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§ 1. Intl'oduction. 

We consider the differential equatiOn 

(!. 1) 

where X, are regular in the vicinity of ,r, =0. When X, do not all vanish for .1:, =0, it 

is evident that the:re exist n-1 independent integrals which are regular in the vicinity of 

.r, =0. In this paper we consider the case where all X 1 vanish for ;i: 1 ==0. Expanding 

X I in the vicinity of ;i; 1 == 0, we write them as follow: 

11.2) 

Put 

" X; ==2'a11 .rj+ ...... . 
i=l 

II a;; II= A. We consider the following substitution 
n 

(1.3) Yi= ,J;sli .1:j, 
i=l 

where det. J s;; I =p0. If we put II s1; II = S, then, from (1.3), we have 
n 

(1.4) ;i; i = i.'8; k Yk, 
k=l 

where IISJkll=S-1 • By means of the substitution (1.3), the equation (1.1) is transformed 

to the equation of the same form as follows: 

(1.5) ~. y ;J_( -0 ..,_, ;---' 
i=l ay j 

where Y;=l'i;;kXk=l's;kak 181JYi+••······· If we put l'i;;kak 1Su=b1; and llb;;ll=B, 
k k, l,i k.l 

then B;:;RAS- 1 • Now, by the theory of matrices, we know that there exists a matrix S, 

by means of which the matrix B is made to have the Jordan's form, namely the following 

form: 

(1.6) R=A 1 +_.ti~ -t- ...... -t-A s, 

where A 1 = .A , r+- A ; ~ + .... + .A tt and Au= ). 1 I 0 ......... 0,, ). 1 being eigen values 
O).; 1 ... o 

). j 

b . .......... o A; 

of the matrix A. Then we see that, by means of the substitution (1.3) induced by such 

a matrix S, the quation (1.1) is transformed to the equation of the. following form: 
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(1.7) 

where X;=l'bu ,i:j+ ... ..... , and B=llb;1 1l is of the form (1.6). 
; 

When the eigen values of the matrix .A are all distinct, the matrix JJ has the diagonal 

form. H. Poincare has discussed this casem and he has obtained n-1 independent in

tegrals under the following assumption: 

The eigen values A; of the matrix .A satisfy the following two conditions: 

(I) A1tJ 1 +A 2P 2 + ........ +Anr> 11 -Ai=f' 0 for all non-negative integers l>i, p2, •••• ,pm 

satisfying P=tJ 1 +1> 2+ ...... +lJn2;2, 

(II) when A 1, A 2, .••• , An are marked on a complex plane, there exists a convex 

domain which contains the points A1, A2, ••••.• , An and does not contain the origin. 12> 

In this paper, as Poincare, assuming that the eigen values Ai of the matrix A satisfy 

the above two conditions, we discuss the general case where the matrix B is not in 

general of the diagonal form.<3l 

First, 

(1.8) 

we consider the differential equation 

>'X rJf 'f _ .. ;-_;--=A +cp, 
l =l [);J;i 

where A is one of the eigen values of the matrix A and cp is a given arbitrary function 

which is regular in the vicinity of x; =0 and vanishes there, and moreover all the 

derivatlves of the first order of which vanish there. Next, making use of the integrals of 

the equation (1.8), we shall obtain n-1 independent integrals of the equation (1.7), i.e. 

integrals of the original equation. 

§ 2. The case where all the eigen values are distinct. 

In this case the matrix B has the form (A 1 0 . -_-0), 
O A2 , 

6 .-::::::.A~ 
(1.8) can be written as follows: 

therefore the equation 

(2.1) (A1,r1+v1):( +(A2x2+v2){~ + ..... -+Unl'n+vn):.( =AJ+<p, 

where Vi, v 2 , ••••• • , vn denote the sums of the terms of the second and higher orders. 

After having differentiated both sides of (2.1) with respect to .1: 1, J' 2, •••••• , .r,,,put Xi= 

a: 2 = .... =.i:n =0, then we have 

(A 1 -A 1)f?f =0, (A 2 -A;),f?~--=0, ........ , (An-A;)·[)! =0, 
[),Li [),L2 [)J.n 

h f f O 4 = .... = f?f__= _ rJf__= .... = 'c>f o t ere ore, or ;1: 1 =.1: 2 = .... =xn=, -- - - --= 
'c);J; l 'c)J; i - i [),1; i cJ 'd,l.'n 

I) H. Poincare, Sur !es proprietes de fonctions definles par !es equations aux difference 
partielles. (Paris, 1879). s~e also E. Picard, Traite d'Analyse, t. I, p. 5. 

