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Preface. 

By means of the iteration method, Schrodercu has solved the functi~tif, -. 
equation as follows: f[ip(x)]=).f(x), where ip(x) is a given regular function' 
such that the expansion of ip(x) is as follows: ip(x) _).x+•··, -and l'.\I>{ 
or O< I). I <1- In 1945, Fukuharac2) has extended the equation into those of_ 
many variables. For the given functions ipl'-(x) such that ip11(x)=a~.xv +~.-., 
( det. I a~ I +O), he has considered the functional equations as follows: · 

f1[<p(x)] = ?,,J;(x)+ M,-/x)+'Jri(x), 

where x, are the eigen values of II a~ II and s is an arbitrary number -such' 
that I 8 I is sufficiently small and Wix) are the suitable polynomials of t.Qe-, 

functions /,. Under the condition that the absolute values of all the eige1( 
values of II af II are less or greater than unity, he has solved the equations.'. 

In this paper, we study the extended equations of Schroder frottf 
different point of view. 

In Chapter I, we add some remarks on Fukuhara's paper. In Chapter II. 
we consider the transformation % : 'x11=ip11(x). Assuming the existence of 

one parameter group of the transformations containing %, we show, that' 
the equations of Schroder resemble closely to the finite forms of the 
characteristic equationsC3) of a linear homogeneous partial differential equa-:, 

tion. Thus, when some more conditions are satisfied, by making· use of 
the results of the previous . paper,C4) we easily get the solutions of the. 

equations new;y obtained. . In Chapter III, we study the fundamental 

theorem which plays an important roll for the subsequent discussions. In 
Chapter IV, we consider the conditions assumed in Chap. II, and we find. 
that, when the absolute values of all the eigen values of II a~ II are less or 
greater than unity, there exists a one parameter group containing the 

1) Schroder, Math. Ann., 1871. 
2) Fukuhara, Kyushu-Teikoku-Daigaku Rigaku-Hokoku, Vol. 1, No.2 (1945). 
8) Urabe, This Journal, Vol. 15, No. 1 (p.25). 
4) do. 
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~n transformation. · When the .L-th detuminant divirnr of We is unity,C 0 
\1-;-: ', 

:thete exists a group satisfying all the conditions assumed in Chap. II and 

:,~ equations obtained in Chap. II completely coincide wlth the equations 

'i'f>t_ Schroder. Thus, we see that, in this case, the conditions assumed in 

:fCbap. II, although apparently complicated, are wrnker tha~ Fukuhara's. 

•When the L-th determinant divisor of We is not unity, the conditions in 
f ·. 

'Chap. I and II, slip out each other and the equations obtained also do, 

~'tllthough they resemble closely. In Chapter· V, assuming that the L- th 

~determinant divisor of· We. is unity, we show that there exists no other 
,'group possessing the regular operator functions than .the groups· obtained 
·;.m Chap. IV. 

Apart from consideration of the equations of Schroder, the results 
;obtained in Chap. IV and V seem to be of much interest of themselves. . ' 

-yF'rom our results; it seems possible to study some characters of continuous 
•.'groups of transformations by means of the finite transformations. 

' ~- ·, ' -

Weakening of our conditions and application of our results are problems 
,temained unsolved. 

Chapter I, Equations of Schroder of many variables. 

· § 1. Preliminaries. 

Given a set of n functions cpu(x) of n variables x·1 such that cp1'(x) 

· .are regular in the vicinity of x''=O and the expansions of these functions 
'. are as follows : 

'(1. l) 

· where det. I at H=O and the unwritten terms are those of the second and 

higher orders/3) Let the Jorclan's form of the matrix A=II a~ II be A. We 

write 4 as follows: 
~ RLi __ 

.(l. 2) A = TAT· 1 = ~ ~EBAl ' 
i=l<=l 

· where ~EB denotes a dire.ct · sum of matrices and At is a matrix of 

order which has t:q~ form as follows : A;= [ \, O ••• • •. ~ lc4i_ Here o 
0 A..1 : 
0 o A..; : 
: ·.. 0 
0 , ..... o A; 

1) Cf. Chap. III, ~3. 

Pii-th 

is an 

2) a~x" means ~a~x" . In the following, as here, we use the convention of tensor calculus. 
V=l 

3) In the following, we agree that the unwritte'l terms in the expa'.lsion formulae denote 
the terms of the higher orders than those written explicitly. 

4) ,h, .<2, ......... , AR are distinct from one another. 
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arbitrary number which is not zero, and A, are the eigen values of. t~; 
' ,,_' ;:•,;,'--'.: 

maxrix A. From det. ! A I =FO, \,*O· • . ..,, 
\--.·: :. ~ 

AftE-r Fukuhara, we assume that the absolute values of all the eig_eif 
values -are less than unity, namely 

(1.3) 

We consider the following relations 

(1.4) '\ - '\ P1 -, p~ '\ PR 
l\,i - I\.. l I\.~ • • • • • • l\,R 

for non-negative integers Pi, p2 , ••• , PR such that Pi+ p2 + • • • + PR~ 2. Wi~_._; 
arrange A; EO that \.a (a · 1, 2, ... , S) are not express€.d as (1. 4) and ),,~, 

tx-S +1, ... , R) are expressed as (1. 4) and morwver I :Xs+i I 2 I i 8 +2 I 2 ... ~ 
I \.RI, Thrn the relations (1. 4) which really hold are of the forms atf 

follows: 

(1. 5) 

We denote the, eigen value by \.fp, ·.vhich is a (p, p )-element of Af, and_ 

we express the relations (l. 5) as follows: 

(1. 6) 

"' z-1 L, P\ "' 
where Pip are non-negative integers such that ~ ~ ~ p1p22. 

C i=l l=l ZJ=l 

Then the equations of Schroder of many variables which Fukuhara has 
obtained are written as follows: 

(1. 7) 

where 'l"jp(x) is a suit~ble lir.ear combir,ation ·.vith constant coefficients -
L P j i . J i 

1-, 1 ,n pl - t 1-1 l,J P,,. p.1 

of n n n f~q (x) mq for all sets of p;,.q f:atisfying \.,=ll n n A.~q ,r.,q 
J=l m=i q=l J=l m=i q=l 

Assuming (1. 3), Fukuhara has solyed the equations (1. 7), making use of --

transformation of the equations themselves. In this chapter, first, modify­

ing bis method, we solve the equations (1. 7) directly, and next we add· 

some remarks. 

§ 2. Formal solutions. 

In (1. 2), put T=II t~ 11 · We consider the tr:msformation of the variables 
x'' :md the functions cp'' as follows: xl1-=t~x', qil'=t~cpv. Put f~p(x)=f:p(T 1x) ' 
=flix), then the equations (1. 7) are transformed into the equations· 

1) flo c=:c:O . Hereafter we use this convention. 
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(f'<7····· 
~:i{ollows: 

• 
iJ) . ti,,[gj(x)] = At/'t,,(x)+off,,_1(x)+'l'lv(x) . 

~hese are of the same forms and moreover the constant coefficients in 
iif.:..:<, -
$~;,(a;) are tqe same as those in 'l'fp(x). Put r- 1=1! n11, then q}'(x)= 

(,;_j'.vc,..)-tµav·"'+ -tP-avr,,,-"+ _-µex-) By(12) lltµavTwj[-TAT- 1-A-'·t,,V'f'/) w - V ,,,x • • • - V :,> O X • • • -<p • • , V '" r; - - • Ii,,, 
'Therefore we can write g.l'( x) as follows : · : .-~, ' 

We seek for the formal solutions of (2. 1). In the following,C 2) for 

d:ir'avity, we drop the bars. After having differentiated both sides. of (2. 1) 
/' . 
(:w-ltb respect to x", we put x"=O. Then we· have recurring formulae 

!~~tennining the values of the derivatives of ftp for xv=O' and the coeffi--~ ... , 

?cieJ;ltS of WI,,. Thus we see that the equations (2. 1) have the formal 

tsolutions as follows: 

f2;3): 
~~,.,· ' J ' 
,: . i-I L; P,,,, pl 
· where the coefficients of l/ ll ll x~q mq are put zero.ca) For these solu-

. J-1 m-1 q-1 

,:,\ions, the coefficients of WIJ) are uniquely determined, consequently the 

'?lorm of the equations of Schroder are uniquely determined. 

>§3. Convergence of the formal solutions. 
(<<~. 
. . Modifying Fukuhara's proof, we directly prove the convergence of the 

:' ;formal solutions obtained in § 2. 

We take positive numbers A, such that l>Ai>!Atl• Let the maximum 
· values of A; be A. Since, A<l, if we take a sufficiently great number 

lV, then AN<IA,[. In (1.2), o is arbitrary, therefore we take [o[ so small 

that jA;j + !ol<A;. If we take a sufficiently small r, then, from (2. 2), 

~, for I x:.1 I ::s:: r' 

where Ix I= max. j xP- j. We denote the sum of all the terms of at most . ) 

1) For P"."'l, there does not appear the term xf0 =xfP-I. Hereafter we use this co!lvention 
· 2) In §2 a:id i3 of this chapter. 

3) The process of determination of the values of the derivatives is quite analogous to that 
i J 

· in, the paper: Urabe, ibid. The coefficients of II I1 II x;.q Pmq can be taken arbitrarily, but, for 
. } m q 

: simplicity, in this paper we put these zero. 

-116-



• 
(N-1)-th orderin the forma.1 solutions h,.(x) by Plv(x). Then, for lxl'~rv 

~ ..... 

there exists a positive number A such that 

(3. 2) !Pf,.('f.l )-:>,,,Pf,.(x)-oPl,,_i(x)-'l'f,.(P) I.:::;: A Ix IN , 

where WliP) are the functions which are obtained from 'l'1v(x) by sub•' 
stituting P~q for f~q • 

We consider the family mp of the functions ff,. which are regular for 

Ix 1.:::;: r and satisfy the following conditions: 

(3.3) 

Now, from (3. 1),' for Ix I.:::;: r, the following functions are also regular: 

(3.4) 

Now it follows that 

(3. 5) 'f;p(X)-Pfv(x) = ~Jt:,.('f.1)-oft,,_i(x)-'l':v(f)-AJ>!v(x)] 

= ~Jtti'f.1)-PlvC'f.l )] + ~J P111('f.l )-A1Pl11-0PiP-l -'l'lp(P)] 

