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§ 1. Introduction.
We consider the differential equation
(L.1) Yx, 2l
i=1 Ar;
where X; are regular in the vicinity of x; =0. When X; do not all vanish for x;=0, it
is evident that there exist n—1 independent integrals which are regular in the vicinity of
z;=0, In this paper we consider the case where all X; vanish for x;=0. Expanding

X; in the vicinity of x;=0, we write them as follow:
g
\1.2) Xi=.‘?\‘}lij B8 I
i=
Put Jla;;ll=A. We consider the following substitution
: n
(13) yi=LI8; x5
§=1
where det.|s;;|40. If we put [|s;;([=S, then, from (1.3), we have
n
(1.9) xj= 28 n
k=1

where || S;;1l=5"'. By means of the substitution (1.3), the equation (1.1) is transformed
to the equation of the same form as follows:

n

1.5 vy, o

( ) {i_-__l z9yi >

where Y, =5, X;=28;3a1,8;yi+. . -ov... If we put 3s;,a;;5;;=0;; and |Ib;;||=5,
k k1. : k.l

then B=S4S-1. Now, by the theory of matrices, we know that there exists a matrix S,

by means of which the matrix B is made to have the Jordan’s form, namely the following

form:
(1.6) B=Ait+dg+...... +Ag,
where Ad;=d;,+A;+....+A4;; and djy=4; 1 0w 0, A; being eigen values
Q/l_,— [ 0
1
1 —— 0 4;

of the matrix 4. Then we see that, by means of the substitution (1.3) induced by such
a matrix S, the quation (1.1) is transformed to the equation of the following form: '
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- * =
1.7 Ix, o o
( ) i=1 i?.’l,'i »
where X;=3b;;xj+........ , and B=||by]|| is of ths form (1.6).
3 :

When the eigen values of the matrix 4 are all distinct, the matrix B has the diagonal
form. H. Poincaré has discussed this case® and he has obtained n—1 independent in-
tegrals under the following assumption:

The eigen values A; of the matrix 4 satisfy the following two conditions:

(1) Aqpr+Aapet cnvnn. +A,py—A;%= 0 for all non-negative integers Py, Pay.vr oy Py
satisfying p=p;+pe+...... +p,=2,

(II) when 4;, 4,,...., 4, are marked on a complex plane, there exists a convex
domain which contains the points A;, 4g, ...... , A, and does not contain the origin.®

In this paper, as Poincaré, assuming that the eigen values A; of the matrix 4 satisfy
the above two conditions, we discuss the general case where the matrix B is not in
general of the diagonal form.®

First, we consider the differential equation
(18) 2x =i+,
where A is one of the eigen values of the matrix 4 and ¢ is a given arbitrary function
which is regular in the vicinity of ;=0 and vanishes there, and moreover all the
derivatives of the first order of which vanish there. Next, making use of the integrals of

the equation (1.8), we shall obtain n—1 independent integrals of the equation (1.7), i.e.
integrals of the original equation.

§ 2. The case where all the eigen values are distinct.

, therefore the equation

3

In this case the matrix B has the form ()., 0.0

(1.8) can be written as follows:

1) hay o) Lty v) Lo +Hratv) 2L =1y f 1,
2y 9Ly iy,
where v;, Vay...... , v, denote the sums of the terms of the second and higher orders.
After having differentiated both sides of (2.1) with respect to ., Egyern.n , Tnpbut ;=
#o=....=2,=0, then we have '
Ga=2 L0, (a—2p) P =0,........ , (a—in Y=o,
2. ax '
therefore, for xy=uw,=....=x,=0, 2of = of _ -9'/-.-—-: = 9f———=0 and—‘i«
o0y Ui~y I+ oLy AL ;

1) H.Poincaré, Sur les propriétés de fonctions définies par les équations aux difference
partielles. (Paris, 1879). Sce also E.Picard, Traité d‘Analyse, t. 0, p.5.

2) Picard has discussed also the casz when the weaker conditions arz satisfied. Picard,
ibid., p. 17.

3)  We can discuss also the case where the weaker conditions which Picard has assumed
are satisfied. In the next paper we shall describe the discussions in that case.
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is indeterminate. ‘Then, if we put f=A.;+v where 4 denotes an arbitrary constant and
v denotes the sum of the terms of the second and higher orders, the equation (2.1) is
~ transformed to the equation as follows:

av
oxy

2V 3V av
(2.2) A]-z'];‘/;]“"l"....-l-xn,):n'a‘?n‘— LU= —, —...-’—Unm+(¢——A'Ui).

Now, the eigin values A; satisfy Poincaré’s two conditions. Then there exists a posi-
. tive numer ¢ such that

Aap1HAapst .o FAp—A;
Pr+pPet. ... Fp,—1 >€
for all non-negative integers p,, Ps, ...., P, satisfying p=p;+pa+.... +p,=2.0
Corresponding to the equation (2.2), we consider the equation
a2l oV sl
. gl —Fxy— w i
(2.3) (mlawl gt by = T)= < ot et +9J”+1)
! _ M ar :1,,+.'1:2+....+:1>n X .-
where W—l__ﬂ"1+w:+-~--+ﬂ/‘n M M*~——-———r . Here ” denotes a positive
7‘ N
number such that v,, vs, ...., v, and ¢ are regular for|x,|, |xe|, ...., |x,|<Zr, and M
denotes the maximum value of |v,], |v,|, ...., |v,| and |¢-—Av;| in the above closed
domain. If we put z,+xz,4....+x,=u and consider J as the function of i, then the
equation (2.3) can be written as follows:
dV _w(.dV
(2.9) €<u du )- W (lhv +l>
. where W:m_»;d _M—]U?;. I'he equation (2.4) is linear, consequently it can be easly
. 1 ——
7

integrated, and actually we obtain the integral
_ ni
V=u[— ;1,__*_0{7,2_(7._{_”1;4')“} 7‘+nﬁ1’],
where Ji'=M/¢ and ¢ is an arbitrary constant. If we determine the value of ¢ so that
. 20’ 2nM'

——}L—}-cr r+nl' =g, je. c=~—— #7+10 | then we obtain the integral V=u*{¥(u) where
¥(u) is regular in the vicinity of w=0. Substituting u=.;+xs+....+x, into this integral,
we obtain the integral of (2.3) which is regular in the vicinity of z;=....=x,=0 and
vanishes there, and moreover all the derivatives of the first order of which vanish there.

Now, after having differentiated both sides of (2.2) p,, ps, ...... , Pp -times with
respect to x;, %s, ...., &, respectively, put z,=x,=....=ux,=0, then we have the
following relation between the values of the derivatives of v for x;=xs=....=ux, =0,

aPu
(ap1+2:Pat -+ gpn 1)31919‘11“_*_""97571

=linear combination of the derivatives of the orders p—1 at most 4 const.,

where p=p;+pe+.. P, and the constant in the right-hand side vanishes for the case

1) Picard, ibid.; p.6.
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p=1. For p=2, from Poincaré’s condition, A;p;+A2pe+....+i,p,—4;=0, therefore the
values of the derivatives of the second and higher orders are determined successively. Let
the values of the derivatives be ¢y, ¢q, ...., arranged in order as they are determined,

then the recurring formula determining them is as follows:
1
(2'5) Con+1 =_'1)—Hc]) Cayevv ey Cm)s

where D= ),p;j+i2Ps+.---+AxsPn—A; and F is a linear expression of ¢y, Cg, ...., €,

We perform the same process to the equation (2.3). Then the values of the derivatives
of V of the second and higher orders are successively determined in the same manner as
before. Let the values of the derivatives of ¥V be C;, C, ...., arranged in order as they
are determined and corresponding to ¢;, ¢., .... Then the recurring formula determining
Cy is as follows:

(2’6) Cvm*'l (,)(O]’ T IR Cw)'

°(17 -1)
Now, the coefficients of @ are all positive, consequently C; are all positive.

Comparing the right-hand sides of the equation (2.2) and (2.3), the coefficients of (2.3)
are not less than the absolute values of the coefficients of (2,2) Therefore the coefficients
of @ are not less than the absolute values of the coefficients of ¥, Moreover | D|>&(p—1).
It is evident that, for the values of the derivatives of the second order, C=ic|. If
Cy=leyl. ..., C.=]e,|, then

Icm**l]:m—lllv(w]yc.‘!’"' ? m]<£(p )¢(‘(]‘1]C"[y--" m«)<e(p )(p<01702:""’
Cm)=0m+ 1 i e Cﬂl+]> Icm+1 I' Therefore, for all k: Ckg |ck J .. Now fhe lntegra'l V=
w?¥(u) of (2.3), where u=x;+as+....+ay, is expanded in the power series and the coef-

ficients of that integral are of the formsj\l[— C) where N, are positive integers, namely the

k

power series with the coefficients TVLC" converges in the vicinity of x=x.=....=2,=0.
r

Therefore the power series with the coefficients Tlfck also converges in the same domain.
. k

Namely the equation (2.2) has a regular integral in the vicinity of z;=xs3=....=.x,=0.

Thus the equation (2.1) has an integral which is regular in the vicinity of x;=u,=
.e..=x,=0 and has the form f=dx;4...., where the unexpressed terms are of the
second and higher orders. .

Specially when ¢=0, the constant term of F of (2.5) has a factor 4. Therefore all
¢; contain 4 as a linear factor. Thus the integral f is of the form f=d(r;4+........ ).

§ 8. The case when all the eigen values are equal.

Let the eigen value be ), then, from Poincaré’s condition, 2+4=0. If we divide both
sides of the equafion (1.8) by A, then the equation is of the form as follows:

(3.1) (xyy+ax i +. af )‘{f““l' +(-7’1k+----)92/;k
e+ ALy gt .. 5‘%; ............ +(a:2,+....9§£i
Fo i i e
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+(wrytax,e+..

L
r1

. of
o +(-I'rm+ s ')%‘rm

where @=1/)4=0. This can be written as follows:

af af af
3.2 - Jec .. x
3.2) 41191 + 123.1 +J1k3~'771k
.. of af
-+ 1219.1'21—!- ........ +I“l9.1fgl
E ol T T
. v
+ '”9;1;r1 ‘‘‘‘‘‘‘‘ +J/rm9.l?rm
f of f
= —ax —— L —ax
Tz, Yox1q e
—Q0Xge Qf - —a.‘lfgli—
9L gy 2T21 -1

........................

yy Iy -1
af of af
—_ _— +v .
+ “3.7;11+ 251, Yory;
B R I N
2 af
Vry R st ol 2
+ “9.%‘, rmS-'l'.-m-*_?'

where v;; denote the sums of the terms of the second and higher orders.

Let

and p be a positive number such that, for |x;;| <o, v;; and ¢ are regular.

ja|=4
Let the

maximum values of |v;;| and |¢| for |x;;|=<p be M and N respectively. Corresponding

to the equation (3.2), we consider the equation:

= o
(3.3 Pri#1,, d6112+....

oF ok
+ P21 PR +‘02l;l"19.1,'
o

o .
+Pr]" 7‘15’,_"+"“ +Prur’ N P“ﬁ

Ly ,

ok aF  oF
—All'lza—*'i' 1357,]2‘!"- +A'l‘”a}:;h-]

v aF
+A.’I,229l + +A;I:2 19}}21‘;
L T T TR

! oF
+A.1,,-2a +.... +Alrmt;"1'rm-l

al ol oF oF
e w,
+I( + L1 L9, fa:,,,,>+
where V= .M NN VA Vi b R SR wel ZZAPP B | N
]_1'11+ ey, » p 1_"11_:11-!- e tTy,
4 L
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— NPt P - Prw After having differentiated both sides of (3.3) p,,-times with respect

to x4, put x5,=0, then we have the following relauon between the values of the deriva-
tives for x;,=0:

PF
3
(3.9 (Purn+Pulet -+ PuPu+Purat. - FPrul o —Pu); T o] oal ol o lmm
1 413
A 7K A I?
=dp = )
! 129,711+19,171 Lo gakrm { 16911’113,1’71"“3,1'13 1 .9,1,"”"+
o F
Ap
+4 Y LY Dl{’,lch oo aulpm
oP
+Ap2, L1 aad2tt Yy SLTNIPY® RN
y ) 9P F
+ pzlaw{'{l. .. v9;‘1,12§ 1”‘)17’” L ¢
e
4 oP A P I
P . o= ' ) =
£ 2ol 1t gud 71 g B 1--‘3.:;1,’,';,’"—*_ Prm, a1t 91}"‘"‘11“9 LLrm=t

~+linear combination of the derivatives of the order p—1 at most + const.,
where p=p;;+pi1o+....+013+Pa1+....+Pm The constant of the right-hand side
vanishes when p=1. From (3:2), we have the analogous relation between the values of -
the derivatives of f.
When p=1, we have:

o
}/(Pu“a"u) 0, (O21=Pis) = (Pr1—
oF oFF | oﬁ aF
(3.5) ](sz Esz)aL;- 9111 (P22— p”)aa.,,— owgs H(pra— Pu) = 911,”,
L _ : 4 oF SN _ 4 aF
(o1 Pu) o A‘,;lr, (P2 ‘0”)91” = \(Prm‘-l’ij)é,‘lj:;——‘49;;;1-
For (3.2), all p,;=1-and A= —a=0. Therefore, for x;,=0, we have:
Ag‘]i;:....:—if—:—gf': ...=—-——9‘f-:....=~9‘/—"=....=~—-~—~af "‘0 and —Qf ?f—
2211 f Oryp-1 OLgy - gy -1 9x 1 Xy m-1 axq; ars;
L indeterminate. For (3.3), if we assume that all p;, are distinct, then, for
‘rm
=P o i< indeterminate and all the other derivatives vanish. Likewise we have:
I ]_k ni
for p;;=p2; 571:‘: is indeterminate and all the others vanish, ...... y for pii=p,n, f—llﬁ

is indeterminate and all the others vanish. We take a positive number &y which is ]ess
than 1/3 and choose p,; so that p;,=1—¢,, where all &, are distinct and 2:¢>z;,>z.
Then, for p=2, it follows that
D=pyipiit.. o 4Pl om—Pi5= 215 st —(1—6)=(TPs ¢ —1)—(ey 105 s — &)

If we put Xpg,—1=d, then d=p—1=1, therefore d—D =2, ;p;,—e;;>2:4—229=0, i e.
d>D. Now D=3(1—eg,)pss— (1—&;)>2(1—2¢8¢) — (1—gy)=1—-3¢ >0. Thus we have
d>D>0. Then, from (3.4) and the analogous relation deduced from (3.2), the values of
the derivatives of F" and f of the second and higher oders are determined successively.
For p;;=p,;, let the valués of the derivatives of F be C;, C;, ...... , arranged in

order as they are determined, then the recurring formula determining them is of the
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form:
1

3.6) Cser= D WOy, Oy, ..., Cy),
where @ is a linear expression of C;, C,, ...., C, and its coefficients are all positive. In
this case F is of the form F=C,x{;+...., therefore, when we choose C; so that C;>0,
all ¢, are positive. For (3.2), if we choose the values of the derivatives of f of the first
order so that of =eq, f ‘=....3f =0, then the values of the derivatives of f are

1y drxqy ALy :

determined successively in the same manner as ;. Namely, if we write the values of
‘the derivatives of f as ¢, ¢4, ...., corresponding to C,, C,, ...., arranged in order as

they are determined, then the recurring formula determining ¢ is of the form
1,.
(3.7) (}3"‘1:31‘("1)02) "“)CS))

where ¥ is of the same form as ¢). However, comparing the right-hand sides of (3.2) and
(3.3), we see that the coefficients of ¢ are not less than the absolute values of the coef-
ficients of ¥. We choose C; so that C;>|c;|. Then, by means of the relation d>D>0,
we can easily prove as in § 2 that C,=>|¢,]| for all s.

Now p;; are eigen values of the matrix, the elements of which are the coefficients of
5
the terms of the first order of the coefficients of ;f— in (3.3), and it is evident that our
st
Ps: satisfy Picard’s two conditions. Then, from § 2, we see that the equation (3.3) has
regular integrals. Those regular integrals can be expanded in the power series of x,.
For p;;=p., when we choose a regular integral so that the value of the dervative of
the first order which is arbitrary should be equal to our C,, then the coefficients of the
expansion of that regular integral are of the form WIA;CS where N, are positive integers.
Namely the power series with the coefficients —I—CS converges in the vicinity of x,,=0.

N

Then, from |c¢;| =205, we see that the power sseries with the coefficients —Al,?cs also
converges in the same domain of .:;;. Namely the equation (3.2) has a regular integral
which is of the form f=c¢,x;;+..... .. If we take p,;, ...., P,n as p;;, then we have
the following regular integrals respectively: f=cxa;+...., ........ s S=Cx gt
Specially when ¢=0 in (3.1), then ¥ of (3.7) becomes a linear homogeneous expression,
consequently the c¢g (s=2) contain ¢; as a linear factor. Thus in this case the above
regular integrals have the forms: f=ky(xyp4....) f=hkolry,+....) oo, =k (@imt+. .. )
Then it is evident that f=1ik(xip+....)+ko(ver+-... )+ ... +k,(r,m+....) also satisfies
the equation (3.1). Here the values of the derivatives of —— are arbitrary,

axryy ey’ 7 an,y
therefore this is a general regular integral of (3.1) in which ¢=0.

§ 4. General case.

The equation (1.8) can be written in a general form as follows:

(4.1) Artir+arst. .. .)£;+(11;1;12+J;13+. .. .)5{-2+.. R I '):33:%
+(11.‘I:21+Jf22+..--)8:;%"‘....- +(21.‘1:21+.-..)9j;%
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e
a2 How ot )2
B

—Aif=¢

Here the eigen values 1, satisfy Poincaré’s two conditions. Then it is readily seen as in

§ 2 that there exists a positive number € such that

(4‘2) : 2_1_1{11:!‘ +111114k + APt +aPar +12}_)L1 +-- +12B,’,’”+'" '—1,
Pt FPintrat o FPa Pt Py —1

for all non-negative integers p,; satisfying p=23'p,;=2. The equation (4.1) is trans-

>

formed into the equation of the form as follows:

of
4.3 Az f Az of Aqxyp—
4.3 125 +11°91+ +11k9$]k
N ) af -
A&g1 =" Ayag ——
’ +4, 215, + +4 2l
A
2
+}27r1n'.f + + Aok y s —
ey Ly sy
B ST —l,f
- of . 2 af
=—Xye &g T —Xyp T
Ly, yg k-1
)
R
AL g oy -
of ,
—Xye Ly
%y Iy yp=1
of aof of af
v — vyt v, L
+ ”3:1;”+ -+ ]kaL . + ’9-7"r1+ + rmgxrm'f‘ +¢,

where v;, denote the sums of the terms of the second and higher orders. We take a
positive number p such that, for |x:|=p, vs;, and ¢ are regular. Let the maximum
values of |vs:| and |¢| for | x5 | <p be M and N respectively. Corrésponding to the
equation (4.3), we consider the equation

o o’ oF
4.4 e(x €Eyp——
(4.0 @itz ton 2
91" oFF
Loy~ . Lo
+ 9% 0y + 2 okar
B i
ol oF
x 4. a
+ ”91r1+ + rm?-“"rm
B T —F)
aF o7 P)
=&1e +ayy—+.. Ty g
o104 Youy g lkallk-l
oF oF
Xgo—— -
+ **auy, + 2191’21-1
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o
T ~£b1 + T m.ugF
e e
+ (535# ~+£% ;;‘9;’?# +£§;+ +ai-lj,+""+£%+““>+””
where Vz1_":'.11ﬂ?i-[ﬂ1/nt--—M*Mx”er—;’_x]H‘ and W:I_‘Ellfﬁﬂhki;
Iz Iz

_N_NTut L.
o

As in §3, we determine the values of the derivatives of f and

F for x4,=0. After having differentiated both sides of (4.3) p,,-times with respect to

sty Put x4, =0, then we have:

, . ' . . orf
(4.3) At FAaputapa -t F At =4y e
axiit...oxgdt...
27 Pf oPf ) oPf
= —1M90 3 e —Pin F T -
JnH th 17T Bamluﬂl’wﬂa,hs 1., 1‘9.,;{;11...M{;Ei—l+1&,‘.§”}k T,
oPf . oPf
Peg P11, 1’°1+1 Pyt T —Ps1> piyT sxl2 —71“"1 Pai- -1
“ o 91/2.§~ oryit...ewy3l oy s

-+ linear combination of the derivatives of the orders p—1 at most + const,,
where p=23ps,. Here the constant of the right-hand side vanishes when p=1. When

p=1, (4.5) becomes as follows:

f‘
1(11—‘11)'%(:—:0, (2]’—11);’:042 [(12_10,9!‘_‘:
| af af of of __ of
(4.6) ( —Ai )aJ]n Toury) (= X )aznq Toway ‘)“—1 oys = awy

[Py a— N Y A O A

. N ’ ’
PRAY Ly p- oxay gy -1 QX r 4y 9'7'7711-]
FOI‘ 1 _.1 9f — ‘)f __Qi_— —_~9f__—-. —_ __;?f — —_ 9f — __0
A=A - D= == =....=0, = . == ..=0,
‘ axry, -1 e, d2] -1 - ar,,,
9 . . . .
and - of - of .., are indeterminate. For the equation (4.4), we can make the analo-

axyy’ axe, o
gous equation as (4.5), however for (4.4) all the eigen values are equal. Therefore 9970 ,
h] 1k

;F ceeny 9%6—, ...., are indeterminate and all the other derivatives of the first order
21 Mt

vanish.

For the derivatives of the second and higher orders, from (4.5) and thé analogous
relation deduced from (4.4), the values of the derivatives of f and F' are determined succe-
ssively. For 1;=1;, we consider the sets of values in which the derivatives with respect
to x;, are arbitrary and all the others vanish. Then the values of both sets are de-
termined in the same manner. Let the values of the derivatives of f and F be c,, cg,

.., and C,;, Cy, ...

Cs corresponds to c.

., respectively, arranged in order as they are determined, so that

If we choose C,; so that C;=l¢;l then, by means of (4.2), we can
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easily prove as in §2 that C,=>|c,| for all s,

Now, from the result of §3, the equation (4.4) has a regular intergral which has the

form F=Cxyp+....... Then, by the same reasonings as in § 3, we see that the equation
(4.3) has a regular integral which has the form f=cyx;+...... . Likewise, for 2,=2,,
we have regular integrals f=crq,+...... g s , and, for ;=22 f=Cry,+...... ,
... For 2;=24 --.-.. , we have analagously regular integrals.
As in §3, when ¢=0, the above regular integrals have the following forms:
S=ke+e . Y S=kalrar+. ... Y ..... Then, for 2;=2,, f=ki(rip+.... ) Fkalrs,y
+o ) evidently satisfies the equation (4.1). Here the values of the derivatives

of  of
oy’ dxey’
=2, in which ¢=:0.

. are arbitrary, therefore this is a general regular integral of (4,1) for j};

§ 8. Solution of the linear homogeneous partial differential equation.

In this paragraph we consider the differential equation

(5.1) Xf=. 5X,,-~-~f— =0,

aux;

where X;; are of the same form as the coefficients of -ﬁé in (4.1). Corresponding to
L't §

(5.1) we consider the differential equation

(5.2) Xo= )9,
where ) is an eigen value of th: matrix, the elements of which are the coefficients of
the terms of the first order in X;;. We assume that the eigen values J; satisfy Poincaré’s
two conditions. Then, by the result of §4, there exist regular integrals which have the
followmg forms: for J=),, ¢r1=x1r+.--., Pra=axe;+.. co for p=29, par1=x,,+
...... ) weveeey +o--. o« Here, for sxmphcxty, we take the mtergrals in which arbitrary
constants are unity.

We take one of the above integrals, for example, ¢=¢; for J=2,. We consider the
system of the equations
Xg1=2¢1+¢,
X¢2"'1¢2+2501:

(5.3

}}\7 s—ﬂsas 30515
Then there exist regular integrals ¢, which have the forms ¢ =s!uxy;,_,+¢, where ¢
are the sums of the terms of the second and higher orders. The proof is as follows:

Put ¢,=uy,_1+¢,, then substituting this into the first equation of (5.3) we have

’.{"""+ +Ym-1(1+ 2 )+X1¢9”‘+X 9’”’+----—zl(m-1+y1)+uk+y,

Ly -y,
where ¢=¢—.u;, is the sum of the terms of the second and higher orders. Then the
above equation becomes as follows: X¢;=2,¢,+¢’', where (¢ is the sum of the terms
of the second and higher orders. Therefore, from the result of §4, there exist regular
integrals ¢, which have the forms drv=caypt..oe, CLap ... ) eeeeans . From these

integrals we take an integral ¢; in which an arbitrary constant ¢ is zero. Thus we have
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a regular integral ¢, which has the form ¢, =r,;_1+¢,.

We assume that there exists a regular integral ¢,., which has the form ¢;._,
(3—1luyp-s+1+¢s-1. Then, putting @s=3sluw, .5+, we have Xo, =X, +31X,;, .5 =
A(Steynas+Ps)+3tu pose1 43¢5, therefore X . =2,¢:+¢'s_,, where ¢';_, is the sum
of the terms of the second and higher orders. Therefore there exist regular integrals ¢
which have the forms ¢ =cr,;+...... y CLgp+oen... ) s From these integrals we
take an integral ¢, in which an arbitrary constant ¢ is zero. Thus we have a regular
integral ¢, which has the form ¢ =s!lx,;_,+¢¢. q.e.d

Then the solutions of (5.3) are as follows:

(5.4) e=¢11=x11+¢, ¢r=x1p-1+¢, ... y Qe=8lLipost sy oonnn. y Pro1=
(k=Dlwy1+¢ ;o
" Put ¢1/9="U,, then ¢, =U,z¢. According to the formula of Leibnitz upon differentiation,
. we define U, by means of the eguation

(5.5) @si1=Usp+ (‘i’)Us_,¢l+(;>Us_2¢2+. . .‘+(':>U3_1¢,+. et Uggs,
where k—22>s>1. Now XU.,=X(¢1/¢)=—; Xgpl—z;ng:—; (1¢1+¢)—$;g¢=1, namely
(5,6) XU,=1. '
‘Then we can prove that
(5.7) XU,=0
where s=>1. 'T'he proof is as follows:
From (5.5), ¢,=U;¢+Uy¢p,. Operating X -on both sides, by means of (5.3) we have:

292420, = XU+ Uy o )+ @1+ Us(Q¢1+¢)= XUy o0+ JU10+ Ug1)+2¢, .
Thereofre XU, =0. We assume that XU,;=0, ...... , XUs_.,=0. Operating X on both
sides of (5.5), by means of (5.3) we have:

)_503+1+(s+1)§03=XU30§0+ Us').ﬂp

/$\U
+U) f—l'(l?l +¢)
+(;)Us- oA tHtosq)

+ Upe(ipatsps-1)+¢s-

Now <s)t=<s—l>s. Therefore the above equation becomes as follows:
¢ t—1

2051+ D)0 =XUge@+ APs 4130+ @5
Then it follows that XU,=0. q.e.d.

From the equation (5.2), we have X(-hoggo): 1. Comparing this to (5.6), it follows that

yi
(5.8) X(-;—log¢~— U.,):O.
Thus, as the solutions of (5.1), we have the following functions:
1
(59) ