, i.e. for 7; and 'r; of R, of the same orientations, must be of the
form -

S=AI+ A%+ A%,7;,

where A, A%, A% are real function except for a common. factor.
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§4. Determination of S for opposite orientations.

When 7; (=h{#,) and r; (=ki7,) have opposite orientations, taking
7:(=hit,) of R, with opposite orientations compared with 7;, and consider-

ing T such that

T T=7, 4.1)
we. have, from (2.1),
S"TﬂT‘fS ='7;. 4.2)

If we put T7'S=U, we see from (4.2) that U is a transformation of 7;
into r; preserving the orientation; therefore, when the reality HK™ is
taken into account, U has the following form :

U=AI+ A5f5+ Aijfi.";j . ) (4.3)

Therefore, if T is determined by (4.1), S is determined by S=TU. Specially,
if we take H=|hi| as follows:

HE—I_AZ —‘1_1 La ]—'LZ'L=—h’,Ll <a=1’2,3 ) (44)
- -1 " hi=hi \=1,2,3,4 .

T is obtained from (2.6) by putting ai=—éi, ai=6}(a=1,2,38,=1,2,8,4);
that is to say, A,=0 (from (i)), A=0 (from (ii)), A%=0 and A=0
(from (iv)), A®=0 (from (v)), i.e. T=27, Therefore S transforming any
two of r/s of opposite orientations is obtained as follows:

S={ AL+ A%+ A7) =" Aif 4+ A®7,3;,
i e. S has the following form:
S=A't;+ A% .75,

where A%, A® are real except for a common factor.

§5. Classification of &.

Putting together the results obtained in §3 and §4, we have:
Theorem 1. For any two given elements y;=h;?, and 'r;=k:#, of the
space Ry, there exists one, and only ome, (except for a numerical factor) S
such that '7;=S7'r;S. When 1; and r; have the same orientations, S has
the following form :
' S=AI+ A5f5+ Aijfii;j M

and when 7; and 'r; have opposite orientations, S’ has the following form :

- S=Ait,+ A%F;75.



~ Spin Transformatlons I , m

And in both cases, the coefficients of I, 7, r,, Frilis File GTE rea,l except for
a common factor.

We denote the operator of the farm AT+ A%+ A%#;7; by S;, and the
operator of the form A’7;+A®7;7s by S, Then, from the identity :

Ps(AT+ A7+ A5Fs+ A®F 75+ A7) P
=AI—-Ai¢;+ A5 — AP7: 75+ A9 75, ‘
we know that S; is characterized by the relation 75Si7s=S;, and S: by
7e3:7s=—S2. So that 7; and ’r; have the same, or opposite, orientations,
according as S mediating 7; and '7; satisfies 7:S7=S or 7:S?s=—S and
conversely.®

Next we consider the case when 7;, and consequently S, are 4-4 matrices.
If we take Dirac’s matrices as 7;,® then-

X X X X
Next, instead of 7; satisfying 77,=20:;I, we take any operator 7; satis-
fying ¥:7»=g:I, and consider the analogous problem. That is, we consider

the space [} consisting of all 7; (=hir,) where r; are fixed and % may take \
all the values satisfying hihig,s=g;, and we shall investigate the form of
spm operator S such that '7,=S"'7,S for any two 7; (=h:7,) and 7 (=Ki%,)

of I}, Here the condition that HK~! with respect to 7; is real becomes
that HHK'H™! is real where n=h§rk and—ﬁ =] ib‘;’- Il. Thus, as in I3, in ﬁ
we shall restrict ourselves to one of the sub-spaces of I3 say E.® Then
we have the same result as in Theorem 1,” 7, and #; being replaced by‘

—l TnTzTaTﬂ

Tz and 5= _l/d
et.

(1) This is the same result as that obtained by Brauer and Weyl.
Brauer and Weyl, loc. cit.

@ ' o-

01
0 —i 0 L-—IO
7°'l= ? f3_. T ’
10 0-1] ,
01 1 0
—5 0 10 -
0 1 os)\. 01| ©
fi= | and =] ———— 1 .
i 0l -1 0
O—i! 0 0 o1

(8) The meaning of B is analogous ‘to that of R, in I',.
(4) By making use of H the problem in R, can be reduced to the case of ER,. Return-
ing to R,, we have the same result as in Theorem 1.
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§6. Determination of 8.

In this section we shall determine the set & of the operators S which
' leave the space R, invariant, that is S'R,S=R,  But ‘r;=S'7;S, in which
7: (=hr#,) is any element of the space Ry, and we shall find the condition
that ’7; can be written as '7;=ki#,, and HK™' is real where H=|hi|,
- K=|k;l, and '

B E khj=gi,  Fatp=0sl. (6.1)

Since, necessarily, "ra'rh=9:;1, we have Z kki=g;. By Theorem 1, if 7;

and, 'r; have the same orientations, and HK ! is real, S must be of the

form :
S=S1EAI+A5725+A JT,;TJ‘, ' (6.2)

where A, A5, A% are real except for a common factor;. and if they have
opposite orientations, S must be of the form:

S SZ A T1.+A 7‘:7’5, ‘ ’ . (6'3)

 Where A°, A® are real except for a common factor. Thus, in order that
S Yy, S='y; may belong to the space R, S must be either S; or S,

- When S is of the form S, if we put R=|A%| (¢ indicates the rows

~and j the columns), from the fact that R*+R=0 and A are real except
for a common factor, we know by Lemma 1 that, after a suitable real

- orthogonal transformation T'=| ¢, R is transformed as follows:

TRT="R=( _01112/312)+<—0113‘/3u> '

If we put '7;=t{#, or F;=T7'7, where T '=|T}|, S can be written as
follows : : . '

S=8='AI+ A%} A3, (6.4)
where

‘A=A, 'A=eds, ’A""=T,§T{A"l=lz TiA¥E:, e=det:|T| (6.4)

(Cf. (3.4)). Now, if we assume that thereexists S for S of the form St
the conditions that, for S given by (6.4), S'r.S="r; belong to the space
R, are, from §3,‘ as follows :

P .

’A""—» #'A rpu=1 SD’A 'AS=tan - tan £'A. (6.6

2 tan 2 an an 2 an 5 (6.6)
Eliminating ¢ and ¢ above, we obtain the condition :

A2 AB = _Z_IAE ‘A, (6.7)

or, in the original A’s,



Spin Transformations. I : . 179 -
%é--k ATAR=ApSO; (6.8)

whlch is the required condition.
When S=8,=A%;,+AB%;%5, 7S is of the form S;; therefore, putting -
#«S=T, we have S7'7;S=T"'7.#;7sT. But if we put 7:7;7¢=7; then -
7.=ht?, and h%= —h?, hi=ht(a=1, 2, 3); therefore 7; belongs to B, Thus
S 1y,S=T"h;?,T="r;; therefore, if we assume that there exists S for S, -
the necessary and sufficient condition for y; to belong to the space R, is
that the coefficient of expansion of T satisfy (6.8). Now T can be written
as follows: R
T=7S="AI+'AF:+' 49F:7;
where . o
‘A=A, 'AS=A%, 'A%= —%A“, 'A% = A°5° 2 (a,b,¢=1,2,3),

and ’A, ‘A5’ A% are real except for a common factor, because of the reality -
of A% A®, Substituting these ‘A, A% 'A% into (6.8), we have:

A 5= L A AR
2
ie AANB=&,5 A A¥+ &430f A% A% = — A, AP,
so that A;AB=0 ' (6.9)

So the condition for S of the form S, is A;A%=0.
From the identities :

(AI+ A75+ AF:75) (AI + A5 — A% 775)

=[CAY+ (A4 249 Ay ][+ (AN — &3, AT A¥)5
and . '
(Aif 4 ABP7e) (A7 — A®Fi79) = (A A+ APAF =24 A 75,

we see that for S of the form S, satisfying (6.8), or of 'the form S; satis-
fying (6.9), there exists S~1®
Thus we have the following theorem.

(1) (6.7) can be written as follows :

% gijk[’/l iAkl=eAAS

S THTITETIA ™A™ =eA 4%,
e SéporsdPAT=AAT,

i.e. we have (6.8).
(2) The trivial case when S—O is excluded.
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Theorem 2. The set & of S’s which leave the space R, invariant
consists of two parts S, and S,; S, consists of S’s which have the form
Si=AI+ A5+ A%3;7; A, A% A9 being real except for a common factor,
and whose coefficients A, A% and A% satisfy the following relation

—;—éijklAijAkl = AA5 N . (6.10)

S, c(msv,sts of S’s which have the form Sp=A'7;+ AP 75, A%, A® being real
except for a common factor, and whose coefficients A* and A® satisfy the
Jollowing relation , i
AzAz5=0 . ‘ ‘ . (6.11) :
The element S of ©; reserves the orientation of 7; in Ry, and S of 7.
changes the orientation of v; of R,
In the case of 1734,' if we make use of H as in § 5, the problem of

determining & can be reduced to the case of R, Then, returning to I?.,,
we have the same result as in Theorem 2,% (6.10) and (6.11) being re-
placed by :

%éml/{ijﬁ"l = /TZS , (6.12)

and AiAf=0 @ (6.13)

respectively, where 71, Z”, .... ete. are coefficients of expansion of S with
respect to 7;, and éijkz=det-1ff |- &u =1 det. [ gi; [ - &nar

§7. Infinitesimal Description of S.

. The problems discussed in the previous sections have been, in short,
to determine S satisfying the relations

. az?j=sfis_1 ’ (7".7.-": 1: 2’ 3’ 4) (7-1)

for any real orthogonal matrix A=|ail, where 7.7;,=0;I. If we denote
the vector space whose basis is 7; by I, the transformations in the space
I consist of two kinds, one being a coordinate transformation: 'r;=air;,
and the other a spin transformation : 'r;=8717,S. The problem discussed
in this paper, in other words, is to investigate the relations of these two

(1) In the case of E, the condition of reality of coefficients of S does not hold good,
but there exists S-1 for S provided that S=0, because (A P+ (A% +24 94 z;=(AF + (AP + 24é34s;
~'and /Tij’fi+/'1~“/f $5=284;+A¥2;° where A; 1i,.... are coefficients of expansion of S with
respect to 7;. ) .
(2) The up-and-down of indices is carried on for the tensors witn ripple-marks with
respect to g5, and for the tensors with no ripple-mark with respect to 8.
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transformations. When A is an improper orthogonal matrix, the corres-
ponding S is obtained as a product of two S’s, say S, S, in which S,
corresponds to a special improper orthogonal matrix and S; is any corres-
ponding to the general proper orthogonal matrix. Thus the determination
of S is reduced to the case when A is proper. Now, by Lemma 2, in
suitably chosen orthogonal coordinates, any real proper orthogonal matrix
A can be reduced to the direct sum of matrices of the form

( cos d sin 0)
—sinfcosd/’

But the linear transformation A of the form above in the space I can be

regarded as a finite form generated by the infinitesimal transformation of

type I +(_2 (1))30, where # is a parameter. Th_us, any real proper ortho-

gonal transformation A is an integral of an infinitesimal transformation,®
so that S corresponding to any real proper orthogonal transformation A
can be regarded as an integral of an infinitesimal S corresponding to a real
infinitesimal orthogonal transformation. If we put S=I+o¢ (¢ is infinite-
simal), and A=I+t (¢ is infinitesimal satisfying *-+7=0), then, by (7.1),
we have )

titi=oti—Tio, (7.2)
“where [ tl=z. Expanding ¢ in #/s, from (7.2) we have

o=aI+ —41—t""7‘*,-7",- , | (7.3)

so that the infinite form of S can be obtained as follows:

S’ =¢’=¢M- e%tij;“‘;j . (7.4)
But by Lemma 1, by chosing suitable orthogonal coordinates in I, ¥
except 2 and #* can be equated to zero. Put t?=¢ and t*=¢; then, by -
making use of the formulae: (#172%=(Fs7d?*=—1I, we have

L 9717s ~prar
o UT172 3f4
S=¢*e2 g2 )

=M ( Icos %-{— P12 8in —Z—)(I cos 0%+7°‘sf4 sin %) |
) (7.5)

Il

a (I+ tan %m)(u tan 52&;3;4)

0o Pos i} gpo>
+tan —7172+tan =F574+tan -_-tan =75 ),
a (I tan 27’172 tan 27’37’4 \n 9 n 275 J

(1) The complex proper orthogonal transformation is not necessarily generated by the
repetition of an infinitesimal orthogonal transformation. )
* H. Taber, Bull. New York Math. Soc.'3 (1894), pp. 251-259. or
H. Taber, Proc. Lond. Math. Soc. 21 (1895), pp. 364-376.
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where @ is an arbitrary numerical factor and 7s=717s7s7e. Since the co-
efficient of 7;;7; in (7.5) are the same as those expressed by (6.6), they
satisfy condition (6.8). Conversely, from the discussion in § 6, in a suitable
coordinate system in I, S of the form S; (cf. Theorem 2) satisfying condition
(6.8) can be written as (7.5), and consequently as (7.4). Therefore condition
" (6.8) is equivalent to the condition that S of the form S, is generated by the
repetition of an infinitesimal spin transformation corresponding to an in-
finitesimal orthogonal transformation. '

Thus S can be determined also by the infinitesimal method. But the
method used in §2-§6 is purely algebraic, whereas the infinitesimal method
is analytic. In both methodes, however, 7; are taken as mere operators;
therefore in this sense both methods are abstract.

§8. The relation between Cayley’s parametrization of an
orthogonal matrix and the spin matrix.

If an orthogonal matrix A is given, provided that det.|I+A|30,
we can construct a matrix T such that T=(I—A)(I+A)%. Here T be-
comes skew-symmetric. This construction of 7' from A is called Cayley’s
parametrization, and the orthogonal matrix A in which det.|I+ 4]0, is
called non-exceptional, and 4 in which det.|J+A|=0 is called exceptional.

The spin matrix S leaving the space I invariant and reserving the
orientation of 7; is solved for a proper orthogonal matrix A=|at| in (2.6).
(ii), (iv) in (2.6) can be rewritten in matrix form as follows: .

(A-I)A=2R(A+1I) (8.1)

(A+DA=R(A-I) 8.2)
where R=|A%|, R'=| A&, (i denotes the rows and j the columns).
Therefore, when A4 is non-exceptional, R= —/21-(1 —A)(I+A)™*; this shows

that R= —ig—T, where T is a Cayley’s skeW-symmetric matrix of A.

Likewise, when det.|I—A|20, from (8.2) we can determine R/, and
consequently R, in matrix form. Therefore, except when det.|I+A|=
det.| I-A|=0, R is determined in matrix form from (8.1) or (8.2) without
our assuming the reality of A. The result of §3 shows that, for this last’
exceptional case also, where exists R, provided that A4 is real.

Now, an infinitesimal real orthogonal transformation A can be written
as A=1I+r, where infinitesimal matrix r. is real and skew-symmetric.

Therefore A= (I+ %f)(z— -;—r)"} (f—- ( - ;r>> (I+ ( - %f))ﬂ. Compar-

(1) In the next paper we shall show that R or R’ always exists ‘without the assump-
tion of reality of A, and then determine condition (6.10) for complex A.
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ing this with Cayley’s' parametrization A=(T—T)({I+ 7)™, we have T=~;—‘r. l

So that, from (7.3), R=’H%t“f{ =%f‘= —;—T, i.e. A=(I+2R)(I-2R)" i.e.
(A—I)=2R(A+1I). This is simply (8.1). Thus relation (8.1), i e. the re-
lation between Cayley’s parametrization and the spin matrix S, is the finite
algebraic form of the relation between the infinitesimal rotation and the

corresponding S.

§9. Extension of the problém to 8-8 matrices.

We shall extend the problem discussed above to 8-8 matrices. The
actual form of 8-8 matrices E; satisfying E,E,,=6,] has been given by
Newman® as follows:

E,=S"E,S, (=12....,7 9.1) -
where .

= Qifa)"(,1=‘.1,2,....,5) E=(I,I), E“7=(I_I), (9.2)

—Ua
and 7fp=04l (1, f=1,2,....,5). Since Fs=e}ifsfsts (e==x1), E; given
by (9.1) satisfies the following relations : ,
EE,....EE;=icE;. 9.3)

But if we are to aim at applicationA to physics, it is desirable that E,
(«=1,2,....,5) should have the form E‘a=/<‘%“ Jg)’ where A, and B, are
4-4 matrices. To find such E,, from E Ejs=35,I, AuAg=BBgy=0a4l,
so that of necessity 4,=7, and B,=7.® If we put

| E'I(A='6.7):—t(2 112)
X;. Y1, Z;, and U, being 4-4 matrice.s),rfrom E'(EEB,=O we have
(i) I  FXatH Xi7,=0,
(i) FUnt Uifa=0,
(i) Pt Ym0, e
(iv) FoZit+ Zi$.=0.

From (i) and (i) we have X;=U,;=0: and since 7, can always be written
as follows: ‘ '

(1) M:H.A. Newman: loc. cit.
(2) 7. does not mean conjugate imaginary of ., but another matrix satiefying
Tat®=0apl.
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=T WHT, | |
= — ' (Zh{hf=8m, 'i,j,r=1,2,....,4)
ts=T7'7T, -
from (iii),
| P Y+ YT R T=0, e fi=—YTRHTYS,
Bt T 5T=0, e fo=—YiT'%TY:,

(det.| B | %0, .". det.| Y|, det.|Z;|30). Then, by Theorem 1, 7Y ;! must
have the form S;; therefore the matrix | 4| must be improper; so that 7;
and 7; are of opposite orientations. Then it is possible to find a 4-4 matrix
V such that ' '

[ [ — _1 rs —_— -—-1 [ .

(1) ii'—T hz TT_ V zvs} (9.5)
(i1) =T 1% T=-V I3V,

For, VT hi#, TV ‘= —#; can always be solved with respect to TV for

given hi and #;.. And we see that the solution TV ! satisfies (ii) of (9.5),

because det.|ki|=—1. When TV ! is found, V is determined, i.e. there

exists V satisfying (9.5). Then (iii) and (iv) of (9.4) become:

() 7Li-YV77V=0, ie faYzV—l‘“YxV-"lfa=0’} 9.6)
Gi) —-VW2W.VZ,+Z,7,=0, ie +,VZ,-VZ,7,=0, '

YIV_I———'G/AI, VZx=ng.

Therefore
Ta

o

B = a, V)

i ,

- V*lf,z‘V> ’ (bl V1

and from E,E,=1, a;b;=1, and from E;E,+E,E,=0 (1 1), a;b,+b,a;=0,

i.e b =1 and a3+a%=0. Thus we have:

En',q=(f'f_v_lfav>’ Eﬁ:(%vav>’ Eo;":(iFiV
a

ii“V) . (9.7)

Specially, if we put V=7, and 'a=1, we have

B Ta _ T4 & Ts o 7’4) ° =( ‘“'57’4)
| H r) B —ﬁ)’ e ( fﬁ)’ b <f4 S
| . 0.8)
If we take 75 such that 7s=if2fsfs we have E\Ey....Ey=iEy; and (9.7)
and (9.8) are the required form of E,.

Next we shall consider the general case when EEg=g,I (a, =
1,2,....,6). This exists then h% such that
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6 -
2 hihp=gus. (9.9)

Any matrices E, satisfying EFj=g,3I are given by Ea=h£E'B, where E,
are suitable 8-8 matrices satisfying E'(aEBF&aﬁI. Then, by (9.1), the general .
forms of E, are given as follows:

- E,=S7hES. O (9.10)

Likewise, if we consider E; such that EGE;=g,I (i,7=1,2,3,4) the general
forms of E; are given as follows :

' E=S"WES, 9.11)
where Z‘.h’h’— g;; and E; are any 8-8 matrices satisfying E'“E')—a I

In 4 4 matrlx, L rs, 715, 7irs and rurn from a basis, provided that

— e Yn7Ye7sTs, Where ru7Hp=¢;I. Likewise we know that, if

1/dt|,,|

9. is given, the basis of 8-8 matrix is obtained as follows:
Iy E'a, E7, EaET; E[aEBJ’ E[aEﬁ]E7’ EDIEBET] ’

where E, are determined by (9.10) and Ej;= —EnEy"Es.  But

1/d t I aﬁ'
if g; is given, E; are given by (9.11), and there more Ej, Eg, E; are
added in the forms S7E.S, S7E.S, S™E,S respectively. Thus two cases
oceur : (1) when the fundamental tensor of 6-dimensional Riemannian space
is given, (2) when the fundamental tensor of 4-dimensional Riemmannian
space is given. But case (1) looks, at present, physically meaningless, there-
fore we shall deseribe only the result.

~ In case (1) we consider the space I' constituted by all E, (= h"E‘B)
e, B= 1 2,....,6) where E, are fixed and ‘h% may take all the values

satisfying Zl h5h7=ga5.- As in I, Fy splits into certain sub-spaces Rg, Sg,....
=

such that elements of the same sub-space are related to one another by real '

orthogonal transformations. Then the set & of operators S which leave
any sub-space, say R; invariant, i.e. S™1R,S=R,, consists of two parts S,
and &, &, consists of S’s which have the form AI+A'E,+A“EE,+
AYEE =S, and whose coefficients A, A7, A%, and A" satisfying the
following relations : -

AL Lt 44 =0,

(APA =L a2 27 =0,

(1) The trivial one S=0 is excluded.
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where  &;.0,,,=0 when any two of (Apwvpa) are equal,
=1 when (izwvps) is an even permutation of (12....6), -
=—1 when (Apwvps) is an odd permutation of (12....6);

&, consists of S’s which have the form AE,+AYE, B+ AWEEE =S,
and whose coefficients A%, A%, and A** satisfy the following relations :

AlAuywélllvaa=0 ’
A, AT =0, ,
ANt A= 0. (36 E)

In the equation above A,1A", A* iA%7, or A} {AY, A*, are real except
for a common factor. The elements S of &, reserves the orientation of
E; of R and S of &, changes the orientation of E, of R

As_ in 4-4 matrix, if we consider the space f?s constituted by F, (=ﬁ£E’,;)
where E, are fixed and hihig,;=g.s the same result is obtained, A, 4%,....
and &,,,0, being Teplaced by A, A% ...: and Euewe=11 06t | gug |- Exsonrs
respectively, where A, /T", .... are the coefficients of expansion of S with
respect to E’~x. - The only difference is that

Wi DA it B Z) =0 @ep)
instead of A4~ Sigt,,, A A=0 (1) where

) R ; ﬂ
E,=hilp, >3hihh=g.s, and EEg=0,l.

Ac

These theorems can be extended to 2"-2" matrix or to corresponding
operator (n : positive integer) when the metric g,, of 2n-dimensional Rieman-
nian space is given,® If the metric g;, of (2n-+1)-dimensional Riemannian
space is given, 75,72 ....,72 and "7172....7Ym=7ms1 Dlay the roles of
T, 72 73, and 7y in 4-4 matrix, and consequently the problem is reduced to
the case when the metric of even-number-dimensional Riemannian space is
given,® ,

Case (2) is treated in the next section.

§10. Classification of 8-8 matrix S by the orientations
of 4-dimensional vector space.

In §9 we have seen ¢ hat any 8-8 matrices E; satisfying E E;=g.l
are given by '

(1) The general question for 27-2n matrix is treated directly in the last section.
(2) Brauer and Weyl, loc. cit.
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E.=SWES  (i,j=1,2....,4), C o (10.1)

4 v - ) Y -
where 3} hikj=gy and’ E.E;=6;1 In the following section we use the
letters of indices as follows:

'i,j,'....,'r,s_,..., =1,2,3,4,
Ly Yyornnooannnonn =5, 6,
aByeei s thyoo..=1,2,....,6.

As in the case of 4-4 matrides, we consider the space I} constituted by all
E; (=h;E,) where E; are fixed and hi may take all the values satisfying

\ .
the relations Zlhzh;f:gij, and we investigate, the properties of S such that

'E;=S7'E,S for any given E; and 'E; where E;=hiE; and 'E;=ki'E, If
we put H=[|hi] and K=|kil, then H*H=K*K=G (=lg;l), and

HK'=A (=|a;ll) becomes an orthogonal matrix. Here we assume that
A is real, i.e. as in the case of 4-4 matrices we consider any one sub-space,
say Ri;. We say that E; and 'E; have the same, or opposite, orientations
according as A is proper or improper. From 'E;=lkiE;=SE,S=S""HE;S,
we have ) ‘

, E;=S"iE;S (10.2)
If we take B, (A=1,2,....,6) and iE;=EE,....E, and expand S as
follows : 4 \
S=AI+ A'E;+ A'E+ A EE,+ AVE B+ A B BLE,+ AME,E B, ,
‘ ' (10.8)

where A= —A#, A= — A" gnd A =A%*]; then, substituting (10.3)
into (10.2), and making use of the identities: '

EAEHEVE0= ——;:-Gi,;;;,”EpETaE'r; s (}" Hy vy @ Z\F)
EBEE=teiwBRE,  Gme¥)

we havé:
(i)  (aF =00 A,=0, B
(ii) (ai — o)A+ 2(ak+ 05434 =0,
(iii) (a¥+6%)A;7=0,
(i) (@ +a)a+3(at o)A =0, -
(v) (@} ) AT+ 2(ak— 88 A =0, ' (10.4)
(vi) G “5‘)A””J+%(a{f+ d¥) A, =0,
G (e AT~ ekt =0, |
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-where a3=0.. :
When A=|ai| is proper, since A is
exists a real orthogonal matrix T=|#|
~ cos 0 sin
T‘1AT=AE( ®

. \—sin 6 cos
Put A=|Gi| and #E;=

we have
/ED’,;=S_1&}?,E

If we put ¢’ ="EYEy. .
‘K and 'E; can be regarded as the basi

M. Urabe.

-

a real matrix, by Lemma 2 there
such that

e

cos ¢ sin go)
sin ¢ cos ¢/ °

'Ey;; then 'EGE;=0,I. Substituting this into (10.2).

‘E;S. o (10.5)
.’E, then 'E;=cE, where e=det.|T'|. Therefore

s, and S can be expanded in "E;s.

We shall use the letters of indices as follows:

R R
a, b,
D, q,
%Y,

In what follows for simplicity dropping
and A, A*..

matrlces, as the general solutions of (10.

A : arbitrary,

Ai=0; A* A?: arbitrary,
A== AT=0; A#w=0, AP=Lltan A, a%=1tan 24,
- 2 2 2 2
A%= -—icoti-cotﬂjﬁ, A57=icoticot£A“, A= -—icoticotfﬂ/l"’,
, 2 2 2 2 2 2
Nk = iy — Aiel =0; AT = Aerl—()
. A= —L oot O g5, pmw=— L oot € 45,
‘ 6 . 2 6 2
A= _1 cot ﬁ—A‘"’; A= _1 cot £ A8,
6 2 6 2
Am=_1 oo iA?; A= — L oot @ g7,
2 ; 2 2
AF = — —tan a—tan A.
2 2 2 /

{Calculations are found in Note.)
So that S is given as fpllows:

Y % NN

.. instead of ai and ‘A,’A%.
coefﬁc1ents of expansion of S with respect to !

=1,2,3,4,"

=1,2,

=3, 4,

=5, 6.

ripples and dashes, we write a}
.. ete. (A,’AY . ... are the

v;’s). Then, as with 4-4
5) we have:

(10.6)

+
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N

S =S’o(I +tan —Z—E’lE'Z—F tan %E'J)—i tan % tan %E’sE};E}) ‘(107 -
where | ‘ o . : . '
So=AI+2ABE Eg+- ATE B4+ AYEE, . (10.8)
Here S;'E;Sy=E;, provided that there exists Sii, and conversely, by putting |

0=9=0 in (10.6), S, such as S;'E;S,=E; is obtained in the form (10.8).
But, to avoid the indefiniteness of “

I+tan L BB+ tan L BB, —itan ¥ tan L EELE,
2 2 e T
when 0 or ¢=r (mod. 27), we rewrite (10.7) as follows :
~.8=8,- <I+tan—E'1E’+tan P EE,— ztanE tanwE'E’E'>

= So(AT+ 202 oy + 203 By By -+ A B B )@ » (10.9)

where 1=q, 12=2 tan —q—, =2 tan~— /1“’7— —ia tanitan #.. Thus for
2 2 2 2 2 2

any given E; and 'E; of 'R,, S such as ’E'i=S"Ez-S is determined uniquely

except for an element S, But A, A%....,4,2%..... ete. here evaluated

are in the dash-system; therefore, returnmg to the undashed system, we

have :

S=8,AI+ MEiE'j+l5G7E5E'6E'7) (10.10)

where S;=AI+2A%E Fs+ APE B+ ATERE,, and 1, A9, {A% are real except
for a common factor. In the dash-system, eliminating 6, ¢, we have
‘A2 4-47°22/3%=0; therefore in the undashed system we have

‘ AABT %éijkllijlkl =0, l . (10-11)

As with 4-4 matrices, any S which transforms E; to E; (¢ R;) of the op-
posite orientation is expressed as a product a special S which interchanges’
the orienfations, and general S which preserves the orientations; thus, for
example, S is expressed das S=S’E, where S’ mediates E;’s of the same
orientations. Thus any S which changes the orientations has the following
form : ' '
S=SyAE;+ A*EEE) . (10.12)

and A%, A%* are real except for a common fagtor. Now,

N E+ A% — BB, = (A4+ A“E’ E4+ SAYE B, — 6 ANBEEE)E,.

(1) Cf. Note (N 4)
(2) " The fact that (10.6) is a general solution is destroyed when S is factorized as (10.7);
but if we factorize S as (10.9), the generality of solution (10.6) is not destroyed. Cf. §3.
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Therefore, the condition® for S of the form S,=A'E;+AEEE, to
mediates E;s of R, is obtalned by substituting the equation above into
(10.11) as follows:

éijklAlA’kl"—"O . : (10.13)

Next, to ﬁnd the condition for the existence of the inverse of S of the
form (10.10) or (10.12), put

So=AI+A*E,E,,  (x,y=5,6,7)
S, = A+ 2 BB+ 35 BB,y
Sy = A B+ A E,E By ;
then  S(AI-AmEE)=((Ap+24mI,  (1014)
S I— 5B E+ A B B Bl) = { ()2 — (724 2092 Ay YT
+ {2AF i Y BBy (10.15)
SUA B~ ATE B B = (A A+ 6 ANy} [+ 2iki s A AVEEE, . (10.16)
From (10.14) for. S, such that (A4)*+24%4,,=0, we have S;'=

( A)2+21 AL x (AI-A=E,E,). The inverse of Si which satisfies relation
(10.11) and whose coefﬁclents A, /1", 1A% gre real except for a common factor,
from (10.15) is obtained as Sll— 1 [2 ]+/1567E'5E'6E' VIELE],

— (A% + 2279,
S=0 being excluded. Next, for S2 which satisfies the relation (10. 12), and
whose coefﬁclents At AT are real except for a common factor, from (10.15)

1 k3
A4+ 64 A (A°E;— A¥EE;Ey), S=0 being excluded.

And (SeS)7! or (SpS:)7! is equal to SriS;! or S;Sy?! respectively, i. e. the
condition that there exists the' inverse of SeS1 or SpS; is that there exist
the inverses of both S; and S; or both S, and S..

Thus we have the following theorem.

‘Theorem 3. The set S of operators S which leave the space Ry in-
variant consists of two parts S, and S, &; consists of operators S which
have the form SS; and consists of operators S which have the form S,S,,
where

we have S;'=

So=AI+A””EmE'y @, ¥=5,6,7), (A)P2+24%A,,*%0;

S;=21 + A BB A BB BBy, 2,37 1% are real except for.a
’ - common factor ;
S2=AiE'i+A""’“E',-E'iE'k , A, A% qre real except for a
common factor ;
and . the’n' coefficients satzsfy the followmg relations :

(1) Not the sufficient condition, but the necessary condition. Provided that the inverse
of S exists, it is the necessary and sufficient condition.



Spin Transformations, I . - 19
11567+—;—é,-jkjl"/1"’=0, (Si=0 zs “excluded)

G AiAR =0, (S;=0 is excluded‘)

Here E.E,,=0, E,E,I, and iE;=EE,....E. S, is an identical trans-
formation in Iy. The operator S of ©; reserves the orientation of an’
element of R;, and S of &, changes the orientation of an element of R
For any two given elements E; and 'E; of R;, S such that S'E;S='E; is
determined uniquely except for S,. \

_ With respect to K, given by (9.8) in which, as #; (1=1,2,....,5), we
take Dirac’s matrices, the forms of S, S, S are given as follows :

al ij
Si= 0Tx <0 , where o and b are arbitrary numbers,
bI ’
x10 ‘ (10.17)
x| 0 01x
S\ o O o [Ux
0 x| 0

where 7;=h¥?., 7:=kf#, and

L X

Here E;=h*E, = (7"'7_,.

ki=h¢, ki=—ht a=1,2,3 and i=1,2,8,4.

Provided that the factor S, is excluded, the relation between Cayley’s b\
parametrization of an orthogonal matrix and the spin-operator S,V and the
meaning of condition (10.11) are quite the same as for 4-4 matrices. The

set & of S’s obviously forms a group, and & is homomorphic to the real
orthogonal group & as seen from (10.2). Then the quotient group &' =6/, .
is isomorphic to ®, where &, is the set of Sys corresponding to the unit
element of ®.. Now ® decomposes as ®=9H+:9, where $ is a proper
orthogonal group; consequently its faithful representation &’ also decomposes
as & =%+ US. Comparing this with the result of Theorem 2, we see that
% consists of S of the form S;, and UZ consists of S of the form S,.?

(1) This is easily seen from (ii) and (vi) of (10.4).

(2) In the case of 4-4 matrices, &, consists of unit matrix w1th numerical multiple,
and the representation &’ is irreducible. (Brauer and Weyl, loc. cit.) Then as Weyl shows
(Weyl, The Clasgical Groups, p. 161), T the representation of $, is irreducible, or breaks
up into two irreducible parts of equal degree. When T breaks up into two parts, by taking

x 0
a suitable co-ordinate system ¥ can be written as I:( ; ), and then U has the form
' x i 0 | X
U= ' . Then, by Theorem 1, we see that ¥ is reducible, and the form of £ and U
X0
_is obtained by taking Dirac’s matrices as #;.
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If we consider the space R, constituted by E; (= TL’E’), where E; are
fixed and ﬂ'hjgm g, We see that exactly the same theorem as in R; holds

“good, E; and &, being replaced by E, and € =det. | H | - €% respectively.

§1L Physical Meaning of (10.17).

In this section we shall consider the physical meaning of (10.17). Let
us ¢onsider a physical system P composed of two particles A and B, each
of which indueces its field, and as a whole the system P also induces a field
in the form of one particle. Now, according to the idea of wave geometry,
if we regard the field indtced by A, B, and P as being represented by
matrix fields, i.e. 7, 7;, and E;; then from the fundamental principle of wave
geometry, these fields 7;, 7; and E; determine the metrics of 4-dimensional
space-time Gii» Osis and gwy such that rurH=9:1, T(z?’a)—gwI and EqE;=
gi;I. From the construction of the system P, it is natural to consider that,
in the form of g;’s, the fields induced by A and B are the same and also
coincide with the ﬁeld gy induced by P, while they differ in the form of
matrlx ;
Mathematically we might set down the statements above as follows:

raTp=Fa7»=0isI = for each particle, A and B
E;= (r‘r) for the system P.

Then it follows that E.E;=g;I. Here if we express E; in the form
E,=hE, where E.E;=06,I, it must follow that E‘-=/(7" r> and 7,=hir",

7:=h%’f., where #;'7; satisfy the relations 7u#)='7«'Fo=0yI and have
opposite orientations.® So that 7; and 7; have opposite orientations. Then
A and B can be regarded as particles that induce fields of opposite orien-
tationss in other words A and B are in the states of opposite signs such
that the field induced by particles with positive or negative charge.

Now, the general solution E; satisfying E'(AE’,,,=8MI is given by (9.7),
but, for simplicity, we take the form (9.8), i.e.

Bo=(Ta =(T g —=(Ts =( T =(. ~
Ea < f’a)’ Eq ( "734)' E; ( fs)’ Es (734 )’ Er <%f‘4 >
(11.1)

Next we shall consuier the problem What changes of inner construc-

tion or inner states of P can be allowed, pr0v1ded that the field by P is
unchanged ?

() Ei=kE; EqEjp=6il and H=|R}|.
(2) Here we assume that E;= (TET,;)‘ Then from the discussion in §9, #; and /§; must
be of opposite orientations.
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Now, there are two kinds of transformations of £}, one being the co-
ordinate trapsformation, the other the spin' transformation. But so far as
we are concerned with the orthogonal coordinate transformations with
respect to ¢;, the coordinate transformations are reducible to spin trans-
formations. Therefore the action by which the inner construction of P is
changed must be regarded as representable by a spin transformation of E;
Thus we may set down the condition answering our problem in the follow-
ing equation : ‘ '

' S _IE,,'S = E,L .

By (10.17), S satisfying (11.2) can be obtained as follows :

| x

al
§=5=| % L =v+v,
’ oI | ..

x|

| x

where U= (aI b I) and V= w—];—x‘— .- By U, the positions as well as the

X | ’
orientations of A and B remain unchangeable, but by V the positions and
the orientations of A and B interchanged.

Next, by means of the spin transformation of E; we can also consider
the transformation of orientation of P as a whole. That is to say, if we.
solve the equation S 'E;S=FE; we have, excluding S, which satisfies
SolESy=E;,

S= 55'1 or S= X ESz.

X | X
X x|

The transformation S, leaves the orientation of P, the position and
orientations of A and B, unchanged; and S, changes the orientations of P,
while it leaves the positions of A and B but changes their orientations.

As the actual model represented by such P as stated above we might
mention a deuteron consisting of one proton and one neutron.

§12. Remafks.

- The discussion above concérning the transformation: 4;=S7'7,S ean
be extended to the case of matrix of degree 2” by the analogous method.

1) ‘\Cfv. §9.
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But in the calculation of S for given 7; and r;, i.e. for given orthogonal
matrix [a%], the properties of spinors have not been used explicity. If we
"avail ourselves of the properties of spinors, the calculation for S becomes’
very simple; moreover, the general case of matrix of degree 2" can be
easily treated. We explain them in the following paragraphs.

We ‘consider the operators #; (¢=1,2,....,n) satisfying

Patn=0yl (12.1)

where I denotes the unit operator. The problem, in general form, becomes
" to determine S such that ‘

= SrpS 1 (p,q=1,2,....7 7 even) (12.2)

for any real proper orthogonal matrices transformation (a%). We consider
such a set of S as an algebla IT consisting of all linear combinations of the
2" units

ai, az

luas....a, =T1 P2 Y (a1, a3, .« . . , an integers mod. 2).
If we take any orthogonal matrix T=| |, then
=t @G,4=1,2,....,m)

- also satisfy the same relation (12.1), and belong to the algebra /7; also, the
units of I7 can be constructed from ‘7, Therefore we can make the reduc-
tion as in §10.

First we shall find an element S of /7 such that

=S7‘;xS”1 ($=S+1, 3+2! 'b""’n); A (12'3)

s is arbitrary integer such that 0 <s<<nm. Then 7,S7.=S. Expanding
S in the bases: S=aI+%f;+A% ¢, Pt oo F20% g 2, 7 where
At Uil Qi Jliieind and  making use of the relations: if p
‘is even and i, %, ...., 0%, '

PaFalin oo TipTe=FiaTi- - T, when 7;,....7;, does not contain
: 7= as factor,

= —fixfiz couw f’ip when 70’1;l vees f,,
factor ;

, contains 7, as

if p is odd, the result is the reverse, we see that S contains only the terms
of the product of even number of 7; not containing 7, and the terms of
the product of odd number of #; containing all #,. And conversely, if Sis
so, if satisfies the relations (12.3) prov1ded that the inverse of S exists.

Next, to solve equation (12.2), we make the reduction as in $§10, by
which A=[all can be set in the form ;
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A=(‘ cos‘ﬂlsin(?l)_-k( cosﬁgsin(?g)_i_

. ) 12.4)
—sin 6, cos 6, —sin 6, cos 6,/ ( )

Here if we put

A= (_cosﬁlsmol) (1 0)4—(1 0)_"1_,..-‘.5'"(115”

sin 6; cos 6, 01 01
Ags((l) 2) : (_::g:zzg:)_*_((l)g)_{. ceee =gz,

...................................................................

then A=A,;4,.... Now a special solution qf (12.2) for a2 | given by (12.4)
is given by S=8;S:...., where S; are the solutions of

| 457,= 7,57 ((z=1, 2ty —;—) C (12.5)
“In actual the equation (12.5) becomes as follows: '
(i) aprq SATpSA y (p’ q=2l——1, 21)
(i) 7.=S;7.5;t. (z=1,2,....22—-2,22+1,....,7r). (12.6)

But, since S; satiSfying (i) of (12.6) can be put in the form S=al+bfs 172, ~
(not the necessary form), by substituting this into (i) of (12.6) we have

S;= OLA(I +tan %2’21-17’21) (12.7)

so that (12.7) is a special solution of (12.5). Therefore, as a special solution
of (12.2), we have .

U= <I+tan irm)(z+tanﬁ2&;sf.,)(....)....( ..... ). (12.8)

Next, to find the general solution S of (12.2), from a%7,=S7,S'=Uz,U"},
if we put Sy=U"'S, we have Sy7,S0'=7,. Therefore the general form of
Sy is obtained as the sum of the terms of the product of even number of
#; not containing 7, and. the terms of the product of odd number of #;
containing all #,. Thus the general solution S of (12.2) is given by

S=8(I+tan —%-flfz)(n tan —‘921?3?4) et (12.9)
-using the commutat1v1ty of S; and U.

- If r=n, S;=al. Therefore, when n=7r=4, we obtain the result of §3,
and when n=r=6, we obtain the result of §9. When n=6, and r=4.
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| So=al+BFsfetTHi. ... FufstOir. . Fufs
which can be written in thé form: |
So=al+f™7.7,  (@y=5,6,T),

where Fr=t1#172.... 6 That is to say, we obtain the result of §10.
This method of finding S for given A=|a?| is a finite formulation of
the infinitesimal method used by Cartan, ete.” In other word, if we take

01, 6s,.... as infinitesimal, we have A=I4r, where r=<__(1) (1))014-
( _'_(1) 6)0;4— ----; and corresponding to this, from (12.9) we have: S=
| il 0\ i/ 0\, 1 co
So(I"l"]\"']‘)’iTj), where UE"A“”=<_%_6>01+(_%_6>02+' . '=‘4'T, which is

the form of infinitesimal spin-transformation corresponding to an infinitesimal
rotation obtained by Cartan and others. If we take into account that the
finite formulation of A=7I++ may be regarded as Cayley’s parametrization
of the form A=(I—T)({I+T)"}, the relation between S expressed by (12.9)

and Cayley’s parametrization T' .corresponding to the relation a=l‘c in the

; 4
infinitesimal case is obtainable. In actuality since

_ ( cos 0, sin 01) ( cos 8, sin 02)
—sin 6, cos 6, —sin 6, cos 6,

.....

/0 —tan®\./ 0 —tanZy. ' B
Tf(tan—? 0 >+<tan% 0 >+ is obtained from A=(I—T)

(I+T)'; and if we compare this T with S=Sy(I+193;#;+ --*+-) expressed
by (12.9), we have the relation: R=|19|= ~%T. This is no other than

the finite formulation of the' relation d=—i—f.(2) Furthermore, we can see

that the relation R= —%T holds good in general coordinates, though it

has been obtained in a special coordinate,®

(1) Cartan, Bull. Soc.- Math. d. Francé, 41 (1918); Paauli, ibid.; Braver & Weyl, loc. cit.
(2) If we choose Cayley’s parametrization such that it coincides with r when A is

. e . . . T T\-1 . 1
infinitesimal rotation, A is written as A=(1+?) (1——?) , S0 that the relation Rz—ET
is replaced by R=| A% 1!=%T. .

(3) Reversing the reduction of A into the form expressed by (12.4), we can prove that

the relation Rz—‘-%T holds good in special coordinates.
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Note.

We consider. thé problem in the following cases:
Case I  |A+I|%0, and |A-I|%0,
Case II. |A+I|=0, and |A—I|30,
CaseIIl.  |A+I|¥0, and |A-I|=0,
Case IV, |A+I|=0, and |A—I|=0,

Case L |A+I|30, |A—I|%0, ie 6,950, = (mod. 2n).
From (i) A,=0; from (iii) A4;7=0. '
In (ii), by putting A==, A;*=0, and by putting i=a, i=p, A;*=0,

and by putting i=a, 1=b, A12=% tan %A. Likewise, A¥= —;— tan %A.

In (iv) by putting A=z, x=y, A;"=0, and by putting 1=j, u=Fk,
A7*=0, (iv) can be written as follows:

- GV +6(af -0 47 =0,

By putting t=a, j=p, A;**=0, and by putting i=a, j=b, A= ——é—cot-g-/l”.
In like manner, A= — 1 cot %A“. ,
In (v), by putting A=x, A*"=0, and by putting ‘1=a, 1=p, A?®" =0,
and by putting i=a, 1=b, A= —_;_ cot %Aﬁ Similarly %= —% cot £
In (vi), by putting i=a, 1=b, =2, v=y, we have A% =4 cot —0-A347=
—% cot —g— cot %/ﬂ ;: and by putting <=a, A=b, u=p, v=q, A¥=
~ % tan ? tar 2 4.
2 2 2 ) ‘
In (vii), by putting ¢=a, A=b, p=2, we have A¥=17cot % cot %As,

and A¥%=—1¢ cot%cot %A“. Ih the other cases we have identities. Thus

we have established (10.6).
Case I | A+I|=0, |A—1I|0.

Here §=n or p=n (mod. 27). First we assume §=r= (mod. 2r) and
¢ %7 (mod. 27). Then, from |A—1I|3%0, ¢ %0 (mod. 27). Therefore
al=—¢%, and |a?+62|0. From (i) A,=0; therefore from (iv) A¥*=0,

A¥E=0, Ae=0, A®=0, and A% =— -(1;— cot-£.4% In (i), by putting i=a,
A=0, and therefore A;}=0, i.e. A?=A?"=A?*=0. From (iii). A;'=0.
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In (v), by putting i=a, A;"=0, i.e. A%"=A%"=A%"=(), and by putting
1=z, A*"=0, and by putting 1=p, A¥'= -—?15 cot %A@ .In (vi), by putting

i=a, &A=, i.e. A%=0, i.e. A®=A"=0, and by putting i=p, A=
~—itan %A‘z. In (vii), by putting ¢=a, A*=0, and therefore A excep"c
A** are zero. In the‘ other cases we have identities. Thus we have:
A=0
Ai=0; A% A" are arbitrary, .
AP =AP =0;: AM=0; A% is arbitrary,
Aijsziwy=Aiz7__.0; Aapx.:__AaM:O : A= ,

\

(N.1)
A= —L oot ® p= g Lot @ g7 | -
6 2 2 2
A®=—jtan L A2, : /
2 ‘ g

This is the same as (10.6) in which f=7 (mod. 27) in the same sense as
in §3.
If ¢ is also congruent = mod. 2, i.e. a}=—45%, then we have:

CA=0 _
Ai=0; A* A" are arbitrary,
A*=0; A¥"=0,
AW =AF=(0, A% is arbitrary.

(N.2)

This is the same as (N.1) in which ¢ == (mod. 27), i.e. the same as (10.6)
in which 6,¢p=~x (qu. 2m).
Case III. |A+I|x0, |A—1I|=0.

Here 6=0 or ¢=0 (mod. 2n). First we assume that 6=0 (mod. 2r)
and 930 (mod. 27). Therefore at=62, |ag+d%|0. From (i) A,=0,

and from (ii) A*=0, A?*=0, and A* =%tani20 A. From (iii) A7=0. In
(iv), by putting ¢=a, A*=0, and by putting :=p, A**=0. In (v), by put-

ting i=a, A’=0; therefore A?*"=0. In (vi), by putting 1=a, A*"&;,**=0,
so that A" except A% are zero; and by putting i=p, A=z, #=y, v=g,

we have A%=—qtan —g-ASG. In (vii), by putting i=a, A*&;;;*=0, there-
fore Afoe except A®® are zero, because A**=0. Putting i=p, 1=¢, p=2,
we have Am=%tan i;—Am, AP = -—% tan %A‘”. In the other cases we

4

have identities. Thus we have:
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A is arbitrary, |
A*=0; A'=0,
A= AP2=0; A"=0; A¥=— 5 tan%/l, A%, A5, A% arbitrary,

APM= A=) AP = o= A0 =(: AB= ___itan ﬂAGT ' (N. 3)
b ’ 6 2 ’

AB= D gan # A ,
6 2

AP=— i tah -‘2’LA“,'

This result is the same as (10.6) in which §=0 (mod. 27). If ¢ is also
congruent 0 mod. 27, i e. ai=4% we have:

A arbitrary,

At=A"=0,

AR=A"=0; A% A" A%: arbitrary,
AfPT = A8T=()

This result is the same as (N.3) in which ¢=0 (mod. 27), i.e. (10.6) in
which 6, =0 (mod. 2=).

(N. 4)

Case IV. |A+1I|=0, |A—1I|=0. ,

He we can assume, without loss of generality, that =0 (mod. 2r)
and ¢=n (mod. 27), i.e. a2=02 and a}=—063. Then we have:

A=0
Ai=0; A'=0,
AR =AT=A"=0; A"=0, A*: arbitrary,
AP =AY =(; APT=A"T=A""=(; A A, A®: arbitrary.

(N.5)

This result is the same as (N. 3) in which ¢ ==, i.e. the same as (10.6) in
which =0, p=7 (mod. 27).

This problem was discussed at a special Seminar of Geometry and
Theoretical Physics in the Hirosima University, and research into it has been
carried on under the Scientific-Research Expenditure of the Department of
Education.

Mathematical, Institute, Hirosima University.
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