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§1. Introduction.

~

In cosmology in terms of wave geometry,” we have adopted the idea
that a nebula has two aspects, one being that of a particle in detecting the
universe, the other being of probability-existence ; that is to say

(1) the path of each nebula, as a particle, is a geodesic line in the
space time continuum.

(2) as a probability-existence, the momentum density of nebulae is a
function of ¥, the solution of the fundamental equation.

On the basis of ‘these considerations, with the condition that the vector
w!'=¥tAr'} considered as expressing the momentum density vector of nebulae
smeared out, always generates a geodesic line in the space-time continuum, -
we have established our theory. :

In this paper, first we shall show that our theory of cosmology is
characterized by a homogeneous property for observations in the universe.
Next, we shall obtain the relations between two observation-systems in the
universe and using these relations we shall show that the Hubble’s velocity
distance relation in terms of wave geometry is also deducible.

§2. Homogeneous property of the universe.

In cosmology in terms of wave geometry,” we have obtained the
fundamental equation for +:

( az;i _Pi) =%TN’ ) (G=1,....,4) (2;1)

and, as condition for complete integrability of (2.1),
| KFp=2kksh,  (i,5,kl=1,...,4) (2.2)

(1) Y. Mimura and T. Iwatsuki, this Journal 8 (1938), 193, (W.G. No. 28).
T. Sibata, this Journal 8 (1938), 199, (W.G. No. 29).
H. Takeno, this Journal 8 (1988), 223, (W.G. No. 30).
K. Itimaru, this Journal 8 (1938), 239, (W.G. No. 31).
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which gives the line element of the form

dg=—— I e sin? 0dg*+ (L-K)dE,  (23)
1— kP2
putting «'=7r, xz 0, B*=o, =t (r, 0, ¢ and t mean polar coordinates and
time coordinate respectively).
~ In the procedure above we find that the origin of the coordinates is
taken on a nebula arbitrary chosen, and for each coordinate system r, 0, ¢,
t, the cosmological laws are described in the same form. This means that
the universe has the property to be called as homogeneous for set of observers
resting on nebulae. In the following we shall investigate this homogeneous
’ property in detail.

The homogeneous property of the universe can, at least, be regarded
that for each observer (resting on a nebula), who assigns coordinates by
the same method, the interval ds® must have the same form. Namely, if -
(r,0, 9,t) and (v, &, ¢, t') are the coordinate systems for two different
observers the interval d32 correspondmg to (', &, ¢’, t') must have the same
- form as 2.3), i.e

/2 .
dg?= — Ti?;;_zr_z —2d0% — 2 sin 0'dp?+ (1 —E>7?)dt?.
— 7‘ ,

So that (r, 8, ¢,t) and (v, &', ¢, {') are connected in the relations

7'—->7'/=R(7’; 01 s t)) .0—‘)0l=6(r1 01 12 t)! }

. 2.4
p—¢'=0(r,0,9,1), t—t'=T(r0,¢1), ,( )

which make (2.3) invariant. The actual forms of (2.4) are given‘”, in the
form of infinitesimal transformations, as follows:

— 0 . ) 2

Ui=cos ¢p—— —cot § -, U,=-2-, \
1 14 20 cot o sm ¢ 20 3 2

' : G 0 0

Uy=sinp——+cotf cos o —, Uv=-"-,

S VI Py Y’
UsEe"t[V i:?ﬁ cosf O — Vi-kr? —+~—kr—cosﬁ 3 ]
o or r VvV 1—-kr* ot
_ 2,

U= —ktl'1/i_—kz*z' s 0 — 1/1 l”im 08 kr Bi]
=L TR r TVI-R "
~e"’;[1/1 — k%% cos ¢ sin 07— +K1— ek cospcos(}—%

r
_ViteE ker
VISEE 4000 4 B s ping 2 ]
rsing ago Y  Sin ot

(1) Note I, p. 26.
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|:1/1 — 1% cos ¢ sin’ 0—+1—/—1 1 oo o cos -2 .
ad b (2.5)

V1P sin0-2_ kr
rsin 6 20 Vi-kr

e"‘[l/l —k%r* sin ¢ sin 0 _+1_/1'Irlc r sin ¢ cos g2 5

cos ¢ sin 8 —]

ST 122
L V1-k 7‘2 a kr :I
LA g—-
rsind 1/ 1122 sin ¢ sm» ot
UmEe“""[w/l--kzr2 sin ¢ sin 03—+Msin @ Cos 62
1/ 1-k7 9 kr ]
cos -sin ¢ sin 0—

rsinf Rk APy op V1= i

On the other hand we can show that the fundamental equation for
(2.1), the cosmological law in our cosmology, is imvariant by (2.5),° and .
conversely the most general fundamental equations for ¥ :

(& -r)¥=s

which are invariant by (2.5) are reducible to the form (2.1).” Therefore,
our cosmology itself is cons1stent with the homogeneous property of the
universe,

§3. Classification of the transformations (2.5).

The transformatxons (2.5) can be classified in the following two groups
G, and Gs:

’

G4: U1, Uz, U3, UA’
Gsl U5, Us, sy UlO-

G, is a transformation group which makes =0 invariant and represents
rotations in 3-dimensional space and translation in the axis of time; that .
is to say Gy is a transformation group between two observation-systems
on the same nebula. Gs is the transformation group which transforms the
origin 7=0 to the other; that is to say G; is a transformation group
between two observation-systems each resting on different nebulae. Now
we shall study G; in its fimite form.
Rewriting G; in the rectangular coordinates
x=7rsinfd cos ¢, y=rsinfsin ¢, z=7rcosd, we have

(1) Note II and III, p. 83 and 36.
(2) Note TII, p. 36.
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ot |:1/1 2 2 a kz 9 7] ‘

e
U6=3_kt|: ” - ’ ] s
kt 1— k27'2 8 kx 2 7]
[1/ 1/1 2 ot 3.1)
U8=e~kt~ 5 - 13} ] ’

l}9=ekt ~1/1—k2’r2 + /ll{;yszr2 aat; ’

U10=6_kt - - ;’ . } .

The finite forms of the equations of the transformations generated by the
operators above are," r, ' being parameters,

Z=2+e"V1-I-, o'=x, =y, } (3.2)
B = gh] — 2t — Qe [y 1— I ’
?=zte M/ 1- 7, o=z, y=y, } 3.3)

oM = g M1 — [Pt — 2 Pue e [,/ 1— 12 ] '

and the equations obtained b'yAcyclic interchange of x, ¥, #z in the equations
above. ‘Combining (3.2) and (8.3) in a single form, we have®

¥=x, Y=y

d=2+V1-k" {ekt(l — k)t e M} — 2k’ (3.4)

ekt'—ekt[ (1—KPc)? kz ~2t 12 Ol2pe R (1 — kzz'r’)r'h/l k27'2:]
— k222 — 2h2zektc [/ 1 — KPR

So we have the result: the relations between the coordinates of the set of
observers which are moving to each other (Gs) are decomposed into the follow-
mg 3 kind : (3.4) and the equations obtained by cyclic interchange of x,y, 2
wn (3.4).

§4. Velocity of an 6bserver which are moving
to another observer.

-Let us consider the case when the coordinates z, v, 2, £ of K system
and o, ¥, 2, t' of K’ system are related by the equations (3.4), and obtain

(1) Note V, p. 40.
(2) Note V, p. 41

4
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the velocity v of the K system with reference to
the K’ system. This velocity v is obtained by

putting x=y=2=0 and [ﬂ =0 in the expres- K
r=y=2=0
2
sion ——, i.e.
dt /———-0 Y
. 4.1 ’ , ,
[ r= y=z=0 ( ) X % K-
: dt ];21/=z=0
Since .
o o de /,,————-—~—y
a2 _ at’ oz dt »
¢ ot 4 ot de ’
ot oz dt
we have, from (4.1),
[ at’
ot =z
ymesd (4.2)
_k {ekt(l — sz‘r')z' —e ¥} {1 — 2k’ + k%2 — ke %2}
(1 — 2K ") {1+ KPe®2 (1 — K2e?*?) } )
Expressing the right-hand side in terms of 2’ and ¢, we have®
o= — (1= ) e ™ + e Je(1—KY) . (4.3)

(1 =k )e * + ek

This is the required form of velocity, and can be regarded as the velocity
of the origin of K with respect to K’, 2’ and ¢ being the coordinates of
the origin of K-system in reference to K’-system. So we can say that the
origin of K is in a motion along the axis of 2/ with the velocity v given
by (4.3); and the same can be said for the velocity in the direction of the
axes of ' and y. Therefore, we have the result: In reference to a system
of coordinates (K'), the origin of another system of coordinates (K) connected
by Gs is in a motion in a radial direction, with velocity of the form :

_ _pe~kt’+qekt’ "1
vl (L= kr?) 4.4)

This shows that origins of all the coordinate-systems which are trans-
formable by Gs; moves with the velocity (4.4) to each other, namely, nebulae
which are constituents of the universe, moves with the velocity (4.4) in the
direction joining mebulae to each other. This result coincide with that ob-
tained by using the momentum density vector w'=YtAr{ of nebula in

(1) Note VI, p. 42,
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our cosmology.’ So we see that Hubble’s velocity distance relation in the

wave geometrical cosmology is also deducible from the theory of group
based on G..

§5. The fundamental equation for ¥ invariant by Gi.

In §3 and 4, we have seen that G; give the transformations between
the observation-systems resting on the different nebulae which are in the
relative motion satisfying the Hubble’s velocity distance relation in the wave
geometrical cosmology. Here we have a question: What are the phenomena
‘observed as homogeneous in all the observation-systems connected by Gg?
or in wave geometrical terms: What is the fundamental equation for +
which is invariant by G;?

By actual calculation® we see that the tensor invariant by Ge is aiC
(C=constant), so that the invariant equation for ¥ is

('a ; -1“)«1» (aritBravel¥,

which can be reduced to the form.

o ) / / ( 2 2=£2_)
(Zi-rpv="Erw (vt
by a gauge transformation :

-

So we have as result: The fundamental equation for ¥ invariant by G is
reducible to the form (2.1). That is to say our cosmology is characterized
by the homogeneous property by the observation-systems connected by G

Notes.

I. The group of motions admitted by the space whose
line element is de Sitter form.

We shall obtain the continuous group G which preserves the line element
of de Sitter form:
ds?= — 92— 2 2 2, 2 1
= kz,,.zdrz r’d Wsm fd?+ (1 —E2)dt?. 1)

Denote r,0,¢,t by o, 2% a®, P respectively, and let the 1nﬁmtes1ma1 trans-
formations of the continuous group be

(1) K. Itimaru, ibid., 245.
(2) Note VII, p. 42.
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ti=ai+E@)ic.  (6=1,2,8,4) @)

That the form (1) remains invariant for the group generated by (2) means
that for the two systems of coordinates, «° and «°, the corresponding
fundamental tensors g; and g;; are the same functions of 2° and «’* re-
spectively, i.e., :
or : .

A

,  (,m=1,28,4). 4
o o (@, m ) (4)

glm(x) gm(w'l-ea )

From this, since the coefficient of 6 in the expansion of the right-hand side
of (4) into power series of 6r must vanish identically, it follows that

e 2my B gt gm0, (5)

By use of the covariant derivative, it is shown that (5) is equivalent to®

V¢Ej+l7j&i=0 s (EiEgihEh) ’

or
2,
98 1 & _otie =0, 6
ot T o {L3&, (6)
where {!} are Christoffel symbols :
_ 1 gt OGr: 4 Ori __ 908 ‘
e +205 _ %0 ) 7
= ( oxd ot Bac") @

Now we shall solve equation (6) and find the general solutions of &7
By (1), the fundamental tensor g¢;; has the form

1
1-kr2’

9;=0 if i3]

Hence, by (7), the Christoffel symbols {%} can be calculated®; the results
are ' ‘

y=—p(og 1), =1, {B=", @="(log—k2)

gn=—

gn=—1%, gg=-—7sin*0, gu=-—(1—k"9) }
: ®)

(2} =—r(1—-Fk®), {§)=cotl, {&}=—rsin?0(1—k>?), {&}= —sinbcos03(9)

(L= _;_(1 — k(1 —k*?’, the remaining {i}=0

(1) Eisenhart; Reimannian Geometry (1926), 234.
(2) The actual calculations are given in Eddmgtons The Mathematical Theory of
Relativity (1930), 84,
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where the accent denotes differentiation with respect to 7.
Substituting (9) into (6) for each Value of 4,7=1,2,8,4, we have the
following ten equations :—

1t (tog 1—kr9) E1=0, 61) Z24r1-kr6=0,  (622)

%Eiwsinzau—W)e,+sinacosaez=o, (6.33) %ii+kzr(l—k272)zfl=0, (6.44)
¢ | |

05 4 2% _ple g, 612) 4 _ple-0, (613)
20  or 7 : op  Or
% L% (log (1)) E=0, (6.14) 2245 _9cotg5,=0, (6.23
ot — (log (1K) 6=0,  (614) oy Top T2e0b05=0, (628)
%, % _ 6.24) 2% 4+ %= 6.34
ot Top ('>) ot v (6349
From (6.11), we have
~ 1
£,=C0, 6, )——t 10
=C0. 00 e 10

where C(6, ¢, t) does not contain >r. Substituting (10) into (6.22) and (6.12),
we have

a% vV 1= -C=0 (6.22)
and '
B oC 1 2. g _ (6.12)

or ' o0 V1-k4E 1

Eliminating & from (6.22) and (6.12)', we have

?22C 1
ﬁ(r/l —k7®)C— TR 7 r/1-k%% C=0,
or '
0 —
" +C=0,
hence '
C=A(p,t)cos 8-+ B(p, t)sind, (11)

where A and B do not contain r and 6. Substituting (11) into (6.22)’ and
(6.12Y, and solving for &, we have

&,={— A, ) sin 0+ Blp, 1) cos 0}rv/ T=F% +7°Dlg, 1) (12)

where D(p, t) does not contain r and 6. Then (6.33) and (6.44) become,
respectively,



Cosmology in Terms of Wave Geometry (VIII). 29

%—53 + B(p, ) sin 0rvV/'1—k%% +D(p, t)r*sin 6 cos =0 (6.33)
0 :

and ok '
3f+mﬂA@¢nma+Bw¢nmahd—mw=0. (6.44)

Differentiating (6.13) by ¢ and using :(6.33)’, we have

K —= cos 0—]—{ 0 B(So’ ) + B(gp, t)} sin =0,

o¢”
hence it follows that

DPA(p, 1) _ *B(g, t)

+B(p, £)=0,
. 202 32 (¢, )=
therefore,
A=T\(t)p+ Tu(t), B=Tt) cos ¢+ Ty(t) sin ¢, 13)

where Ty, T3, Ts, Ts are functions of ¢ alone. Slmllarly, differentiating (6. 14)
by t, and usmg (6.44), we have

—k%A §cos 0+ a——k2B sin =0,
(Ge —ea)eso+(55—1B)

hence ” : -
o 9°B
= —2A=0, —k2B=0.
ot? o
Therefore from (13), we have

Ti=a1;6kt+ bie"‘t ’ (1/=1, ceeny 4) (14)
where a; and b; are any constants. Also, from (6.23), differentiating (6.23) -
by ¢, and using (6.33) and (13), we have

22D
3¢?

+D=0,

from which
: D=7p(t) cos p+q(t)sin ¢, © (15) ‘

where p(t) and q(t) are functions of ¢ alone.
Then, from (6.83)’, we have

&={—Tysin p+Tycos ¢}rsin v/ 1k } |
16
+ 72 sin 6 cos 0{ —p(t) sin p+q(t) cos ¢} + Py(r, 6, 1) ,

where P; does not contain ¢. And, from (6.44), we have .

Ei=—rV 11— W[( dT‘ de)-cosﬂ

dt

dTs dT4 . '
+< 7 cos ¢+ 7 sin go) sin 0]+P4(7', 8, ¢)

a7
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where P, does not contain f. Substituting &, &, & and &, defined by (10),
(12), (16) and (17), into the equations (6.13), (6.14), (6.23), (6.24), (6.34),
respectively, we have

3P, 2
___ T\cos 3 _2pl=p, 13)
s Ticos +(2 2 ;)=0 (6.13)
%ﬁ‘———(lag_(l——k%z))’ﬂ:o (6.14)
— T/ 1—K%® sin 6+ 1; —2 cot 6P, =0 (6.23Y
aD oP, ~ ‘
. 2oy =0 6.24)
+ 24 -6 (6.24)
aPa : / : /
— % +1%sin f cos 0{—p (¢) sin ¢ +¢/(t) cos ¢}
ot (6.34)
+—-—r1/1 2 cosﬂdT =0
o dt
From (6.14), we have '
' P=(1 —W)Qm 0) (18)

where Q,(0, ¢) does not contain » and ¢{. Substituting (18) into (6.24), it
follows that ~

20 at
i.e. .
_ Q=?(p), p,q in (15)=constant. (19)
Therefore, (6.34) becomes

_3_1i’3~+(1 120 (9)— 11—k cos 0. (ZTI =0

A !
from which we have

P(p)=cp+d, (because of @”(¢)=0 from the equation above), (20)

accordingly

Py=—c(1—- K At+rV 1—k%? cos 6T, 4 N(r, 0) . (21)
Substituting (21) into (6.13), we have
AN, 26 ZN=0,

ar r
from which we have ~

c=0, (since N does not contair{ &),

N=1%6(0),

accordingly
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hence Py=7rv' 1—k*? cos 0T, +1r°6(6)=0. | (22)
also (18) becomes Pi=d-(1—-k). 23)
Lastly, substituting (22) into (6.23), we have '
v T=I8E Ty+ 16/ (9) -2 cot -1%6(6) =0 ,

sin 0
from which it follows that
a;=b=0, (i.e., Ty1=0)
6=esin?d
where ¢ is any constant. Hence
' Py;=ertsin?6 . ' - (24)
Putting together the results obtained above, we have

= [T, cos -+ (T5 cos ¢+ Tysin ) sin ] ‘ : o

T V1= W
&=rV1—k22[— Ty sin 0+(T3 cos o+ T, sin ¢) cos 6] |
+7%(p cos ¢+ g sin p)
£3=7V'1— k%2 sin 6[ — Ty sin o+ T4 cos ¢] (25)
+72%sin 6 cos 6(—p sin ¢ +q cos ¢)+er? sin? 4
= —krv' 1 — k2 [(ase® — boe ") cos 0+ {ase®* — bae™*%) cos ¢

+ (@€ —be™™) sin ¢} sin 6]+ d- (1 — k%) , ’
. where T;=ae*+be ™ (1=2,8,4),

and a; b;, p,q,d, and e are arbitrary constants. (25) is the general solution
of (6). From (25), &'=g'¢,, are calculated as follows :

=— V' 1—k%® [T} cos 0+ (T} cos ¢+ Ty sin ¢) sin 4]

)
= 11,,.]”2[ T251n0+(T3cosw+T¢smga)cos0]
—(pcosp+gsin )
1-ko? : 26) -
E3=“‘M(—Tssmso+T4cosgo)-—cotﬂ(—-psingo+qcos;o)—e (26)
rsin 6
kr
fl= — Kt Kt kt —kt
BV gy = [(@2e"* —bse™™) cos 6+ {(aze** —bye )cosw
+ (@€ —be™™) sin 90} sin 6]+d : /

If we express the group G by the operator g8 ey since (26) contains
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ten arbitrary constants (a; b; (¢=2, 8,4), p,4q,d,e), we have the following

-ten operators :

(

. which generate the continuous group Gy

2

"

»

”

(coefficients of p)

)]

e)

d)

s)

by)

as)

bs)

ay)

ba)

o
op
9
ot
ekt[—Vl—W’ cosﬁ 0 M sin 6-2_
r "o
kr :I
04
TV

. T izE
ekt[_ 1/1 — %2 cos @ sin QL_M €OS ¢ COS ﬂi
or r L

e"‘tl:—1/1—k27-fZ cos ¢ sin B-ai——;f—* COS ¢ COS 62
r

e“"‘[_1/ 1—Fk%2 sin ¢ sin 0— + «Q;‘—sz— sin ¢ cos 92

, a . a
~— 08 ¢p——+cot 7 sin o
v 20 Soago

. D .3
—sin ¢———cot # cos p——
?)ao ‘paga

"‘t[ V11— kzﬂcosﬁa Vi-kr sin 62—

r 20
kr ) :l
. mr 92
+ Ve g cos ot

VI=k? . Er ]

SRR St 2 2 §-2_

rsin Sm?w V12 cos ¢sin at
V1

a0

+1/1—W. ) Er

----- 1KY Ging 0 g fr
rsin 6 n’”a V' 1—k7?