+ ~JoPl11-1-o !111-1 + 'l'f,.(P)-'l';p(f)] • 

Now, there exist the positive numbers mp such that, for IX I.:::;:: r, 

(3. 6) 

where 'K/ 11 = max. K-;..q. From (3. 3) and (3.1), we have: 
J&;i, m;;;,;z,q<;p 

(3.7) 

Thus, from (3. 5), (3. 2), (3. 6) and (3. 7), we have: 

l'f'' -P' l.:::;;:KfPAN+A+B1,/Kf11 !x!N. 
IP IP - I A1 I 

Thus, in order that 'f!v(x) also belongs to the family m,., it is sufficient 

if 

(3. 8) 

Now AN< Ix., I, therefore we can take Kb, successively so great that (3. 8) 

hold. For such Kl 11 , 'ffp(x) belongs to the family m,.. 
Then, applying successively the theorem of existence of fixed points 

on m,., we see that there exist regular solutions of (2. 1). Now, for suffi­
ciently great N, the formal solutions of (2. l) are uniquely determined for 
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.. · -- . . . . ' 
~gfven. Pf,,(x) •. _ Thus we cru;i conclude truit the. formal solutions (2. 3) con-
:;,~ge for ·l;l.:S:r, namely they express the regular solutions of (2.1), 

,eonsequently the regular solutions of (1. 7). 

§ 14. . Modification of the equations. 
· - For the simplicity, we transform tl:ie equations (2.1) into those of the 

rnme forms where o=l. For this purpose, we put as follows : 

-( 4. 1) 

· Substituting them into (2. 1), we have :. 

(4. 2) 

where ~·;p are of.the same forms with re.spect to -fi,, ?,S o/ip with respect 

- to . n,, , and differ only in the coefficients. Now, from ( 4. 1), it follows 

that 

~(4. 3) 

and, for the rnlutions 1:,, given ·by (2. 3), 

(4.,4) 
j t . 

«-1 LJ P,,,._ pl 
where all the coefficients of ll ll ll x ;,.q mq vanish. Thus, if we .regard the 

' J=l ffl=l q~l 

· functions f,,, and ;;i:,, as the functions of the variables x:,,, then, from 

(4. 2), we have : 

. (4. 5) .. 
Thus we see that there exist regular solutions f ;,, of the equations ( 4. 5), 

where ;;;,, and ff,, are exp~nded as (4. 3) and (4. 4) in the vicinity of 

i I,,=0. These solutions 7 ;p are formally determined directly from ( 4. 5) 

in the same way as fip from (2. 1),· and, for these solutions, the forms of 
· the equations ( 4. 5) are uniquely determined. 

. R L . . 
Put ~ ~EB Af= A= II o~ II , where A: is a matrix of P;-th order which 

t=1Z=1 , 

has the form as follows: A: loP,-l O i. •·· 01 · Then it is evident that 
0 oP,-2 : . . . 
f •. 0 0 
6 •••••• 0 1 ,t,;r,, •·:, T~ 

Put AT=S=lls~II, then it is r(.adily H';En that 
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(4. 6) 
o R Lt . 
A = SAS-I= ~~EBA; . 

l=l l=l 

From ( 4. 1), we have ; 

(4. 7) X---;µ - Su x'' ~ u . u d 
- 'I ' <p· = s,, <pv an fu = 0~ f" • 

The last formulae give the relations between the rnlutions of the initial . . 
equations (1. 7) and those of the transformed equations (4. 5). 

§ 5. The case where the absolute values of all the eigen values are grealer 
than unity. 

In this paragraph, we diE.cuss the case where I:\., I> 1 . Fukuhara has 
not discussed this care sufficiently, but he has only showed the existence of 

the solutions. As the remark to his papu, we give explicit forms of the 
Eolutions and we show that the mme results re.ally hold e:ven in this case 

as in the former case. 

In the following, we study the equations ( 4. 5) instead of (1. 7). Con~ 

sequently, hereafter we 9rop the tilde on fip in ( 4. 5). 

Put 

(5. 1) 'xµ = <p"(x) = a~x"+······ , 

then, from det. j a~ I ccJ= 0, we can solve the above equations with respect 

to x·· as follows : 

(5. 2) x" = ,f'('x) = bt 'x''+ ···•·· . 
0 

Then it is evident that B=llb~!l=A- 1• Let the Jordan's form of B be B, 

then it is readily seen that, for a suitable matrix U = II u~ II , 
o R L, 

(5.3) B = UBU- 1 =~~EBB; , 
t=l l=l 

where Bi is a matrix of P;-th order which has the form as follows: 

B;=(1 ~; ... ~ 1· 
0 .. : 
: 0 
0 ··· l A{ 

Here >..; are ei.gen values of the matrix B and >..;=1/Ap 

consequently I X.f I< 1. 
By § 4, if we put 'x''=u~'x", then, for the equations 

(5.4) 

there exist regular solutions 'fiP, which are expanded as follows: 

(5.5) 
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/1-1L1P/,. ,'1 
where all the 'coefficients of the terms fl fl ll 'x;,.q Pmq vanish. Here 

J=l m=l q=l 

. , i-1 LJ p!r,, . 1 t J 

·,q,fi,(1x) is a suitable linear combination of fl fl fl 'f;,.l'x) Pmq for all sets 
j - }=! m=1 q=l 

C ' t-1 LJ Pm · • j I 

of 'p;,.q satisfying x; = fl fl fl 1xl,,.; Pm 1 • Since x; =1/X. , the set of 'p;,.q is 
J=l m=l q=l j 

1 1-1 L1 Pm t 1 

the same as the set of p;,. 2 satisfying X1== fl fl fl X;,.q Pmq . 
J=l m=I q=l 

In order to solve the equations (5. 4) with respect to 'fi,,('x), we use 

a lemma. We attach the non-zero numbers x1 , X2' ... , X,. to the variables 

u1 , u2> ... , u,. respectively. For the mono~ial uf1uf2 ••• uf", we call the 

:number xf~xf2 ••• Xf" the order of th~ monomial. When a polynomial f(u) 

is· a suin of the monomials of the same order, we call the common order of 
each monomial the order of the polynomial. Then we have the following 

Lemma. When ftCu) (i=l, 2, ... ) are polynominals of the order µ 1 , then 

ll[ftCu)f1 is a polynomial of the order /] µ/ 1 • 

' . j 

Proof. For the monomial uf1---uf" of the order µ, 

(5. 6) 

and conversely, when (5. 6) holds, the order of uf1 ••• uf" is µ. In order 
that the polynomial f(u) be a polynomial of the order µ, it is. necessary 
and sufficient that f(Xu)=µf(u). Then we have: 

fl[ftCXu)]P1 = fl[µJ,(u)f' = flµ/'· fl[ftCu)]P 1 

t t t . 

From this, the order of fl[ft(u)f 1 is fl µ/ 1 • Q. E. D. 
( t 

Solving (5. 4) with respect to 'ffi,('x), we have: 

(5. 7) 'ff,,('x) = X/{f,,(x)-(X,)2 'f:p_i(x) + ··· + ( -1)P-1(X,Y 'f:1 (x) + ''l'ip(X) , 

where ''li'lp is a linear combination of 
t-1 L.1 P!,, t 1 

fl fl fl 'f /,.q( x lmq , for all sets of 
J=l m=l O=l 

t . l-1 L1 P/n I J 
p;,n satisfying Xi= fl fl fl X;,./mq . 

J=l m=l O=l 

By induction, we prQve (5. 7). For i=l=p=l, since ''l'}1 ( 1x)=O, (5. 7) 

is valid evidently. We assume that (5. 7) are valid for j, m; q such that 

that j < i, m < l, q < p. Then, if we attach the number X1 to 'f;,.q(x), 

then, by the lemma, it is readily seen that 'f;,.q('x) is a polynomial of the 
order X1. Thus, by the lemma, we see that ''Pf,,('x) is a polynomial of 

'f;,.q(x) of the order x,. From (5.4), it follows that 

(5.8) 
By our assumption, 
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?Rf5:\1.r:t 
• ... I . < ,'• 

. . ' . 

'ff P-1('x)=:\./np_i(x)-(X,)2 'hP-~(x)+ ... +( -1)P-'(X,)"- 11/11(x) +'Wtp-1(X). 

Substituting this into (5. 8), from the above mentioned, we have (5. 7) for 

i, l, p. Thus (5. 7) is valid for any i, l, p. 

We write (5. 7) briefly as follows: 

(5. 9) 

By the linear transformation '/µ= l~ r, (5. 9) are transformed as follows: 

(5.10) 

where -q,:.1(x) is of the !:ame form with respect to f'!-(x) as 1w:.1(x) with . 

respect to 1r(x). Here L=4ll~II is a direct sum of the matrices of Pf-th 

order corresponding to the block of lle'.;JJ=E and JJLt//=L- 1 • Now, it 
0 

is easily proved that there exists such matrix L that L- 1EL=A. If \Ve 

take such L, then (5. 10) becomes the equations of the forms ( 4. 5). No:w, 
0 0 0 

since E=B- 1 , putting L- 1U=V=Jlv~/I, ,ve have: vu- 1s- 1uv- 1=A. 
0 

From (5. 3), it follows that VB · 1v- 1=A, namely 
0 

(5.11) VAV- 1 = A . 

Now, from (5. 5), it follows that 1r(x )=xµ + • .. =u~xv + ... , consequently 

I"'( X )=L~' re X )=L~ul,x(d +... . If we transform the variables xµ to ;IJ. by the 

substitution ;""=v~xv, then it follows that 

( 5. 12) 

If we transform the given functions <pµ to gyµ by the substitution qy'!--:v~cp'', 

then, from (5.11), the expansions of qiµ are as follows: 

(5. 13) 

Since xµ=v~x·'=Ltx'\ making use of the lemma, it is readily seen that all 
i-t L1 P/.._ '1 

the coefficients of fl [{ {l. x;../"n in fUx) vanish, because all the corres-

ponding coefficients in 'flp(x) vanish. Then, the solutions given by (5. 12) 

are quite the same in the form as the solutions in the case where I:\., I <t, 
Thus we see that the results in § 4 are valid also in the case where 

I A.; 1>1. 
Summarizing the results in this chapter, we have 

Theorem I. For the given regular fumtions cpµ(x)=a~x''+···, (det. I a~ I +O), 

we assume that the absolute values of.all the eigen values X/s of the matrix 

IJa~II are either greater or let?s than unity. We consider the functional 

equations a$ follows : 



(Vol.·15' 

(S) 

where ')lip(x) is a suitable linear combination with constan coefficients of 
i-l LJ P/n j J j n n n· f!,,.i(xl"' 1 for all sets of non-negative integers p~q satisfying 

J=l "'=l Q=l 

i-l L, P/n t 

;\,= n fl n >..:..l,.1, 
1-1 L; P;,, t 

(L} L} L} p;,.q~2). We con'!ider the linear transfor-
J=l "'=l Q=l J=1 ffl=l q=l 

mati6n'! ;u=t~x·1 and q/'=t~<p-, such that the expansions of qi!'- become as 

follows: 

( <p) 

T_hen, for the equations (S), there exist regular solutions f:v which are ex­

paneled as follows : 

{f) !iv= xlv+ ...... , 

1-1 L.1 P!,. _ 1 1 

where all the coefficients of ll ll ll x!,,./mq vanish. Moreover, these solu-
1=1111=1 O=l 

tions a1·e formally determined directly from the e(j_uations (S), consequently 

the solutions of such forms are unique, and, for there wlutions, the form 

of the equations (S) is uniquely determined. 

Chapter II. Equ 1tions of Schroder and characteristic equations. 

§ l. Preliminaries. 

For the given functions <pµ(x), we consider the transformation 

(1.1) 

We assume that there exists a_one parameter group @ of transfor;mati<ms 
which contains the given transformation :t. We take a canonical parameter 
f 2) and assume that, for t=t0 , the transformation of @ btcomes the given 

transformation. Let the operator of @ be X=;µ a!µ. We assume that}µ 

are regular and the expansions of g11- in the vicinity of x··=o are as follows: 

(1. 2) t"( ·) µ ''+ ~· X = CvX ...... , 

When all the eigen values of llc~!l=C lie in a convex domain which does 
not ·contain the origin, in the previous paper(3), we have rnlved the charac­

teristic equations of the linwr differential equation Xf=O. In this chapter, 
from the characteristic equations of a linear homogeneous differential 

equation,· we deduce the equations of the analogous form as the equations 

1) This is always possible. 
2'.) We assume that t is real 
3) Urabe, ibid. 
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of Schroder (S) and, making use of this result, we wlve them. Besitles, 
by mrnns of the results in the previous paper'.1J, we get a nE;W form of the 

functional equations simp1er than thoEe in Theorem I. 

§ 2. The relation of the eigen values of A and C. 

The finite transformations of @ are obtained by integrating the follow­
ing differential equations and by putting 1x:1 =x!1 for t=O, 

(2.1) d':/ = e('x). 

The results integrated are .as follows: 1x!1=eix(x!1), therefore the finite 

transformations of @ are expanded in the vicinity of x"=O as follows.: 

(2. 2) 'xµ _: a;!;(t)x'' + ······ . 

By our assumption, 

(2. 3) a~(t0 ) = a~, ······ • 

Substituting (2. 2) into (2. l)C2l, by comparison of the terms of the first order 

of x", we have da~it) = cl;,a~'(t). Put lla~(t)ll=A(t), Jla~ll=A, then . 

(2. 4) d~~t) = CA(t) . 

Integrating (2. 4), we have A(t)=ew. From (2. 3), it follows that 
' . . ' 

(2.5) 
0 0 

Let the Jordan's form of C be C, and we write C as follows: 

o R L; 
(2.6) 

Cf = (t 2; ··~ ?)' r~J 

. . 0 
\() ... \ µ, , 

c = scs- 1 =~~EB ct, 
i=1 l=l 

where Ci is a matrix of n-th order. Then, from (2. 5), it rs readily seen 

that the Jordan's form of A is writtEn as follows: 

o R Lt 
(2. 7) A = ~ ~EB Al , Ai = (Xi O ··· 0 )co 

t=1l=1 1\,; 

\
. . 0 

. () ..• \ At , 

1) Urabe, ibid. . 
2) When the number of the paragraph denotes that of the same chapter, we omit the num­

ber of the chapter. 
3) !1i• f-1::, ...... , 11R are distinct from one another. 
4) ). 1, }.z, ...... J.n are not necessarily distinct from one another. 
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where Ai is a matrix of .P!-th order and 

(2. 8) 

Now, from (2. 6) and (2. 8), it follows that 

(2.9) etod - At 0 ······ 0 0 
Atto At 

t3 
;\,'21 ;\,to 

· R Lt . i 

Therefore there exists a matrix K = }.J }JEB m such th.at K)et°C1( K:)- 1 = Al 
t~i l ~l 

and. Kl are of the form ( x O · · · 0 1)· • Then evidently it followa that 
xx : 
• . o· : ·. 

