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Preface.

By means of the iteration method, Schroder® has solved the functmnaL
equation as follows: flp(a)l=1f(x), where () is a given regular function:
such that the expansion of (&) is as follows: @(&)=rx+-.., and IM>1
or < |A|<1. In 1945, Fukuhara® has extended the equation into those of
many variables. For the given functions ¢*(x) such that ¢"(z)=ga%2" +~-~ '
(det.|a’|=-0), he has considered the functional equations as follows:

flep@)] = Nifu@)+8f - (2)+ W (2) , .

where )\, are the eigen values of ||aV || and & is an arbitrary number. sin\:h\
that | 8] is sufﬁmently small and V¥,(2) are the suitable polynomials of th&
functions f,. Under the condition that the absolute values of all the elgen
values of ||at|| are less or greater than unity, he has solved the equatmns.
In this paper, we study the extended equations of Schroder from
different point of v1ew : .
In Chapter I, we add some remarks on Fukuhara’s paper. In Chapter II,‘f
we consider the transformation ¥ : 'a*=¢"(x). Assuming the existence of
one parameter group of the transformations containing ¥, we show, that
the equations of Schroder resemble closely to the finite forms of the
characteristic equations® of a linear homogeneous partial differential equa;
tion. Thus, when some more conditions are satisfied, by making use of
the results of the previous paper,? we easily get the solutions of the
equations newly obtained. In Chapter III, we study the fundamental
theorem which plays an important roll for the subsequent discussions. In
Chapter IV, we consider the conditions assumed in Chap. II, and we ﬁnd
that, when the absolute values of all the eigen values of ||a}|| are less or
greater than unity, there exists a one parameter group containing the’

1) Schrider, Math. Ann., 1871.

2) Fukuhara, Kyasha-Teikoku-Daigaku Rigaku-Hokoku, Vol. 1, No.2 (1945).
3) Urabe, This Journal, Vol. 15, No. 1 (p.25).

4) do.

—113 —



- To - . N ' A

mven transformatlon When the L-th determinant divisor of I is unity,
;there exists a group satisfying all the conditions assumed in Chap. II and
tlge equations obtained in Chap. II completely coincide with the equations
”bf Schroder. Thus, we see that, in this case, the conditions assumed in
%Cbap II, although apparently complicated, are weaker than Fukuhara’s.
When the L-th determinant divisor of 9 is not unity, the conditions in
”Chap I and II, slip out each other and the equat10n= obtained also do,
although they resemble closely. In Chapter V assuming that the L-th
determmant divisor of IR is unity, we show that there exists no other
_’group possessmg the regular operator funcmons than .the groups obtamed

Apart from consuieratmn of the equations of Schrioder, the results
f;,obtamed in Chap. IV and V cseem to Be of much interest of themselves.
;‘E‘mm our results, it seems possible to study some characters of continuous
- groups of transformations by means of the finite transformations.
Weakenmg of our conditions and apphcatlon of our reeults are problems

remamed unﬁolved

Chapter I Equatlom of bchroder of many variables.

§1 : Preliminaries. )
. . Given a set of n functions @"(x) of n wvariables &” such that ¢"(x)
are regular in the vicinity of #’=0 and the expansions of these functions
“are as follows: - :

?i(l; 1) ‘ M) = AR A eeeee @

where det. IavH:O and the unvmtten terms are those of the secorxd and
hlgher orders.® Let the Jordan’s form of the matrix A=[laj| be 4. We
wmte A as follows

. R L
1.2 A = TAT ! = EZ@AZ ,
- where YD denotes a direct sum of matrices and A} is a matrix of Pz?-th'
-~ order which has the form as follows: Aj=(2,0----0y®. Here & is an
_ . Py : - ‘

08 !

P 0

0ueeeee § 2,

" 1) Cf. Chap. III, §3.
2) eyx’ means Za‘v‘x" . In the following, as here, we use the convention of tensor calculus.
. V=1

3) In the following, we agree that the unwritten ters in the expansion formulae denote
the terms of the higher orders than those written explicitly.
4 A1, A2s ceeeren , Ar are distinct from one another.
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maxrix A. From det.|A|==0, A =0.
After Fukuhara, we assume that the absolute values of all the exge
values ‘are less than unity, namely o S T

(1.3) ‘ 0<|n|<C1
We consider the following relations

(1. 4) , A, = APi)P:

for non-negative 1ntegers D1, Ps v s Dy Such that p,+Dy+er +0= 2. ‘Wseﬁ
arrange A, €0 that X\, (a——l 2,...,8) are not expressed as (1.4) and x

(#=S+1,...,R) are expresced as (1 4) and moreover |Ag,,|=|hguz|=.. g;
[Ag]. Then the relations (1.4) which really hold are of the forms as‘l
follows :