. ()

. 0_‘.]
CcOos ¢ -sin ot
[]/1 k2,),.2 Sln @ Sln 04_.}.&%‘ — Sin @ COoS 05%,

1/1—1027'2 + kr
“rsing

N —
i kzrzsmsosm o

of

2,
Vi 0S ¢ ker sing-sinf-—

rsing  * ﬁ Vi at !
27
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II. On the fundamental differential equations for ¥ remaining
invariant by transformations of coordinates.

We shall consider the properties of 4 when the fundamental differential
equation for Y remains invariant by transformations of coordinates. Let
us consider the transformations of coordinates :

oi=ria), ' 1)

which make the fundamental tensor g;; invariant, i.e., g¢ji=g:;{(«). Taking
the 4-4 matrices 7;, 75 satisfying the relations:

i =76l 76aT5»=0, rers=—1,

consider the fundamental differential equation for ¥ :

= =25V, ' )
where '

- _ 0
ri= ami—[;:,

I'; being defined by

. 2 ;
\ —a;—f={;{i}n+ Lirn—nal5,

and >); being any 4-4 matrices expressed by sedenion as follows:
=AY pro+ At Al AP+ APrrs (A=A, (3)

We say that the fundamental equations for ¥+ (2) are invariant by .trans-
formation (1) when the tensors A;*%, 47, A, vectors A7 and scalar A; in
(8) are invariant by (1); ie., for the two systems of coordinates, #* and
', the corresponding quantities A4;, A;....4; and A{™, A;”....A] are
the same functions of 2* and «® respectively (A4;?7=A4;*%(x’) etc.). In such
circumstances we shall examine the properties of (2). v

By transformation (1), gs, 4;%% r:, I[; and ¥ are transformed as

o' 2x'” 327 4imn

. e Y “pe 104 — P ‘
Gii ™G5 e ox Jim 5 Azp — A;”? 2t o™ oa , ete
ou* ot
Ti'—>7’§=——~ax,i T, Fi“’ﬂ‘"—'-—‘a,wi I, B

o o=r5; ¥ =P@@)),
accordingly '

rb= (2= Lo =( - D = i

o’ o't ox'

: l
S5 =AY Al At Aé'”r;+A;’”5r;ré=%?Zl
0
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and (1): P =23 — P =334 .
But (1) makes g;; invariant, i e., gi;=¢:(«); hence \
rirstriri=rie)rie) +rie)r) .
therefore 7; and r{a’) are related by the equations
=Sri)S, @

where S is a certain 4-4 matrix which shall be determined according to (1).
(Note that in general 7 are not equal to r/x)).
Next we shall find that the relations between' I/ and I‘(a:’) Il and
I'{x’) are determined from the equations:

Tar,’, = {8 ri+Tirj—ril
and
) — (B el )+ L) W),
where {%}(2') express the functions in which #f in { k1 are replaced by 2"
From the equations above, since '

(&Y ={E}@) (because of gi=g;(x))
=8r/x)S?,

and
we have ) ,
| p F,-’=SI“,~(x’)S“‘+—§—5—iS'1. )
Therefore we have :
| Pk =S( e T )5
‘Hence, when (2) is invariant by (1), since
S =S35()- SV,

the transformed equation of (2) becomes
( 2i—F@))s ¥ =) 57 .
ox’ .

Comparing these equations with (2) we see that when ¥ is the solution of
(2), S is also the solution of (2) in which #* are replaced by ’*. Hence
‘if we denote the solution ¥ of (2) by V¥ (x,c), where c(c!, & & ¢') are in-
tegration constants, we have

S =@ ; ¢)
V=4 (2e); c) =S¥@'; ¢); | (6)

or
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where ¢ are in general not equal to c.
So we have the result: That the differential ‘equation for ¥ :

(o =S, @

is invariant by transformations of coordinates x'*=fi(x) which make gi;
invariant (z e. 9ii=0:a )) means that for the two systems of coordinates,
ot and x%, there exists a matrix S such that

_ SriS=r,x)

and the corresponding S~ and V(&) satisfy the differential equations of
the same form, i.e.

{2 -r@)s =S5y

accordingly, in this case, the solution ¥(x.c¢), c(cy, ¢z, ca c)) being constamts
of integration, is related to ﬂr/E\V(ac(x’); c) by the relation
¥ =S¥(; o),

where ¢’s are in general not equal to c. ,

From the result above we can prove: When the fundamental equations
for ¥ (2) are invariant by (1) which makes g; tnvariant, for the two
systems of coordinates, x° and «%, the following scalars, vectors, and
tensor, etc.:

M=vtA¥y, N=VtArd, uiE\If’fAr"\l',} @

wE=VtArel,  uI=YtAr Y

(A being a hermite matriz which makes Ar; hermite) satisfy the following
relations : ,

M’EM(oc(a;’); c) =M'; ), N’EN(x(w’); c) =N('; ¢)
wi= Z’Z wo; )=u3¢);  uwh=uil, ) ®)
u/ij___uij(x/; C’) .
Proof. By (6) and (4), we have
M’ =P TAYW =i, c’)S’fAS\]f(x’ )
wW=VAY Y =i )STASY @) (5 @), ©)]

ete.
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. o't s oxt s :
But, since v are real, A makes Ar,-:-&—iAn also hermite, i.e., by (4),
X

| ASrd«)S=(ASr{)S)t,

. StAS -yia/)=7:(x)-StAS

which shows that STAS makes STAS-7/(x’) hermite, so that
StAS=A(x)

Substituting this into (9), we have

M=Mg;c¢), ui=ula;c) ete. Q.E.D.

[N.B.] These results are also easily shown by construction of the dif-
ferential equations for the quantities defined by (7) from the differential
equations for Y+ (2). By the construction of the differential equations for
the quantities defined by (7) we can easily see:

When the fundamental equations for ¥ ‘are invariant by the trans-
formations of coordinates z'*=f%*(x), for the two systems of coordinates, «°
and %, the corresponding differential equations® for «!, u%, M, N, etc., and
w?, ugt, M', N', ete.,....have the same form in = and a’ respectively.

'III. Fundamental differential equations for 4+ invariant by Gy,

In cosmology in terms of wave geometry® we have obtained de Sitter
type universe in which the line element is of de Sitter form and the funda-
mental equation for  is

vy =(A;+ Adrs+ar:+Brirs)¥, (1)
which is reduced to

reb=bre. @
We see that (2) is invariant by all the transformations of the continuous
group Gy which make the line element of de Sitter form invariant. For
% is invariant for the group Gy. Conversely, now we shall examine the
most general fundamental equation for ¥ :
iy =¥ 3)

which is invariant for Gyp. For this purpose, expanding >); by sedenion as
(11, 3), we shall determine A;*? ete. such that they are invariant by G

(1) - Such equations are given in Spinor calculus II, T. Sibata, this Journal 9 (1939), 184,
(W. G. No. 34).
(2) T. Sibata, this Journal 8 (1938), 206, (W.G. No. 29).
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By actual calculation we see that® such A;f"’ ‘ete: are given 'by
AP=0, AP =0a
A;=0, Af=0, AF=o7B.
So that (2) becomes
Poy=(ari+Praro¥.  (a B are constants) 4)

So we have the result: The most general fundamental equation for ¥ n-
variant by Gy s given by (4).
By if we put .
Y={p+(a=frs}¥, (FP=2+F) (5)
(3) is reduced to .
’ v =frab, <f=’2“>

identical with (2). So we can say that the invariant equations for Gy are
reduced to the form (2).

The property above is interpreted physically as follows: The two ob-
servation-systems defined in S2 are comnected by transformations of Gy,
therefore the property that the equation (2) is invariant by Gy means that
Sfor two observation-systems the fundamental equation for —cosmological
law—1is expressed in the same form, i.e. our cosmology has the invariant
property for observations. So we can say that our cosmology defined by
(2) is characterized by the invariant property for observations.

IV. Invariant vector and tensors by G, or Gy

In order to.obtain the differential equation for 4 invariant by G, or
Gy in this section we shall obtain the vector and tensors which are in-
variant by G, or Gy. The group Gy is generated by infinitesimal trans-
formations (I, 27), and G, the sub-group of Gy making r=0 invariant, is
generated by the following operators : : ‘

2 . 0
U=—cosp——+cotfsing—,
' “0 T i

. 2 (o]
U,=—sin ¢p———cot 8 cos ¢p—— ,
2 14 20 ¢ 20 )
’ 1)
U3E_@_’ '
op
R
ot

4E

(1) Note IV, p. 37.
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Writing the operators above in the form
U= £l 9 R | 2
2wt ( )

the infinitesimal transformations generated by U are written as
‘ xt=g'+EWr . (3)

The vector A; and tensors A7, A;; which are invariant by (8) must satisfy
the relations : '

ll
A, = pl= A(),
ox’

ot ox?
A =AT= Aﬂ , 4
" o™ () (4)

ox' o™ dx" _
Apyn 2 oad am,k'=Agjk= Aia')

respectively. Expanding these relations into power series of -, we have

¢ Z:;::lt +— 85 Al— ’ | (51) 4

g aail A.,- gE’l Ai=0, - (5.2) )

El%:;g—k+ get Al]k+ aE A?,lk+ aE Aijl=0 (5'3)
respectively.

First we shall solve (5.1): For U;, £ have the forms:
g1=0, £2= —cos ¢, E=cotfsing, £=0,
hence (5.1) becoines |
2A; .1

Cos ¢ 4~—cot0s1ngo i 4 R ————sm pA; .
N a0 agl? 0 (5 1)/
—0Y(sin pAy+cot 6 cos pA3)=0.

Similarly, for U, and U,

sin p ——% 24; +cot 6 cos ¢ — 24; — &2 ,1 cos pAs
o0 op s1n20 (5 1)// .
+ 0¥cos pAz—cot 0 sin pA5)=0,
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From (5.1) and (5.1), we have

0A;
T‘;L_i’%cotaA3=0 ’

1 -
from which' we have :
A=4;=0,

and A, A, are arbitrary functions of r and ¢ But from invariancy for
U, A, and A, do not contain ¢, so that for (1) the solutions of (5.1) are
given by

A, A=Aa=0, AWM. (A)

Next, we shall solve (5.2). For U, U and Us, (5.2) becomes

(cos @ Y cot 6 sin goa—) At 3?, sin p Ag;— 5 3(sin @ Ag;+cot 6 cos pAy;)

0

+a 1
* si

75 sin ¢ A3~ 83(sin p Ape+-cot 6 cos ¢Ah3) =0,
o ;

<sin go—aa—ﬁ- +cotfcosg —5—) Api— 3%, 0 cos ¢A&+ o3(cos goAzz— cot 0 sin ¢ As;)
14

—%— 12‘ cos pA s+ 03(cos p A —cot 0 sin 9 A;5)=0,
sin°d. .

0
—_— A i=0 .
et
From these equations we have
fg Api—cot 03, Ag— 3245 =0, (5.2
-+ 03450 =0. (5.2)"
From (5.2)” we have
| Ap+An=0, 120 Ag—An=0;

An=Ay=Ap=Ap=An=Ay=Ag=42=0,
and from (5.2) we have )
© Ap=sin 0Bx(r, t) ,

Ag=sin? 0Bx(r, t),

and Ay, A, Ax, By, By, Ay, Ay do not contam 8. So that the surviving
A;; are the following: .
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Ay, AF=AXr), Ay(r),
A7), A23_= Ap= sin' 0Bx(r), Aylr); (B)
the other A;=0. .

By. the same method, we have the solutions 4,-,-k of (5.3) as

Apr), AP=APM),  AMr), O\
A =sin 0Bixs(r), AH= A334(7') i Am=sin0Rg(r),
© Am=—Am=sin6Rn(r), ©) .

! Aoyy= — Apy=5in R (r);
the-other Aiz=0. “

The vector and tensors gi\ireﬁ by (A), (B), and (C) are the general
solution invariant by group G, Further, for these vector and tensors to
be also invariant by. Gy, we can easily see that

A;=0, Af=ad; (a=constant), A= 0,

the calculation being omitted.

V. Finite form of the group G; transforming the origin r=0.

, The finite forms of the equations of the transformations generated by
the operators :

lek“ktaﬂL k2 gu® 1
T 1/1+k272 at (1)

are obtained by solving the equations

dz’ =1/ 1= % ot do’ dy, :
=V 1—-k% ) =0, =0,
dr dr dr

dt/ kz/ . It

L @)
= A =)

where r is a parameter and chosen such that when =0 z/, ¥, 7, ¥, coincide
with wx, ¥, 2, t respectively.” From (2), we have .

¥=x, Y=y ' ’ (3)
/ _ /2 /1o
dz’ _ 1—Fkr or _Kk¥dz

dt k2. Tl

and

=dt,
from which B )
1/ 1—k%"2- ¢ =constant,

1/ 11—k =y 1— "% et

ie.
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Hence

RLLAVE g
o T
therefore S ‘
z’=z-|-,1/,;1v—-kzrze"tr,. @

So that the transformations generated by (1) are given by (3) and (4), -
being a parameter. Similarly, from U;, we have (3.3) (in p. 24).

Next we shall obtain the equations of transformations produced \by
combining (3.2) and (3.3). Writing (3 3)in the form:

2=t +V 1= e M

2, - B ()
o e BT }
, iy

and substituting (3.2) into it, we have
=2+ vV 1-ErF e +v 1R %y ( ‘
=2+ V1—Kr {e¥c(1 —kPx7)+e ¥} — hzrr’

(Because of e"“z"t’=e“"t(1 O i L — K et )>

Vi-we > (6)
e_kt// 1/ lkz - 1/1 kz,’./2 e—kt/
— 1 ST 122 -kt 2,2kt 2 7702_‘_ %,
o sV 1= (1 st =ga Ko ot ).
But, since ’
1-K"?=1—- kz[r’2+e‘2""(1 kr ’2)~”2+2z/1/ 1—-kr?e*'7']
=(1— r I22kt 2 __ V& 2k2z o kt 2kt 4kt’ 2
2k% ,
6kt —2kt f':]
o 1/ 1- kzrz
we have
‘ e 7/ 2k22 , ’
kt 1 k2 2%t ‘2 Kt 4kf 2k1§__k2T 2
=[( Vi-kr ’>e
-3
— 2 kt 2Ict’ kt_7
2k<1/1 e T) T]
-_-_e?kt[ 1 — Jp2g 2t 2 R
‘ 1- ke 2—2kzze"‘r/l/ 1-kr

o e ke e ¥ -1
% (1/1 KPr T e ) 1— 12— 2%kt [V 1 — kw:l .
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so that,

o 1— 2K —2h%e M |V 1=

=g
1— et — 202 [V 1 — IPr?

et )
Therefore (6) and (7) give the required equétioné.
- When 2=y=2=0, (3.4) (in p. 24) becomes
¢ = (v — k) e Mt

,_ 1—2k%7" - 3
| o = gt e 2 Zkt_rfz]
and hence
1—k%?=1— (v — k*2 P+ e 224207/ (1 — kzrr')}‘
=(1-k*)(1— 2k2rr' + kA% — kze“éktr'z) .
- Using the above, (4.2) (in p. 25) is expressed as

’,

(e — I ) —e ¥ | ,
= E1—-k%?). (%)
1—2k7 ( ) .
Further, since
e*t(r — kPPc) —e *t/ - (1=t )e? + e’ o
1—2k% (1=K )e ™ + e’

(%) becomes

' (1 =Kk )e ™% + re¥

_ —( =k )e * + et Jez(1 _'kzz/z) \

VII. Invariant tensors by Transformations G.

If we write (8.1) in the for‘m‘ &t 5%7’ then the invariant vector A’ and

tensors A7, A% are defined by equations (IV, 5). (IV, 5.3) is expressed in
the form:

ik l R
g1 0AY* +Aijk2i_A;,1k§§’__Agl£=0_ (1)
ot o’ oxt oz’

First we shall solve equation (1). For the operator U; since & has

the forms S

e kz
El.:Ez____O, E3= gkt — 2 , iz gt L A—
1k Vi

(1) becomes
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MVt B ) A

+Aﬂc[a“(33—+a’ a:a)+agk(3§?+3§&")] |

—A: ak( j aZa + 3: o¢* ) A-4kk(3§'€a+‘ 3{54)
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_-_ja«ki e 08 \_ 4 3y Skedy — —
A3 o} axa) AP +38Y=0, (a=1,2,3).

Similarly, from "U; we get the equations by changing & to —k above.

Then, combining these twe equations, we have

et/ T—fgp PAL +5,,A,kas + AT — B A; ,,a; )
%

LA — 0} A wﬁ—am #eet=0,
ox”

J
it kz aA;;j

¢ it O&*
- V1-kr ot

FORAP S oA~ dAik O oy
1 (g

—B%A;‘"‘k?—afA?“gia—agA;ﬂkss:'o
x

@)

By putting =4, j=b (b=1,2), k=c (¢c=1,2), these equations become

____ +be
et/ 1— I 3‘:4—+ APREr=0
2
kz QA boTii8 |
et APkEd=0.
Vi ot T
Similarly, by putting i=d (d=1,2, 3), we ’have

ot/ T—J® 04a”. aA a2 <0,

ft kz aAd “be as -
+ A =0.
Vi ot dac?

From (4) and (6) (for d=3), we have

A=y 1= B, y, 1)
w1

A;

"(b,e=1,2)

fB ,
_‘/1 k2 3 (wy Y, t)

(4)

(5)

(6)

)

where B and Bi* do not contain z. Subétituting these values into (5),

we have
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‘2z 2B
A-kr> ot

+Bdbc_.__

from which it must follow that
' aB;bc

—=0, B¥=0;
at .
hence, from (7),
A be=(),
But since kfrom Us,... Uw, by changing =z, y, and z cyclically, the same

relahons ‘would be obtamed it must follow that
Apr=0, (assb,c; a,bc=1, 2 3),
AP=0.. . )
Further, by putting i=4, j=b (b=1,2), k=4 in (2)'and (3), we have

/1 — T aA; =0, (8)
'kt kz QAA 4753 . ‘
e I ot + APk =0; 9)

and, by putting 1=¢, j=b b=1,2), k=4,

e/ T— e 24 aA +A”‘3‘E———A”4k54—- | (10)
oxf

54 4 4

=0, (11)
From ‘(10) (for ¢=3), we have

Vil QA _gpm  Ke g
oz V' 1—kiy?

(1 k"”rz) 1.B;‘;M(x, Y, t)
Substltutmg this into (9), we have

from which

z-—aA“ +B»*=0
ot

But; by (8), A:* does not contain z; hence it must be true that

A o, Bp=0.
at

Therefore -
' 'AéM = 0 »
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by which, from (llj, we have
. Aéb3= A;b4.

Since from Us,...., Uy similar relations would be obtained, we have
A¥=0 ' (axb, a,b=1,2,3)
A=A¥ * (a not summed)

04
ot

=0
Lastly, by putting 7i=4, =38, k=4 in (2) and (3), we have

. o 34 £3
e/ 1T ?::;*—A;ﬂ ==0, (12)
and

AM=0 <because of a‘;t‘;'% =0)

But A4;* does not contain « and y; hence, from (12), we have
Al=ap=0.
So thaf, combining the results obtained above, we have all
| Af*=0. |

So we have the result: the invariant tensor A7* by G must vanish.
Similarly, we see that the tensor A7 and vector A; which are invariant by
G are given by

Af=d7¢ (c=constant),
A,; =0.

This problem was discussed at a special Seminar of Geometry and
Theoretical Physics in the Hirosima University, and carried on under the
Scientific Research Fund of the Monbusyo, the Department of Education.

Mathematical Institute, Hirosima University.
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