2) Picard has discussed also the cas~ when the weaker conditions ar<! satisfied. Picard, 
ibid., p. 17. 

3) We can discuss also the case where the weaker conditions which Picard has assumed 
.are satisfied. In the> next paper we shall describe the discussions in that case. 
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is indeterminate. Then, if we put / == A.1: i + v where A denotes an arbitrary constant and 

v denotes the sum of the terms of the second and higher orders, the equation (2.1) is 

transformed to the equation as follows: 

av av av av 
(2.2) A. 1X1--+ .... +A.n.I:n·-_--,l.;v=-v1-_. -- . ... -Vn-.. -+(9-Av;), 

9:1: I OJ: n OJ: I 9J: n 

Now, the eigin values ) ; satisfy Poincare's two conditions. Then there exists a posi

tive numer e such that 

I l_1JJ_1 +A2P2+ • · • • · · +A_n_r>71 -A_L I > e 
P1+P2+ · · · · · · +Pn-1 

for all non-negative integers p 1, p 2 , ... • , Pn satisfying p=p1+p2 + ... -+Pn2;;2.m 

Corresponding to the equation (2.2), we consider the equation 

(2.3) ( fiV oV aV ( aV oV aV ) e x 1 -;--.-+x2-.-+ .... +:i:n -~--V)=W -,-.. -+---;--+ .... +-... -+I, 
n 1 ~2 nn n1 N2 Nn 

where W= JJl -11[-Mxi+J:2+ .... +:i·n. Here r denotes a positive 
1-~ +J:2+ .. · · +:i:n r 

r 

number such that Vi, v 2 , •••• , Vn and 9 are regular forl.r 1 1, lx2 1, .... , l:i:nl;S;r, and JJJ 

denotes the maximum value of lv 1 1, [v 2 1, .... , [vnl and [9-Av;[ in the above closed 

domain. If we put J: 1 +x 2 + .... +x n = ·u and consider V as the function of u, then the 

equation (2.3) can be written as follows: 

(2.4) e(u dV _ v)= w(n!:1 1~+ 1), 
d·u du 

. M 'U 
W ==-------lit-JU--. The equation (2.4) is linear, consequently it can be easly 

t-'tl_ r 
where 

r 

integrated, and actually we obtain the integral 

nM' 
V = ·u[- ~-+c{ r 2 -(r+ nM')u }-r+n.M'], 

n 

where lli.'=111/e and e is an arbitrary constant. If we determine the value of c so that 

2nM' 
1 ---

___ +er r+nM' =0, 
n 

2n.M' 
1 -----

i. e, c= -rr+nM', then we obtain the integral V=·u~'fl(-u) where 
1t 

IJl(a) is regular in the vicinity of ·u=O. Substituting u=:i:1 +x~+- ... +:x:n into this integral, 

we obtain the integral of (2.3) which is regular in the vicinity of x 1 == .... ==x11 ==0 and 

vanishes there, and moreover all the derivatives of the first order of which vanish there. 

Now, after having differentiated both sides of (2.2) p 1 , p 2 , •••••• , Pn -times with 

respect to :i:1, :1:2, •••• , :i:n respectively, putx1 ==:i: 2 == •••• ==J:n=0, then we have the 

foll.owing relation between the values of the derivatives of v for x 1 =.z: 2 == .... == Xn ==0, 

9Pv 
(A1P1 +A.!Pt+ · · • · +lnPn-A. ·)-.,l-,P2---.. iPn 

0,1,1 9,1,2 ••• • 9;1,n 

= linear combination of the derivatives of the orders p-1 at most + const., 

where lJ= p 1 +t>i + .... +Vn, and the constant in the right-hand side vanishes for the case 

I) Picard, ibid.; p,6. 

-117-



. M. URABE (Vol. 14 

v=t. Fo~ 112:;2, from Poincare's condition, A1p 1 +A 2p 2 + ... . +i.nPn-,l.,+O, therefore the 

values of the derivatives of the second and higher orders are determined successively. Let 

the values of the derivatives be c1 , c2 , .••. , arranged in order as they are determined, 

then the recurring formula determining them is as follows: 

(2.5) 
1 

Cm+J =n.F'(C1' C2, .... ' Cm), 

where D=,l. 17l1+,l. 2r> 2+ .. .. +JnPn-A.i and.Pis a linear expression of c 1, c2, •..• , cm. 
\Ve perform the same process to the equation (2.3). Then the values of the derivatives 

of V of the second and higher orders are successively determined in the same manner as 

before. Let the values of the derivatives of V be 0 1 , C2 , •••• , arrang~d in order as they 

are determined and corresponding to c 1, c~, .... Then the recurring formula determining 

0 11 is as follows: 

(2.6) O,,,+ l == -(····!__·1)(/)(01' 02, .... '0,,,). ip-

Now, the coefficients of (/} are all positive, consequently o,. are all positive. 