(1. 5) Ae = APIAD2 Ao

We denote the,eigen value by A{,, which is a (p, p)-element of A,, and
we express the relations (1.5) as follows:

. o L, Pl ;«.
(1.6) o= [ [T [l N
) i=1 l=1 p=} - ’

o1 Li Pl @ o 2
Wwhere p“, are non-negative integers such that 2 N 2 Pir=2.

t=1 i=1 p=]
Then the equations of Schroder of many variables which Fukuhara bhas -

obtained are written -as follows:

(1.7 Fiol@(@)) = N fin(®)+8fip (%) + Why(z) ,©

where V¥;,(2) is a suitable lirear combination with constant coeﬁicients'
-y L3 Pl S e L P g
[_]1 m[=] q]_] fra (‘x) ™ for all sets of p,,.q satisfying k—l]l 1 n[]l q]]l A
Assuming (1.3), Fukuhara has solved the cquations (1.7), making use Of
transformation of the equations themselves. In this chapter, first, modifj)—
ing his method, we solve the equations (1.7) directly, and next we add'v

some remarks.

§2. Formal solutions. :
In (1.2), put T=| ts||. We consider the transformation of the variables -

&’ znd the functions ¢’ as follows: z*=tla", p*=typ". Put fio(a)=Fin(T ) -

=fi,(%), then the equations (1.7) are transformed into the equations

1) fi =0 . Hereafter we use this convention.
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Put T-'=|| TV||, then o"(a)=

;qzz‘f(x)_:tﬁax,x“’+~-=t§,‘aX,Tg’5c°+---=</7*‘(97:). By (1. 2), || t8a’T¢ || =TAT =A.
“Therefore we can write (%) as follows: :

@2 GHE) = PioE) = MyBly+ 0%y +eere D
‘We seek for the formal solutions of (2.1). In the following,'® for

?_zre\nty, we drop the bars. After having differentiated both sides.of (2.1)
f!mth reSpect to 2°, we put 2z ——0 Then we have recurrmg formulae

i

lents of ¥i,. Thus we see that the equations (2.1) have the formal
-golutions as follows:

2:3) ) fis(@) = @ip4eeee s
i?» -1 L; Pm ;I
where the coefficients of [[ 7 [] Zne ™ are put zero.”> For these solu-

J=1m=14¢=

ions, the coefficients of Wi, are uniquely determined, consequently the
‘;form of the equations of Schroder are uniquely determined.

;/

§3 Convergence of the formal solutions.
" Modifying Fukuhara’s proof, we directly prove the convergence of the
formal solutions obtained in § 2.
=+ We take positive numbers A, such that 1”>A;>|)\,|. Let the maximum
;values of A, be A. Since ‘A< 1, if we take a sufficiently great number
‘N, then A"<|\,|. In (1.2), & is arbitrary, therefore we take |5| so small
5that [n] +18|<A,. If we take a sufficiently small #, then, from (2.2),
/for[x"ler, ‘

3.1) | @ia(@)| <Al

,""where |a,|——max |z*|. We denote the sum of all the terms of at most

1) For p=1, there does not appear the term %}, =xi,_ ,. Hereafter we use this convention
% 7..2) In §2 aad €3 of this chapter. ’

< 3) The process of determination of the values of the derivatives is quite analogous to that
) R .

o o P
--in. the paper: Urabe, ibid. The coefficients of HI[IIxf,W Pimg can be taken arbitrarily, but, for
Jmq

_simplicity, in this paper we put these zero.
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(N—1)-th order in the formal solutions fi,(x) by Pi,(x). Then, for |z|< i
there exists a positive number 4 such that o

(3.2) | Pis )= N Pip(#)— 8Pl (2)—Vis(P) | S A 2| 7,

where ¥;,(P) are the functions which are obtained from W¥i{,(x) by sub-
stituting P, for fi, . . B

We consider the family g, of the functions f¢, which are regular for
|#|<r and satisfy the following conditions: - K

(3.3) | fin (@) — Piy(@) | < Kby || .

Now, from (3. 1), for |2|<r, the following functions are also regular: |
(3.-4) i) = | fin @) =8t ()= Win1)] |
Now it follows that

(3.5) ftr(@)—Ph(a) = %‘[ﬁp(go)—Sffp_l(x)—wzp(f) —xiP:,,(o:)] |

= L] fie)—Piston) |+ = | Piotg) -1 PL—8Pip = (P)]

o[ 3Pla=8 (P~ W]

Now, there exist the positive numbers Bf, such that, for |z|<r,
(3.6) [8P}, ,—8ftr1 + Vi P)—Wi,(f)| < Bi,'Kiy | 2|7,

where 'K}, = max. K},. From (3.3) and (3.1), we have:
J<t, m<l e

(3.7) | fio()—Pin(p) | < Kip | o |V<KipA¥ ||V .
Thus, from (3.5), (3.2), (3.6) and (3.7), we have:

Kip A"+ A +Bly Kly o

1 Ppr
lflp lplg |Xi|

Thus, in order that 'fi,(x) also belongs to the family 3j,, it is sufficient
if _
(3.8) KipA™ +A+Bly'Kly < Kip |\, -

Now AY<|)\|, therefore we can take Kj, successively so great that (3.8)
hold. For such Kt,, 'fi.(z) belongs to the family &, . ‘ ‘

Then, applying successively the theorem of existence of fixed points
on Fi», we see that there exist regular solutions of (2.1). Now, for suffi-
ciently great N, the formal solutions of '(2. 1) are uniquely determined for
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glven P,,,(a) Thtis we can conclude that the formal solution's (2.3) con-
verge for ]wlgr, namely they express the regular solutions of (2.1),
‘consequently the regular solutions of (1.7).

§4. Modification of the equations.
" For the simplicity, we transform the equations (2.1) into those of the
same forms where 8—1 For this purpose, we put as follows:

@ =", 9t =" P, i, =" PR,
- Substituting these into (2. 1), we have :
(4.2) | Fialg(@)) = MFis®)+ Fino(B)+ Vin(E) ,

where ¥;, are of the same forms with respect to fi, as ¥;, with respect
‘10 f}», and differ only in the coefficients. Now, from (4.1), it follows
that

, - Pi- _ B ~, o~
-(4.3) Pl = 28" p()&tx,p+8x§p_1+-") = N&ip+ Tyt 5

and, for the solutions fi, given by (2.3),

) Yy Pg"P =7 ~
(4.4) ‘ fis(®) = 8 (Zip 4+ J=Tlp+
-1 L; P ;1 ‘
where all the coefficients of [] y/i [] x),™ vanish. Thus, if we regard the
J=1m=1¢=
- functions f;, and ¢, as the fun(;tlons of the variables zj,, then, from

(4.2), we have:
(4.5) Fiol@) = NFio(@) + Fio (2) + Win(2) -

Thus we see that there exist regular solutions _}‘:,, of the equations (4. 5),
where ¢}, and fi, are expanded as (4.3) and (4.4) in the vicinity of
#{,=0. These solutions f;, are formally determined directly from (4.5)

in the same way as fi, from (2.1),-and, for these solutions, the forms of
" the equatlons (4.5) are uniquely determined.
R

" Put 2 Z}EB A=A = ||8“]| where A; is a matrix of P;-th order which

has the form as follows: Ai—8P10 ...0y. Then it is evident that
0 BP 0
: "5 0 ;
(| D 0 1 Torosar ;
ASAYAD T =A}=(7, 0--0Y. Put AT=S=|s%|, then it is rcadily seen that
R P ) |
0.1,
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- _ . R L
(4.6) A =545"= 3D 4.
i=1i=1

From (4.1), we have;

-~

(4.7) ot = sha’, ¢* = sigv and F* = §if.

The last formulae give the relations between the colutions of the initi‘al
equations (1.7) and those of the transformed equations (4.5).

§5. The case where the absolute values of all the eigen values are greater
than unity. )

In this paragraph, we discuss the case where |\;|>>1. Fukubara has
not discussed this cace sufficiently, but he has only showed the existence of
the solutions. As the remark to his paper, we give explicit forms of the
colutions and we show that the same results really hold even in this case
as in the former case. s

In the following, we study the equations (4.5) instead of (1.7). Con-
sequently, hereafter we drop the tilde on f;, in (4. 5).

Put

(5.1) gt = @) = ayx’+----- .,

then, from. det.|ay |== 0, we can solve the above equations with respect
to z” as follows:

(56.2) . L A— ql,n"(’x) = b‘é Tg™ eevens .

Then it is evident that B=|[b|—A-%. Let the Jordan’s form of B be B,
then it is readily seen that, for a suitable matrix U=|«}||,

o R L:
(5.3) B=UBU' =335,

where B! is a matrix of Pj-th order which has the form as follows:
Bj=¢)\.0---0\. Here A/ are eigen values of the matrix B and \=1/X,,
1A : '
0 .
: 0
0.1
consequently |A\;|<1.

By §4, if we put 'z’=wu\'2", then, for the equations

(5.4) i) = A1)+ fipa () +W0(12)
there exist regular solutions 'f;, , which are expanded as follows :
(5. 5) /f;p = ’@;‘p.*. ...... ,



" M.URABE'\ :., Ll e * A‘:,‘_ ‘:. ‘4 . .(Ivol'(ls =

t

oy Py o
where all the coefficients of the terms [] g qu vamsh Here

L Ly
1!
=1 Ly
’\I':,,(’a:) is a suitable linear combination of [] ]] ’a:) i for all sets
- JE1m=)
-1 Lj P "
f 'p,,.q satisfying A, = [] )/ ]] 2L Pmi, Since {_l/x,, the set of ’p,,.q is

—1 m=1q=
-1 Lj Pm t
the same as the set of pj, satisfying = [] g Ay P

J=1m=1¢=
In order to solve the equations (5.4) with respect to ’f‘p(’x) we use

a leramia. We attach theé non-zero numbers Ais Ags ... s A, to the variables
%y, Us, ... ,u, Tespectively. For the monomial wuPiu??, b, we call the
number A?2%.A2" the order of the monomial. When a polynomial f(u)
isa sum of the monomials of the same order, we call the common order of
each monomial the order of the polynomial. Then we have the following

1¢=

‘Lemma. When f(u) (i=1,2,...) dre polynominals of the order w,, then

[Z [f(u)P! is a polynomial of the order [[ wlt.

" Proof. For the monomial u?...u2" of the order u,

(5.6) O PO P2 )P = e

and conversely, when (5.6) holds, the order of wPL..u" is 4. In order
that the polynomial f(u) be a polynomial of the order w, it is necessary
‘and sufficient that f(AMu)=pf(u). Then we have:

mfi(xun‘” = [Jluf Q) = [J - U}

From this, the order of J7[f(w)f" is [Jul?*. Q.E.D.
I3 : [}
Solving (5.4) with respect to 'fi,('xz), we have:

(5. 7) (') = Mf1(@)— (NP oy (&) + o + (= 1)) fh (%) + " Wip()
-1 Lj P
where ¥}, is a linear combination of tﬂ )i [] "fia (a,)”"w, for all sets of

1m=1
-1 Lj Pm ‘

p,,.q satisfying \,= !]1 "Z]l ﬂ pEM P,

By induction, we prove (5.7). For i=l=p=1, since 'V};('2)=0, (5.7)
is valid evidently. We assume that (5.7) are valid for j, m, ¢ such that
that j <i, m <!, ¢<p. Then, if we attach the number 1, to 'fi.(x),
‘then, by the lemma, it is readily seen that /f},('z) is a polynomial of the
order A;. Thus, by the lemma, we see that '¥{,(’'x) is a polynomial of
'fri(x) of the order »,. From (5.4), it follows that
(5' 8) ‘ ’ﬂp('x) = >"z[, §p(a:)—’f§p_l('x)—"I’%,,('.’L')] .

By our assumption,
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1t ()= Pl s ()= (M) Fip (&) 4 o+ (=120 )=V i) + Wy ().
Substituting this into (5. 8), from the above mentioned, we have (5.7) for
i, 1, p. Thus (5.7) is valid for any i, I, . ’
- We write (5.7) briefly as follows:

(5.9) 'fillx) = e'f'(x)+'¥H(x) .
By the linear transformation 'f*=Iy7’, (5.9) are transformed as follows:
(5.10) ) = Leenlsf(x)+¥¥(z) ,

where ¥*(2) is of the same form with respect to f*(x) as '¥*(z) with.
respect to /'f*(z). Here L={||I}|| is a direct sum of the matrices of Pj-th
order corresponding to the bleck of ||e||=F and ||LY||=L"'. Now; it
is easily proved that there exists such matrix L that LEL=A. If we
take such L then (5.10) becomes the equations of the forms (4.5). Now,
since E=B- 1, putting L 'U=V=]||v}|, we have: VU B WUV 1=A.
From (5. 3), it follows that VBV~ l=A, namely

(5.11) VAVl — A .

Now, from (5.5), it follows that 'f*(x)=« +...=uj2”’ +---, consequently
@)=Ly f'(2)=Liudx" +--- . If we transform the variables a* to z* by the
substitution z*=o%2”, then it follows that
(5.12) FU@) = T eeens

If we transform the given functions :p to 99 by the substitution (p f=—vip”,
then, from (5.11), the expansions of ¢* are as follows:

(5.13) ;oﬁp = xgx{p_;.g;gp_l.;. ...... ]

Since at=vta’=Liz", making use of the lemma, it is readily seen that all
i—1 L
the coefficients of ﬂ 17 [] PR 1’”‘" in f{,(x) vanish, because all the corres-

1m=14d=1

ponding coefficients in 'fi,(2) vanish. Then, the solutions given by (5. 12)
are quite the same in the form as the solutions in the case where |2, |<1.
Thus we see that the results in §4 are valid also in the case where
A >1.
Summarizing the results in this chapter, we have
Theorem I. For the given regular fumctions ¢*(x)=alx’+.--, (det.|a}|==0),
we assume that the absolute values of .all the eigen values \,’s of the matrix
lla}|| are either greater or less than wunity. We consider the functional
equations as follows : '
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() L fele(e)) = M)+ Fip @)+ Via)

where ‘I’ip(w) is a suitable linear combination with constan coefficients of

-1 Ly P},
/] y/4 ]] fia (x)pm for all sets of mnon-negative integers pmq satisfying
1m=14q

-1 L.f Pm iy -1 Lj Pmt . .
M= I 11 33, D1, (Z o 2%422) We consider the linear transfor-
=1 m=14¢=1 =1m=1

mations *=t'z’ and go“ztvcp” such that the expansions of (7)“ become as
follows :

(®) : Plp = xiw;p‘*“x;p-l*‘ ...... SR

Then, for the equations (S), there exist reguler solutions fi, which are ex-
panded as follows :

(f) fzp = Egp_i_..-!... ,
=1 Ly Ph

where all the coefficients of ]] [] ]] & Dl vanish. Moreover, these «‘olu-
=1 m=]4q=

tions are formally determmed dmectly from the equations (S), consequently

the solutions of such forms are unique, and, for these solutions, the form
of the equations (S) is umquely determined.

_ Chapter II. Equaitions of Schroder and characterlstlc equatlons.
§ 1. Preliminaries. :

For the given functions ¢"(%), we consider the transformation
(1.1) T: = (@) = afa’+eeeer, det.]at|+0 .
We assume that there exists a one parameter group (55 of traneformatlons
which contains the given transformation £. We take a canonical parameter
t» and assume that, for t=t,, the transformation of & becomes the given
transformation. Let the operator of & be X—g“aa . We assume that &*
are regular and the expansions of £* in the vicinity of 2"=0 are as follows:

(1.2) . , ) = Y+ enen

When all the eigen values of ||¢}||=C lie in a convex domain which does
not-contain the origin, in the previous paper®, we have solved the charac-
teristic equations of the linear differential equation Xf=0. In this chapter,
from the characteristic equatiozis of a linear homogeneous differential
equation, we deduce the ‘equations of the analogous form as the equations

1) This is always possible.
2) We assume that 7 is real
3) Urabe, ibid.
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of Schroder (S) and, making use of this result, we solve them. Besides,
by means of the results in the previous paper'’?, we get a new form of the
functional equations simpler than those in Theorem I. '

§2. The relation of the eigen values of 4 and C. o
The finite transformations of & are obtained by integrating the follow-
ing differential equations and by putting 'a*=s" for {=0,

1pstt
d e = ) .

(2.1) dt

The results integrated are as follows: ‘z*=¢'*(2"), therefore the finite
transformations of & are expapded in the vicinity of &"=0 as follows:
(2.2) | = (e

By our assumption,

(2.3) al(ty) = al, «oeee .

Substituting (2. 2) into (2.1)®, by comparison of the terms of the first order
of 2*, we have da;"igi)zcﬁ,at;’(t). Put ||a¥()]|=A(t), ||a¥||=A, then

(2. 4) d—‘%ﬂ — CA(%) -

Integrating (2.4), we have A(t)—e?. From (2.3), it follows that
(2.5) A = A(t) = €'C .

Let the Jordan’s form of C be Co’, and we write C as follows :

° R L,
(2.6) C=508'=33®C, C= (Mo.--om
i=11=) :

1 p, N
RN |
V0 1 Y7

where Cj is a matrix of Pi-th order. Then, from (2.5), it is readily seen
that the Jordan’s form of A is written as follows:

° R L .
(2.7) A = S A, Al = /M 0.0\
=1 1= 1)\": :

Nian/.

~ 1) Urabe, ibid. i ) o o
2) When the number of the paragraph denotes that of the same chapter, we omit the num-
ber of the chapter. : : : - Co :
3) Wi g, e, Wty are distinct from one another.
4) A1 A2, -..-.. AR are not necessarily distinct from one another.
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where A! is a matrix of Pi-th order and

(2.8) : A = el
Now, from (2.6) and (2. 8), it follows that
(2.9) etoCi = [ N 0 .- 0 0)
' Nito N :
A Mty
2’ Y0 . .
: e 0
t,F1- 2t Pi-
\M(P‘ 1)' (P‘ 2)' “Mbo M)

&
Therefore there exists a matrix K= 2 EGB K} such that Kje'C(K;) = Af

t=11=
and K; are of the form ( x 00\ Then evicently it follows that -
X x )

rex
(2. 10) KetoCK1 — 4 .

Consequently, from (2. 6), we have: KSe'CS 'K-'=A. From (2.5), putting
KS=T, we have o
(2.11) . TAT-' = A .

By our assumptions on u,, there exists a line L passing through the
origin, in one side of which all the eigen values y, lie. " By p(x,), we denote
the distance from the point u, to' the line L. By pu, (¢=1,2,...,S) we
denote u, which is not expressed as follows:

(2.12) Ty = p Dyt peDyt e+ ppPy ' ,

for non-negative integers (p,, Py, ... ,Pz) such that p,+p,+--+p=2. By
ps (x=S+1, ..., R), we denote p, which is expressed as (2,12), and we
arrange u, SO that P(prss1) < P(s42) < - < p(pg). Then the relations (2.12)
which really héld, are as follows:

(2.13) My = @D+ peDa+ e+ iy -

When the relation (2. 12) holds, from (2. 8), the following relation amOng o
holds :

(2.14) A = AR ARk,

However, when (2.14) holds, (2.12) does not necessarily hold. By ui,, we
denote the eigen values of C which is a (p, p)-element of Ci, and we write
the relation (2. 13) as follows:



’ ’ . - ‘ i-1 LJ Pm : t o
(2. 15) Hny = E 2 2 F'm'lpm .
J=1Mm=]14d=}
§3. Integration of the characteristic equatlons
By the definition, the characteristic equations of the linear homogeneous

differential equation Xf=0 are written as follows:

(3.1). Xgi» = Mz’g{p"‘ggpﬂ"'q)%p ’
-1 Lj Pm iy
where g{,.=0 and ®;, is a sultable linear combmatlon of /[ Il ]] O Py
1m=14¢=
-1 Lj P
for all sets of p,,,q such that u,= Z e Z,Umqpmq- By the previous paper,™®
J=1m=1¢=1

if we transform the variables 2* and the functions £ by the substitutions
F=sls’ and E*=st&’ where ||st||=S given by (2.6), then there exist
solutions ¢!, which are expanded as follows:

(3- 2) ggp = @fp-f- ------ R
-1 LJ Pm iy ’ .
where all the coefficients of /] nia #,Pm vanish. By these substitu-
1m=14¢= .

tions, from (2.6), it is evident that the functions &* are expanded as
follows : )

(3.3) Ely = i, Ty, e .

Aftér having substitutéd 'z* for a" in (3.1), making use of (2.1), we
integrate the equations (3.1). The results are as follows:
(3.4) | |
_omt] P!
gio('w)=¢e" [(p 1),gu(w)+(p 2),914(4')“" +tgzp (@) +gi(2)+¥iy(w, t)]

where ¥},(z,t) is a linear combination of /] ]] ]] o (z)qu for all sets of

Lj P
p,,,q such' that = 2 E M ,u,,..,p,,.q and its coefficients are polynomials of t

1m=14q=1

having no constant terms.
In order to prove these results, we use a lemma. We attach the numbers .
15 s oee s hn £O Uy, Us, ... , U, TESDPECtively, and we call the number u,p,+
HgDs+ -+ u,p, the exponential order of the monomial wbul... .l If a
polynomial f(u) is a sum of the monomials of the same exponential order
u, then we call p the exponential order of the polynomial f(u). Then we
can easily prove the following '

Lemma. If f,(z;) (i=1,2...) are polynomials of the expomentigl order v,
then JI[f.(u))?* is a polynomial of the exponential order ) v,p; .
o ‘ : i

1) Urabe, ibid.
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Proof. For a monomial of the exponential order s,
(3.5) (e"1u,)P...... (e"mu,)Pr = e*uli ... .ub",

and convercely, when (3.5) holds, the formal exponential mdex 4 is the
exponential order of the monomial. For a polynomlal fluw), in orcer that
the polynomial f(u) be a polynomial of the exponential orcer u, it is
necessary and sufficient that f(e"lu,, ..., ¢""u,)=e"f(u), where x is a formal
exporxentlal index. Then it follows that ' o

y/i ()t = [le"f )t = eFib JIUf )P

Thus the lemma is proved. Q.E.D.
- Now we shall prove (3.4). For i=Il=p=1, substituting 'z’ for 2" in
(3.1), we have: £(2)°%{%)=,q1,(x). By mcans of (2.1), this is written

al
177 :
as follows : dg z&ﬂ=mgh(’x). Integrating this differential equation, we
have: gl,('w)=ce™’. From the initial condition that /a"=a’ for t=0, we
have: -
(3.6) gh('z) = e"gly(x) .

Namely (3.4) is valid for i=lzp=1. We assume that (3.4) are valid for
jsm,q such that j<i, m<l, ¢<p. Substituting '2” for " in (3.1), by
means of (2. 1), we have:

3.7 - dg,,,( ) — = wiio('T)+ glp_1 (') + Pi('2) .

If we attach the numbers u; to g),(2), by our assumption and the lemma,
gm('®) is a polynomial of gn.(2) (K<7) of the exponential order x;. There-
fore, by the lemma, ®i,('x) is a polynomial of gJ,(x) of the exponential

orcer u;, therefore ®;,('z) is of the form as follows: ;"2 )=e"? Wiz, ),

i-1 Lj P ty
where '\If“,(.x, t) is a linear combination of ]] ]] [] g,,,,(m)”m and its coeffi-

cients are polynomials of ¢. Then, by our assumptxon, from (3.4), (3.7)
is written as follows: :

. d B ,w ° " tp-2 ’ . . , . i
1000) — g () + 0 [ s g+ et @) + i a(®) |

L et [\lf;‘,,_l(x, £) o+ W2, t)] ,
Integrating this differential equation, by means of the initial condition, we
have (3.4) for 4,1, p. Thus (3.4) is valid for any i,1, p.
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“For t‘—to’ ’w“=¢”(w) and, from (2 8), e™o=),. Thus, for t=t,, (3. 4)
are writlen as follows

(3.8)
7 " tO 4
gilp(2)) = [(p 1)'!]:1( )+(p 2),gz2(9«)+ “+109ip-1(2)+ gin(X) + \lfu:(a')]

where '\Ifip(:v)=‘1’zp(9«, ty)-
If we put f*=Kklg’ where ||k%||=K defined in §2, then, by the same
reasonings as on Chap. I (5.7), making use of (2.9) and (2.10), we have:’

3.9) ‘ fis(p) = N fis(@)+ fln- l(x)'*"l’ztp(x) ’

‘where ¥i,(2) is a linear combination of /] ]] [] f,,.q(a)”z"'l . For the solu-

1m=1¢=1

tions g¢, given by (3.2) of the characteristic equations (3.1), from f'=
kig’, we have: f'=k{Z" +...=kVsba” +---. Put ||[klsh||=KS=T=||t}| and
at=tla’, p*=1tip". Then - :

(3.10) Ly == Ly deeeees ,
and, from (2.11),
(3.11) ;ﬁp = X15§p+9~3§'p_1+ ...... .

From zr=tla’ and z¥=sl2’, 2*=k!'Z’, consequently, from the lack of the
i-1 L; P ; -1 Ly P m ~, 1 j
terms [ [] m in gi,, there do not appear the terms [] ]] . Pme

J=1m Jj=1m=14¢
in fi,.

Summarizing the results we have

Theorem II. For the given functions ¢"(x) such that o*(a)=ala”+......
det.la,vlzi:O, we assume : :
(i) there exists a one parameter group of transformations which
contains the transformation 'z*=q¢"(x),
(ii) the operator functions £ of that group are expanded as follows :

(iii) all the eigen values o f the matriz ||c§i| lie in a convex domain which
does not contain the origin.
We consider the functional equations as follows :

(S') f{p(¢) = 7\'iﬂ:z(‘v)“"fitlo—l(x)“"‘l'fm(a’) >

where Vi, (x) is a suitable linear combination of /] ]] ]] Fh 1””'1 for all sets

1m=14¢=
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SN ' . Ly P}, o ‘ "
of ph, such that p=— Z Zl"mqpmq When we transform the variables

m=19=
x* and the functions <p“ by a smta,ble transformation as follows: z*=tiz",
p'=tiep’, then
(e") Ply = AT lp +Blp g drerees ,

and there exist regular solutions of (S') which are expanded as follows:

(fi) ] ftp = &ipdeeeene ,
-1 Lj Pm~ i
where all the coe/ﬁczents of the terms ]] 17 ]] X Pna vanish.
J=lm=14d=

The equations (S’) obtained by integration of the characteristic equations
(3.1) resemble closely to the equations (S) in Theorem 1. The equations
(8'") are the finite forms of the characteristic equations of a linear homo-
geneous,partial differential equation. The solution ff, given by (f’) are
linear combination of the solution gj, of the characteristic equations,
consequently, by the result of the previous paper®, fi, are easily obtained.
The equations (S) and (S’) are same except one difference The diffe-

rence is only that, in the equations (S) the set of numbers p,,.q satisfy =

i~1 Lj P m ‘
[[ [[ M,.Pm | while in the equations (S’) the set of numbers i satisfy

P, i

=2 2V 3 pihy Py As noticed in § 2 in this chapter, the sets of piw
=1 .

sat1sfymg the latter relations are in general less in number than the sets of

pm satisfying the former relations. Consequently, the number of the terms

of Vi, is less in (S’) than in (S), and the lack of the terms of the forms

-y Ly P t;
' ﬁ I J] % ,pm in the solutions is less in (S’) than in (S). The formal deter-

J=1m=14d=1 ,
mination of the solutions of the form (f) or (f’) is possible for ¥}, in (S)®,

_but, in general, for ¥}, in (S’), this is not always possible. However,
Theorem II asserts the existence of the solutions of the forms (f’). This
means that, under the assumptions of Theorem II, the formal determina-
tion of the solutions of the forms (f’) is possible also for ¥{, in (S’).

§4. Simpler form of the equations.

'By the previous paper®, if we operate X-u, successively on the solu-

1) Urabe, ibid.

2) Up to the present, the coefficients of IITIMx), p""l are put zero merely for the sake of
simplicity. If necessary, we.may give them jarbxtrary values. Thus, the formal determination
of the solutions of the form (f’) is possible for ¥¢, in (S).

3) Urabe, ibid.
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oxTIGNs oF scukober

RSN

tions gfp: of the charactetistic. equations (3. 1), then, after certain tlmes,k

they become identically zero. By (X—pu,)@ig; pi » we denote the first thch:f_

identically vanish. Then Q{=P}. Put
(4.1) — (X— )P g pt, »=1,2..,Q)
Then, from (3.1), we have:
for i=a, G35, = 95 ;
(4.2) Gigr = 9iry»
Gy gz-1 = 9ipr-1+ PPy s

for i=ua,

H @ _ pr_1 " z_
\ = (X— )P @ e (X — )V 20

Thus it is readily seen that Gf, and Gjgs_fps41,..., Gjoz are independent -

G?_Q‘{Qp’f-!—l = g71+¢?2+(X_#m)¢?3+--- +(X—p,) P;‘—Z(I);:P?, .

707—}7? = (I,)71+(X—/‘z)q)§’z+... +(X——/LZ)P7—1(I)7P7, :

from one _énother and G7,, ..., G;’Q.;_ P2 are polynominals of G, (j<x—1).-

From (4.1), we have:

(4°3) XG:,, == l"tGgp“'Glip—l s (p =1, 2’ ces s Qf)'

These are of‘the same form as (3.1) in which ®:, vanish. Therefore, per-

forming the same process on (4.3) as on (3.1), we have:

(44) Ghlp@)) = M| 205 Gh @)+ s GHE) 4+ 86l (@) + L) |-

(p2

In the same way as we have deduced (3.9) from (3.8), by the suitable linear“’

transformation F*='k%G’, we can transform (4.4) into the equations of -

the following forms:

(4.5) lp(@)) = M F} (w)+F%p «(2), (r=1,2,..., Q).
Here ||’k%||=K' are such that K’—Z EEB’K where 'K! are the matrices
g=) = - B
of Q!-th order such that
(4.6) 'Ki e 0eeneen e, 0YCED ™ = n, 0 covveennn 0
: o el ' : 1 :
M .
tQ‘ (P 0 : o
(Q; 1)' ki(P{——l)!"'A‘itO p W Qcvveenne 1 PR

1) Urabe, ibid.
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Heré we cah assume that 'K! have the forms as follows: - 'Ki= Ilff 0 \)’

2
K; K}

where 'II({ and K are of the forms X(L 0 and K{ are of Pi-th order.
: | | P
< Xoeeeees X
Then it is evident that
'4-7\ Y 2 VK| 0 (B! = (A O ereenns 0%-
(( ) l A, ) (K; 1,
s 0 R
pi-in o
ty ¢ . : « .2
Xt*(?o%_——'—"l)! ""Q‘ 0 ...... 0 1 A’l

If we write F*='k'G" as follows: F*='kKiG*+'k5G", where a= (),

’ (,;Q%_ﬂ) and w‘—‘(lz):—P;—H) o ’(ZZ);)’ then, for the solutions gi,
of the.forms (3.2), we haw're: F“='lcé§5:"’1—... ) w%xere ‘T":(lpz—(Qt—P%)) for
© =( z;))' and, for p=‘(lé§'_ P +1), seedeneee (zé;)’ from (4.7), we can
identify ||'k3||= K{ with K} in §2. Therefore, for the variables z", in
the same way as (3.10) is deduced, the following is concluded:

(4.6) F(zlp =1 5;‘;1,.{_....‘_.. R (p = 1, 2’ ...... s ‘; = Qt“)’
F7 = E;?p—Qf-I-P‘?'F cen s (p = Q—P2+1, «-evee , ng .

Moreover, from the properties of Gf,, it is easily seen that F73,, -, F’707— P!
are polynominals of Fi, (i<x—1). -

Thus we have

. Teorem III. We assume the same conditions as in Theorem II. We consider
the fuuctional equations as follows :

(8") 1o(P) = MFL(@)+Fley, (0 = 1,2,-+, Q}).

When we transform the variables a* and the functions ¢* by the suitable
transformation as follows: z*=tlz’, q;“=t$(p“, then

(9" (;szxi;?fp"f" ;7%1:—1 +..

and there exist regular solutions of (S,') such that

— 130 —



|

(FY) | forp= Q=Pi+L - @, Fly=Zi, ot pi+
l forp = 1,2,,..., Q—Pi, ¢ is a polynomial of Fi, for
i<i—1. ’

In the form, the equations (S,’) are simpler than the equations (S) or-
(S”). However, the number of the equations (S,’) is in general greater than
n the number of the variables, and their solutions are not independent from

one another on the whole.

(To be continued in our next)
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