1 X•••·••X 

(2.10) 

Consequently, from (2. 6), we have: KSi0cS. 1K- 1=A. From (2. 5), putting 

KS=T, \Ve have 
0 

(2.11) TAT-I= A 

By our assumptions on µ,,, there exists a line L passing through the 

origin, in one side of which all the eigan values µ,t lie. By p(µ,t), we denote 

the distance from the point µ,, to· the line L. By µ,a (a=l, 2, ... , S) we 
denote µ,t which is not expressed as follows : 

(2. 12) 

for non-negative integers ('P1, p2, ••• , 'PR) such that P1 +p2 + ··· +PR~ 2. By 
µ,., (x=S + l, ... , R), we denote µ,, which is expressed as (2.-12), and we 
arrangeµ,., so that p(µ,8+1)<p(8+2):s:;,. ••• :s:;,.p(µ,R). Then the relations (2.12) 

which really hOld, are as follows : 

(2.13) 

When the relation (2. 12) holds, from (2. 8), the following relation among ;\,1 

holds: 

(2.14) 

However, when (2. 14) bolds, (2. 12) does not necessarily hold. By µ,fp, we 

denote the eigen values of C which is a (p, p)-element of CL and we write 
the relation (2. 13) as follows: 
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;.'.1951).·· 

(2.15) 

§ 3. Integration of the characteristic equations. 

By the definition, the characteristic equations of the linrar homogeneous 

differential equation Xf=O are written as follows: 

(3.1) 
t-l L; P/,,, i 1 

where gl.=0 and <I>;p is a suitable linear combination of Jl J!
1 
!£ g;,./mz 

1 1-1 L1 p/,,, t 
for all sets of p/,.q such that µ,1= ~ ~ ~ µ,;,.qp;,.q. By the previous paper,m 

J=l m=l ll-1 

if we transform the variables x:' and the functions [;I'- by the substitutions 

xl-'=s~x" and f!L=s~e where ·11s~II= S given by (2. 6), then there exist 

solutions gip which are expanded as follows : 

(3. 2) -gip = xfp+ •····· , 

1-1 L; p/,. i J . 

where all the coefficients of fl. J!
1 
f£ x;,.qPmq vani~b. By these substitu-

tions, from (2. 6), it is evident that the functions El'- are expanded as 
folloW'S: 

(3.3) 

After having substituted 'x11 for x 11 in (3.1), making use of (2. 1), we 

integrate the equations (3.1). The results are as follows: 

(3.4) 
[ 

tfl-1 tfl-2 ] 
gip('x)= el-'i~ (*l)!gfi(x) + (p.:..... 2)!gt(x)+ ··· +tgiP-1(x)+gip(x)+'l!Ux, t) 

i-l L; p/,,, i J . 

where 'l'Ux, t) is a linear combination of n n n g/,.ix)Pmq for all sets o{ 
· j J=l f71=1 Q=l 

t . t-1 · LJ Pm · , 
p/,.q such· that µ,1= ~ ~ L} µ,;,.qp/,.q and its coefficients are polynomials of t 

J=l m-1 q=l 

having no constant terms. 
In order to prove these results, we use a lemma. We attach the numbers 

µ, 1, µ, 2, ••• , -µ,,. to u1, u2 , ••• , u,. respectively,· and we call the number µ, 1p·1 + 
µ 2p2 + •••+µ,'(Ip,. the exponential order of the monomial uf 1uf i •••••• uf". If a 

polynomial f( u) is a sum of the monomials of the same exponential order 

µ,, then we call µ, the exponential order of the polynomial' f(u). Then ,ve 
can easily prove the following 

Lemma. If ftCu) (i=l, 2 ... ) are polynomials of the exponenti(l,l order JJ,, 
then fl[fJu)]P 1 is a polynomial of the exponential order ~ 1,)tPt. 

. i t 

1) Urabe, ibid. 
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Proof. For a monomial of the exponential order µ,, 

(3. 5) ( µl )Pl ( '1n )Pn - e!' P1 Pn e U 1 • • • • • • e Un - U 1 •••.•.• Un , 

and converi:ely, whrn (3. 5) holds, the formal exponrntial index µ is the 

exponential order of the monomial. For a polynomial f(u), in orcer that 

the polynomial f(u) be a polynomial of the cxpone.ntial orcer µ,, it is 

necessary and sufficient that_ f(eµ 1uu ... , eµ"un)=i'f(u), whereµ, is a formal 

exponential index. Then it follows that 

ll[ftCe!'u)]Pt · ll[ev;ftCu)]P' = e"f,v;P,.fl[ft(u)]P'. 
i i i 

Thus the lemma is proved. Q.E.D. 

Now we shall prove (3. 4). For i=l=p-----:1, S.ubstituting 1x·1 for x·1 in 

(3.1), we have: f 1( 1x)~~;~~)=µ, 1~liC'x). By mc,ans of (2. 1), this is written 

clg 1 ('x) as follows· -~ll -=µ,d~1('x). . dt Integrating this differential equatiGn, ,ve 

have: g}i('x)=ce'111• From the initial condition that 'x''=x'' for t · O, ,ve 

have: 

(3. 6) . 

Na_mely (3. 4) i:3 valid for i=l=p=l. We assume that (3. 4) are valid for 

j,m,q ~uch that js..i, ms..l, Q<P· Substituting 1x·1 for x'' in (3.1), by 

means of (2. 1), we have: 

(3.7) dg/v('x) = µ·g,. ('x)+g' ('x)+<I>,. ('x) clt i lP lP-1 lp • 

If'we· attach the numbers µ,; to g:,.q(x), by our assumption and the lemma, 

g;,.q('x) is a polynomial of g!i(x) (ks..j) of the exponential order µ,1 • There­

fore, by the lemma, <l>lp('x) is a polynomial of g!q(x) of the exponential 

orC:er p,0 therefore <1>:i 1x) is of the form as follows: <l>:v('x)=i''1 ''l":v(x, t), 
1-1 LJ p~ l J . 

where 1q,;,,(x, t) is a linear combination of/!,_ Jl /J, g:,. 1(xl"'q and its coeffi-

cients are polynomials of t. Then, by our assumption, from (3. 4),_ (3. 7) 
is· written as follows : 

__ ...!L _=µgt ('x)+eµ;t --~g' (x)+ .. •+tg' (x)+g' (x) dg' ('x) [ tv -2 1· 
dt i lfJ (p-2)! lI . lP-2 . .lP-1 

+e!'it[\fJ'i c~: t)+''V'(x t)] lP-1 , lp ; • 

Integrating this differential equation, by means of the initial condition, we 
have (3. 4) for i, l, p. Thus (3. 4) is valid for any i, l, p. 
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For t=t0 , 'xv=<pv(x) and,,fio'm (2. 8), e"'t0='li.1 : Thus, for t.:_t0 , (3. 4) 

are written as follows: 

where ''l'Ux)='l'lp(x, to)· 

If ·we put f"=kegv where II k~ II =K defined in § 2, then, by the same 
reasonings as on Chap. I (5. 7), making use 'of (2. 9) and (2. 10), we have: 

(3.9) 
t-1 LJ p!,,, '1 

ywhere WUx) is a linear combination of ll ll ll f-;,.h:/mq. For the solu-
1=1 m=I Q=l 

tions g/,, given by (3. 2) of the characteristic equations (3.1), from I"= 
keg·1, we have: fl'-=k~xv+··•=kes'/,,x'"'+···. Put llkes'/,,jj=KS=T=jJtelJ and 
xµ= t~xv, q}'=t~rpv. Then 

(3.10) 

and, from (2. 11), 

(3. 11) 

From xl1=t~x·1 and xl1=s~x·1 , x-..,=k~xv, consequently, from the lack of the 
j - l LJ P! i J I - l LJ p!,,, ~ ' J 

terms fl n n x1,,.lmq in gf,,, there do not appear the terms n n n X 1,,./mf/, 
J=l m=l q=l . J=l m=l q=l · 

in /;,, . 

Summarizing the results we have 

Theorem II. For the given functions <pµ(x) such that rpl1(x)=a~xv + ······,, 
det. la~ l =I= 0 , we assume: 

( i) there exists a one parameter group of transformations which 
contains the tran.<tformation 'xµ=<pµ(x), 

(ii) the operator functions gµ of that group are expanded as follows : 

Eµ=c~x· 1 +······, 

(iii) all the eigenvalues of the matrix Jlcei\ lie in a convex domain which 

does not contain the origin. 

We consider the functional equations as follows : 

(S') 

,- 1 L1 P;,. i 1 
where \Ji'Ux) is a suitable linear combination of fl. J!

1 
fl f'm/"!q for all sets 
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. j 
i . .t-l LJ P,,,. ' 

of pt,.q suc,h that µ 1= '"jJ '"jJ '"jJ µt,.qpt,.q. When we transform the · variables 
, J=l '1l=l q=l 

x:i and the functions cpµ by a suitable transformation as follows: xµ=texv, 
qJµ=t~cp'', then 

(<p') 
-i 
Cf'1p -

and there exist regular solutions of (S') which are expanded as follows: 

ct') ttp = xtp+•····· , 
j . 

t-1 LJ P,,,._ tJ 
where all the <.;oefficients of the terms ll ll ll x1,,./mq vanish. 

J=l m-1 q=l 

The equations (S 1 ) obtained by integration of the characteristic equations 
(3.1) resemble closely to the equations (S) in Theorem I. The equations 

.(S') are the finite forms of the characteristic equations of a linear homo­

geneous. partial differential equation. The solution ftp given by (f 1) are 

linear combination of the ~olution gf q of the characteristic equations, 

consequently, by the result of the previous paper0 J, f;p are easily obtained. 

The equations (S) and (S 1 ) are same except one difference. The diffe-
e 

rence is only that, in the equations (S) the set of numbers p;,.q satisfy :\.1= 
t-1 L; pj,_ 1 J t 
II II II )..,;,./mq , while in the equations (S 1) the set of numbers p;,.q satisfy 

J=l '1l=l q=l 

t-1 LJ P;. t t 

.µ,,= ~ ~ '"jJ µ;,.q p;,.q. As noticed in § 2 in this chapter, the sets of p;,.q 
J=l..,.=lq=l 

satisfying the latter relations are in general less in number than the sets of 
i . p;,.1 satisfying the former relations. Consequently, the number of the terms 

of 'ltfp is less in (S') than in (S), and the lack of the terms of the forms 
t-I LJ pl,, i J 

· II II ll x!,./mq in the solutions is less in (S 1 ) than in (S). The formal deter-
J=1 m=l q=I 

mination of the solutions of the form.(!) or(!') is possible for '1:-'lp in (S)C2l, 
but, in general, for w:p in (S'), this is not always possible.: However, 

Theorem II asserts the existence of the solutions of the forms (!'). This 

means that, under the assumptions of Theorem II, the formal determina­

tion of the solutions of the forms (!') is possible also for 'ltfp in (S1). 

§ 4. Simpler form of the equations. 

By the previous paper'3), if we operate X-µ; successively on the solu-

1) Urabe, ibid. , 1 
2) Up to the present, the coefficients of IT II IIx;,, Pmq are put zero merely for the sake of 

j m q q 

simplicity. If necessary, we. may give them arbitrary values. Thus, the formal determination 

of the solutions of the form Cf') is possible for ~-:P in (S). 
3) Urabe, ibid. 
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tions g}pf of the characteristic equations (3.1), then, after certain times, 
. I . . 

they become identically zero. By (X - µ,1 )Qt uiP1 , we dE-note the first which 

identically vanish. Then Qf:.?:Pt . Put 

(4.1) (p = 1, 2, ... , Qi). 

Then, from (3.1), we have: 

for i= a, G1p = U'ip; 

( 4.2) Gi Q'i: = Uzpf, 

Gx - ., +..+.'" 
l QT-1 - glP~-1 'J:'111' 

for i = x, 

<l>f1 +(X- µ,.,)<l>f2 + ... +(X- µ,.,)PT-l<J.>jpf, • 

: Q"'- pf-I ., Q"-2 
G'i'1 = (X-µ,.,) l <f.>11 + ... +(X-µ,,,) l <I>jpi • 

Thus it is readily seen that GTv and Gfof-Ff+I, ... , Gfo; are independent· 
from one another and Grl' ... , G7Q!-P"l are polynominals of G{,.q (i.s:x--:.1).cn -

From (4.1), we have: 

(4.3) 

These are of the same form as (3.1} in which <I>fv vanish. Therefore, per~ 

forming the same process on (4.3) as on (3.1), we have: 

[ t P-1 tp-2 . ] 

(4.4) Glv(cp(x)] = At (p~l)!Gf 1(x)+(p~2)!Gfi(x) + ... +t0Giv-iCx)+G:v(x) , 

In the same way as we have deduced (3.9) from (3.8), by the suitable linear 

transformation F'.,.= 1kl';,G'1 , we can transform (4.4) into the equations of 
the following forms : 

(4.5) (p =1 , 2, ... ; QI). 

R L1, . 
Here ll'k~ll=K' are such that K'=~ ~ EB'Kf, where 'K! are the matrices, 

t=! I=! 

of Ql-th order such that 

(4.6) 'Kt \1 0 ............................... 0 \ 1 0 ......... 0 
Xtto -----------

: -----·xi 1 \, 

.. 
0 ......... 1 ~i 

1) Urabe, ibid. 
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Here "'~ can assume that 'Kl have the forms as folloW'S : 

( xo •··O') 

·'Kf (~t O)\' 
Kf Kf 

I 

wher~ _Kt and K1 are of the forms : x : and Kf are of Pi- th order. 

'rbe:n it is evident that 

( 4.7) Ki ;\, Q ••• · ••·••••• 0 
\jtJ ·•. 

: ·. 0 
X ... '..: X 

A-10·········0'·. 
l \ 1 

0 

. . 
0 ······ O 1 \, 

1f we write F:,.= 1k~G·1 as follows: F11.= 1k~G"+ 1kK,G'", where a=(:1 ), 

... , (;Qt-Pf) and w=(z~:- P}+l), : .. , (zt;), thEn, for the solutions g! 11 

. of the forms (3.2), we have: F11.= 11<t,'i" + ... , where ;;; =(z/-(Q:-Pi)) for 

~ =( l~) , and, for µ-(zJ~ _Pf+ 1 ) , · .. , .. · · · , (zt) , from ( 4.7), we can 
-µ • 

identify ll'ktll = Kt with Kl in § 2. Therefore, for the variables x , m 

the same way as (3.10) is deduced, the following is concluded: 

(4.6) I F1v _ xtJl+····_··, 

FfJJ - Xlp-Qf+Pf + ···' 

(p = 1, 2, · · · · · · , ~ = Q1) , 

(p = Qf-Pf+l, ······, Q7). 

Moreover, from the properties of GfJI> itis easily seen that Ff1 , • •·, F1Q1- pf 
are polynominals of. F:,.q (isx-1). 

Thus we have 

. 'Feorem III. We affsume the same conditions as in Theorem II. We consider 
the f uuctional equations as follows : 

(p = l, 2, · ·· , Q:). 

. When we trans! orm the variables xµ and the functions qf by the suitablt 

transformation as follows: xl-'=t~xv, ;;µ=t~<pV, then 

and there exist regular solutions of (Si') such that 
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(Fi') { tor_ p = Qf-Pf +l, ··· Q:, 

forp= 1,2,, ... , QI-Pf, Ft,, is a poly?Wmial of F!.." for 
j~i-1. 

In the form, the equations (Si') are simpler than the equatioµs (S) or' 
(S'). However; the number of the equations (Si') is in general greater t~ 
n · the number of the variables, and their solutions are not independent from • 
one another on the whole. 

(To be continued in our next) 
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