Comparing the right-hand sides of the equation (2.2) and (2.3), the coefficients of (2.3) 

are not less than the absolute values of the coefficients of (2.2) Therefore the coefficients 

of (/) are not less than the absolute values of the coefficients of F. Moreover ID I >e(p-1 ). 

It is evident that, for the values of the derivatives of the second order, 02:; I c i. If 

012:;Jc 1 J ..... , Om2:;1cmJ, then 

1 1 1 
Jc,,,+1 I== 1n7lF(c1, C2, ••.. , Cmll< i(p-l)(f}(Jc1 I, [c2 J, .... , Jc111!)~e(p--=T)f/J(C1, 02, .... , 

Om)=C,,,+ 1 , i.e. C,,,+ 1>Jc,,,+ 1 1. Therefore, for all k, 0,.2:;Jckl•. Now fhe integral V= 

'U 2 1/f('u) of (2.3), where ii=a:1 +,r2 + ... . +a:n, is expanded in the power series and the coef

ficients of that integral are of the forms ::t- O,. where Nk are positive integers, namely th~ 
. . h h ff" . l C k • h . . . f 0 power senes wit t e coe 1cwnts V k converges mt e v1cm1ty o :1:=a:2=•·· .=.1:n=. 

Therefore the power series with th~ ~oefficients Nl ck also converges in the same domain. ,, 
Namely the equation (2.2) has a regular integral in the vicinity of x 1 :::a: 2 == .... =;1:n =0. 

Thus the equation (2.1) has an integral which is regular in the vicinity of .:r· 1 =..r 2 = 
••.. == x,. == 0 and has the form .f == A a: 1 + .... , where the unexpressed terms are of the 

second and higher orders. 

Specially when q;==O, the constant term of P of (2.5) has a factor A. Therefore all 

c k contain .A as a linear factor. Thus the integral f is of the form / == A(.i:; + ........ ). 

§ 3. The case when all the eigen values are equal. 

Let the eigen value be ;, then, from Poincare's condition, ,i.+o. If we divide both 

sides of 

(3.1) 

the equation (1.8) by ,l., then the equation is of the form as follows: 

(.i:11 +a,1:1 ~+ • '. · ·.) a! +t,r:n+ar1s+ • • · .)/.f +. • · · + (;1:a+ • • • •) a(' 
a.I, l 1 aJ, I 2 ;);J, Ik 

+ ....................... . 
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+(.1:r1+aa:r2+•···),~~ +.... +(,i:r,,,+ .... ) _».( -f=<f, 
a.I r 1 ;>a, rm 

where a= 1/ ,l=f=O. This can be written as follows: 

(3.2) 

where V;; 

. »f +a,21·--+. • • • • • · · 
,n:21 

+a· a/ 'I k;:;--;;;--
u~• l k 

+ ....................... . 
. af 

+a•r1-;-+••······ a.i: ri 

af 
+x r11,,-;--1-:--f 

0 • 'rn! 

. af -aa,rm-,,-. ~ 
J:l~rm-1 

+ ....................... . 
»f 

+vr1 --+ .... 
JX,-1 

denote the sums of the terms of the second and higher orders. Let I a I = A 

and p be a positive m1mber such that, for I a:11 I < 10, v 11 and 'f are regular. Let the 

maximum values of I vu I and I <p I for [ .1:1; I ~p be llf and N respectively. Corresponding 

to the equation (3.2), we consider the equation: 

aF aF aF 
(3.3) P11:i:ll ·-.-+P121:12-.. -. -+.... +P1k:111k-.-

;),J, ll a.1, 12 aa; lk 

where 

+ ....................... . 
aF + Pr11r1; rm,;,-:-- - Pt J F 

aF 
+A.1·22--+ .... 

a.1:11 

+ ............. .. 

UoA.Jrtn 

·(· aF aF aF aF ) +l -+ .... +-.-+-.-+ .... +- +IV, 
J,T11 axu a,z:21 <Xrm 

V= M + - N M-11i!! 1 I •••• +.?:rm and TV=----- - ---N-
l-''·11+· .... +:1:r,,, p l-~11+ · · · · +a:rm 

p p 
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-N'E11±:P ~ +J:r,,._ After having differentiated both sides of (3.3) p 81 -times with respect 

to X 8 t, put ,i: 81 =0, then we have the following relation between the v.alues of the deriva

tives for X 81 =0: 

(3.4) 

+ ....................... . 
aP J,' aP Ji' 

Ap,.2 . .!'I\ .Jlrpl .Pr2-1 ••. .l'rm+ .... +Afl,rn~P1i~rm-1+1 J'rm-1 aJ, 1 l .•• aJ,r l ax r2 a.Lrm a,l,11 ... a.Lrm-1 aJ,rm 

+ linear combination of the derivatives of the order p-1 at most + const., 

where p=p11 +p12 + .... +ziu+l)21 + . ... +11rm• The constant of the right-hand side 

vanishes when p= l. From (3,2), we have the analogous relation between the values of. 

the derivatives of f. 

When p= l, we have: 

(3.5) 

aF , a.F 
((P11-f;;)~·x 11 =0, i·(P21-Pu\u:;;=O, 

j aF aF a.F' aF 
(P12-P;;)-;;:;:--=A~,--, (P22-P;;),,x· ···=A~-~,···· l ! Ooh 1 2 "'" 11 l ; " 2 2 ou,2 1 

.. _ ! ~,!'_ = A aF , I _ : . a.F' = A a.F' 
(P1. Pti\x ~y• JP21 Pi1\.,. ~~· , 

0 lk Ou,Ik-1 uu,2l Ou•21 -1 

aF 
, (p, t -Pu)a:c ,-~ =0, 

aF aF 
(p .,-p,•)-=A-r " J ~J· ~ ·1· , : "'r2 °··rl 

I ' aF aF 
,(P,m-P;;),-::i-.. -=A~-J· --. 

o , ; ,n u , rr.-1 

For (3.2), all p st= I ·and A= -a=t=O. Therefore, for x., 1 = 0, we have: 

_aL=.,.,.=-3l_= af.= .... =3-= .... =YL= .... =-L=o, and ~/' af' 
c1a:11 if 1u:1k-1 a,i:21 a.1:21-1 a,rri a,1:rm-1 a,r:u, a.1:21 
.... , • a__ are indeterminate. For (3.3), if we assume that all p s t are distinct, then, for 

aJ,,.m aF . . . 
P;;·=Pu, -.-. - 1s indeterminate and all the other derivatives vanish. Likewise we have: 

axu F . aP 
for Pu=P2z, -~- is indeterminate and all the others vanish, ...... , for p;1 =p,.,,,, -:·-

'JJ,21 a.x.,m 
is indeterminate and all the others vanish. We take a positive number e0 which is less 

than 1/3 and choose Pst so that p81 =l-est where all <-st are distinct and 2s 0 >zs 1>s 0 • 

Then, for 1>~2, it follows that 

fl =p111'11 + • • • • +Prr,P•·m-Pii =l"(l-es t)Ps t-(l-e,;)=(l'vs t-l)-(l'es tl 1s t-eiJ)• 

If we put 1.'p 8 t-l=d, then d=p-1~1, therefore d-D=l'e, 1zist-eu>2s 0 -2o 0 =0, i.e. 

d>D. Now D= .. l'(l-e, 1)p3 t-(l-E1;)>2(l-2e0)-(l-e0)=l-3e >O. Thus we have 

d>D>0. Then, from (3.4) and the analogous relation deduced from (3.2), the values of 

the derivatives of .F and f of;. the second and higher oders are determined successively. 

For Pu =Pu, let the values of the derivatives of F be Ci, C2, •••••• , arranged in 

order as they are determined, then the recurring formula determining them is of the 

-120-



1950) On &lut·io118 of tlw Lin,e,ar Homogenoou8 Artial Dfferentful Equation in the V-icinity of the Singularity. I. 

form: 

(3.6) Cs+ 1 = -~· </J(C 1, 0 2, •••• , Cs), 

where </J is a linear expression of O i, C 2 , •••• , 0 • and its· coefficients are all positive. In 

this case Fis of the form F=01.i:u+- .. . , therefore, when we choose 0 1 so that 0 1 >0, 

all (] s are positive. For (3.2), if we choose the values of the derivatives of / of the first 

order so that af =c1 , _Ji__~ .... af · =0, then the values of the derivatives of f are 
a:i;lk aJ: 2 1 a.1:,-m 

determined successively in the same manner as c.. Nameli, if we write the values of 

'the derivatives of f as c1 , c?., .... , corresponding to Ci, 0 2, •••• , arranged in order as 

they are determined, then the recurring formula determining c 8 is of the foi:m 

(3.7) 

where W is of the same form as </J. However, comparing the right-hand sides of (3.2) and 

(3.3), we see that the coefficients of </J are not less than the absolute values of the coef

ficients of '/Jf. We ch')()se G\ so that C 1 ~ I c I I - Then, by means of the relation d> D>O, 

we can easily prove as in § 2 that Os~ I cs I for all s. 

Now Ps t are eigen values of the matrix, the elements of which are the coefficients of 

the terms of the first order of the coefficients of 3~ in (3.3), and it is evident that our 
a.1,s t 

p st satisfy Picard's two conditions. Theo, from § 2, we see that the equation (3.3) has 

regular integrals. Those regular integrals can be expanded in the power. series of x 8 t• 

For p;; =Pu, when we choose a regular integral so that the value of the deqvative of 

the first order which is arbitrary should be equal to our 0 1 , then the coefficients of the 

expansion of that regular integral are of the form if C 8 where N 8 are positive integers. 

Namely the power series with the coefficients if c/ converges in the vicinity of .1; 8 t =0. 

Then, from I cs I <C\, · we see that the power s series with the coefficients -fv. c 8 also 

converges in the same domain of ;1;8 t• Namely the equation (3.2) has a regular integral 

which is of the form /=c1,J;lk+ ..... -.. If we take P21, .... , Prm as Pu, then we have 

the following regular integrals respectively: f=ca: 21 + .... , ........ , J=cxrm+ ....... .• 

Specially when f=O in (3.1), then W of (3.7) becomes a linear homogeneous expression, 

consequently the <'8 (s~2) contain c 1 as a linear factor. Thus in this case the above 

regular integrals have the forms:/ =k1(.i:1k+ • ... ), f =k2f:1: 21 + .... ), .... , f =k,.(a:,m+ ... . ). 

Then it is evident thatf=k1(,1; 0 + .... )+k2(,1: 21 + .... )+ .... +k,.(.1;,-m+••··) also satisfies 

the equation (3.1). Here the values of the derivatives a/, af , .... , af are arbitrary, 
a,i:-u aa:21 aJ;,-m 

therefore this is a general regular integral of (3.1) in which ~sO. 

(4.1) 

§ IJi. General case. 

The equation (1.8) can be written in a general form as follows: 

(A1,r11+,1:12+••••l af +(-<1a:12+..tu+····) ~f + .... +(-<1x11,+ . ." .. ).!.f 
a.1:11 a;1;12 aa:1,. 

'>/ .. af +(A1J:21 +;1:22+ ... . )-'-. -+.... +(.A1a,21 + .... )-
aa,21 • aa:1 1 
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+ ...................... . 

+(J.2,J:r1 +:1; ,2+ .... )__:,f_+ ..... 
a:1:, I 

+: ...................... . 
-).J='P· 

+().?:1;,.m+ ... . ) ~r 
-· · ax, 111 

(Vol. 14 

Here the eigen values ). 8 satisfy Poincare's two conditions. Then it is readily seen as in 

§ 2 that there exists a positive number e such that 

(4.2) I J.17'11+···+J.1P1k+).1P21 +···+J.1P21 +···+J.2Pr1 +···+).zPrm+··•-J.; j > e 
1111 + · · · · +tilk+P21 +. · · · +P21 + · · · · +Pr1+ · · · ·+P,·m· · · · -1 

for all non-negative integers l'st satisfying 1>=l'p,1?::c2. The equation (4.1) is trans

formed into the equation of the form as follows: 

(4,3) ).1:J;lla:!•II +J.1,J:12at--;+• · · · +J.1J:ut,, 

• af af 
+A1,r21;;-:;':----+• • • • +J.1,r .. 1-· -

o.,(.,21 ... fX2 l 

+ ....................... . 
af . af 

+J.2,i:r1c~x,1+.... +J.2J,,-1/t--
a:1:r1tt 

+ ........................ -J.;f 

af 
-::r:2 2--- :------ • · • • 

a:1,21 

af -x.z~-
• ax21-1 

. af 
-:X,r111~ -

a:i: rm- 1 

ef ef ef ef +v11--+ .... +v1k--~+ .... +vr1 --+ .... +vrm--+.... +'f, 
aX11 axlk a:1:,-1 aXrm 

where v 81 denote the sums of the terms of the second and higher orders. We take a 

positive number p such that, for I ;1; st I ::'Sp, vs I and 'f are regular. Let the maximum 

values of I v,t I and I 'PI for I :1: 8 1 I ~p be M and N respectively. Corresponding to the 

equation (4.3), we consider the equation 

(4.4) 
aft' aJi' 

e(:1;11-. -+,1:12, .- .- + • • • • 
0,J.J l a:J, I 2 

aft' + ;J; .. 1 ·-----+ .... • a:1: 21 

+ ........... . 
aJi' 

+:1:r1 +.,., 
i).J: r l 

9Ji' +x .. ,-
• 9.i:2 ! 

+ ....................... -F) 

-1.22-



1950) On ,%/ution.~ a/ the Uncar llomogen,:,on.~ Rirt·ial Di.ffcrentkil Equrition in the Vicinity of the Si,ngularity. I. 

where 

+ ....................... . 
:JF' +.i:,"--- -+ .... 

-:J,J:,1 
:JF +x:, m· ----

J.Drm-1 

+ ....................... . 
+v --- + .... +-+---+ .... +-+ .... +-+ .... +-~+ .... +w, ( :JF :JF :JF :JF :JF JF ) 

:JJ:LL :J,i:1k ;1x~1 :J.1:21 ,u:,1 c1a:,.m 

V=--- 11' - .. )f-lltJ:ii+••·+,i:u+-- and W=-· N 
1 _a:_1 1±__-•_:_+,v1j,_±__.__. p J _,1:1 l + ~ .. +a;l k + · · 

p p 

-N-N;i;__u+·--+_:I:i1<_·_·. As in §3, we determine the values of the derivatives off and 
fl 

F for :r: 81 =0. After having differentiated both sides of (4.3) p 51 -times with respect to 

;1: st, put 

(4.5) 

;1: 8 e=O, then we have: 

• - • • gPf 
(l.1fl11+•·••+A1Prn+J.11121+••··+1.21Jr1+····-1.i)-.h1 · .. P21 

;J,J,11 --·d.'l',21 '" 

+ linear combination of the derivatives of the orders ]J-1 at most + const., 

where 7J=l't> 81 • Here the constant of the right-hand side vanishes when zi=l. \Vhen 

J)= 1, ( 4.5) becomes as follows: 

(4.6) 

af · ,if 
( ll_l,)--·-· -0 l(l2-l·) ---0 I A A l ,, l' - • A r,z ,, J' - , 

Q,>2] O•'r] 

) ~, - af . . ~r - :Jf 
().1 A,,t1· - ''J' , .. '' _(L J,L. - nx• ,. '.' 

, o• ,~2 o, '"1 \ , oo.A~r2 o rl 

I : - 1 : 

. · ;!f _ _ af 1 1 ii_/ _ :Jf I 1 ,if _ a1 
U1 -).i).;1,- - -.~,~ --, 1,().1-Ji);;-1, - -;;--1. , .U2-).;t-x··- - -;;-x;----, 

a, 'I k 0 • • I k - l 0 • ·2 I 0 • 21 -1 ° rm O rnz-1 

For.Ai=A1, af = ;}f_ ==_!![__== .... =- a;f ~= .... ==0, -~-L=== .... = a_f == .... =0, 
;J,1'11 :Jl'1k-l .J,1 21 ii.!21-1 a.x;rl a.x;rm 

and __ :Jf._, __ aj_, .... , are indeterminate. For the equation (4.4), we can make the analo
aJ:1 k a.x:21 

gous equation as (4.5), however for (4.4) all the eigen values are equal. 'I'h f aF ere ore--, 
a,1: 1 ,. 

:JF :JP 
.... , are indeterminate and all the other derivatives of the first order -~, .... , ------ ' 

a,1·2 z a,i.;r m 

vanish. 

For the derivatives of the second and higher orders, from ( 4.5) and the analogous 

relation deduced from (4.4), the values of the derivatives off and Fare determined succe

ssively. For A,= ). 1 , we consider the sets of values in which the derivatives with respect 

to ,:v1 .,. are arbitrary and all the others vanish. Then the values of both sets are de

termined in the same manner. Let the values of the derivatives of .f and F be c1, c2 , 

.... , and C 1 , C~, .... , respectively, arranged in order as they are determined, so that 

Cs corresponds to cs• If we choose CI so that C 1 ~ le 1 I then, by means of ( 4.2), we can 
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easily prove as in § 2 that Cs~ I c, I for all .s. 

Now, from the result of § 3, the equation (4.4) has a regular intergral which has the 

form F=C.1.· 1 k +. . . . . . . Then, by the same rea~onings as in § 3, we see that the equation 

(4.3) has a regular integral which has the form f=c 1J:u+- .... .• Likewise, for Ai =Ai, 

we have regular integrals f=c.i:2 1 + ..... . , ...... , and, for A;=A2, f=c.i:r,,,+-- .. .. , 

. . . . . For A;= As, ...... , we have analagously regular integrals. 

As in § 3, when sr=c;O, the above regular integrals have the following forms: 

f=k 1(J:u+ ...... ), f=k 2(;1:2 1 + ...... ), ..... Then, for A;=,li,f=lcl1:u+ .... )+k2(J: 21 

+ .... )+. . . . . . evidently satisfies the equation ( 4.1 ). Here the values of the derivatives 
af af . 
--, - --, .... are arbitrary, therefore this is a general regular integral of i4,1) for Ai 
ax1 Ii aJ:21 
=Al' in which cp~o. 

(5.1) 

§ 5. Solution of the linear homogeneous partial differential equation. 

In this paragraph we consider the 

Xf = l'X; ref__= 0, 
ii ;J,D;; 

differential equation 

where Xu are of the same form as the coefficients of _a,[ in ( 4.1 ). Corresponding to 
a,i:u 

(5.1) we consider the differential equation 

(5.2) X'f=A'f, 
where A is an eigen value of the matrix, the elements of which are the coefficients of 

the terms of the first order in Xu, We assume that the eigen values Ai satisfy Poincare's 

two conditions. Then, by the result of § 4, there exist regular integrals which have the 

following forms: for A=J.i, 'f11=,r1k+• ... , '?12=,1:21+ .. .. , .... , for A=A2, 'f2 1=.rrm+ 

.. : ... , ...... , . . . . . • Here, for simplicity, we take the intergrals in which arbitrary 

const;mts are unity. 

We take one of the above integrals, for example, Cf=Cfu for A=Ai• \Ve consider the 

system of the equations 

r Xcp1 = A'fl +cp. 

1 
Xcp2~A'f2+2<p1, 

(5.3) 
I • : l .,\'f s ! A'f s +-~'f's-1, 

Then there exist regular integrals 'Ps which have the forms 'fs=,d ,,: 11,.,+¢. where Ys 
are the sums of the terms of the second and higher orders. The proof is as follows: 

Put cp 1 =:1:Jk_ 1 +¢ 1, then substituting this into the first equation of (5.3) we have 

a¢'1 ( a¢1) a¢1 a¢1 _ . , X,1, : + .. +xJl,-I 1 + .--.--.· · +Xn-. -, +X21 :- + .... - Al'·1'1-1+¢1)+.1Ik+¢, a:J.n a., 1 ·, -1 JJ.11: a,121 
where <p=cp-.r1 1, is the sum of the terms of the second and higher orders. Then the 

above equation beco;nes as follows: X¢ 1 =A 1¢ 1+\b', where cj,' is the sum of the terms 

of the second and higher orders. Therefore, from the result of § 4, there exist regular 

integrals sf• 1 which have the forms i-''t=1u:111 + .... , CJ: 21 + ...... , .. . .. .. From these 

integrals we take an integral ¢ 1 in which an arbitrary constant c is zero. Thus we have 
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a regular integral 'ft which.has the form ¢ 1 =.r.:tk-i+Y't• 

We assume that there exists a regular integral 'P 8 _ 1 which has the form 'P s- t = 
(s-1)!.cu-s+i+Y,a-i• Then, putting lp 8 =s!xu-s+Y,s, we have Xtp 8 =Xsf, 8 +s1Xu-s = 
). 1(s!.1:1k-s +¢ s)+s! .CJk-s+ 1 +ssf, s- i, therefore Xsf, s = ). 1¢ s +(j,' 8 _ i, where sf,' •-I is the sum 

of the terms of the second and higher orders. Therefore there exist regular integrals (j, 8 

which have the forms ¢.=cxu+ ..... . , c.x: 21 + ...... , ....... Fro:n these integrals we 

take an integral ¢ 8 in which an arbitrary constant c is zero. Thus we have a regular 

integral 'Ps which has the form lp 8 =s!J:1k-s+'fs· q. e. d. 

Then the solutions of (5.3) are as follows: 

(5.4) 'f='P11'="Xu+¢, 'f1=;1:u-1+Y,1> ...... , 'fs=s!..i:u-s+Y,s, ...... , 'Pk-1= 

(k--,- l)l.1:11 +¢ 1,- l• 

Put tpi/tp= U0, then 'Pi= Uo'f• According to the formula of Leibnitz upon differentiation, 

. we define U8 by means of the equation 

(5.5) 'Ps+l = u.'f+ (:)us-1'P1 +(;)us-2'f2+- ... +(1)us-t'ft + .... + Uo'fs, 

where k-22s~l. Now XU0 =X(,ni/"')= _! X"' 1 -9'!X,n= -1- (;m 1 +,n)-'P!k"= 1, namely 
- T T 'f T lp• T. 'f T T tp• T 

(5,6) XV0 =1. ' 

Then we can prove that 

(5,7) XU8 =0 

where s~l. The proof is as follows: 

From (5.5), tp2 = U1 cp+ U 0 tp1. Operating X on both siq.es, by means of (5.3) we have: 

).tp2+2'f1 =XU1 •'P+ U1 •).'f+'f1 + UoU'P1 +'f)=XU1 •'P+ ).(U1 'P+ Utp1)+2tp1. 
Thereofre XU1 =0. We assume that XU1 =0, ...... , XU8 _ 1 =0. Operating X on both 

sides of (5.5), by means of (5.3) we have: 
• 

A'Ps+l +(s+ l)'f s = xu.-cp+ Us.). 'f 

+(f)\s-1 •().'f1 +'P) 

+(t)~s- 1•().'ft+l'Pt-:) 

+ lfo•().'fs+S'fs-1)+'/Js• 

Therefore the above equation becomes as follows: 

A'Ps+1 +(s+ l)'Ps =XUs•'f+ ).Y, s+ 1 +s'f s +'fa• 

Then it follows that XU8 =0. q. e. d. 

From the equation (5.2), we have x( Togtp) = 1. Comparing this to (5.6), it follows that 

(5.8) x(-}togcp- U 0 )=o. 
Thus, as the solutions of (5.1), we h:ive the following functions: 

(5.9) 
1 
Tlogtp-Uo, U1, U2, . • .... , uk-2• 

The integrals (5.9) are obtained starting from the equation (5.2) in which ). = ). 1 and 
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'f='f11 , If we give to the equation (5.2) various possible v3:lues As arid functions <p8 t 

corresponding to them and perform the same process as above, then, as the integrals of 

(5.11 we have the following functions: 

(5.10) 

i
-;-;~og<p-Uo, Ui, U2, , , , • • ., uk-2• 

{-/,og8-V0 , Vi, ...... , Vi- 2 , 

l )~ ;~~ ~~~ ;~: ·.;:,.::::: :: ·.~m-2, 

............ , 

Moreover x( L 1,og 'f) = x( L iog (J) = .. · = x( L log ,,, ) = .... = 1. Therefore, besides the 

integrals indicated in (5.10), we have the integrals as follows: 
1 1 

(5.11) O/,p, .... , wizJ'fi1, ........ . 

The total number of the integrals indicated in (5.10) and (5.11) is (k-l)+l+ ... . +m+ .. 
. . =n-1 where n denotes the total number of the variables. Moreover the functions 

indicated in '(5.10) and (5.11) are independent to each other. For, from (5,5), U8 (8=0,1, .. 

.. ,k-2) is a function of 'f, 'fi, ...... , 'f 8 + 1 and depends actually upon 'f 8 + 1 ; V 8 is a 

function of 8, 81 , •••.•. , 08 +1 and depends actually upon 88 +1 ; •.•• , W 8 is a function 

of w, w 1 , •••• , W 8 +1 and depends actually upon w.,+1 ; • • • •• Therefore, if the functions 

indicated in (5.10) and (5.11) are not independent to each other, then 'f, 'fi, .... ; 8, (Ji, 

...... ; .... ; w, co 1 ••.. , ••.••• are not independent to each orher. However, for :1:ii 

= 0, the Jacobian 

-1('f, 'f1, • • • ·, 'fk-1; (J, 81, ... ; ... ; llJ, ltli, • , , , ; , , , .) 

:;(,1:1k,:1:1k-1, •••,X11; J:21,X21-h , .. ; • ••• ;X,-m,,'1:,.,.-h ••• ; , .•. ) 

is 1!2!. .. (k-1)!1!2!. .. (l-t)!. ... +o. This is a contradiction. 

Thus we have n-1 independent integrals of the equation (5. 1 ), which are of the forms 

indicated in (5.10) and (5.11). 

This research has been carried on under the Scientific Research Fund of the Depart

ment of Education. 

In conclusion, I wish to express my hearty thanks to Prof. Morinaga for his kind 

guidance. 

MATHFThtA /!CAL INSTITUTE, HIROSHIMA UNIVEUSITY. 
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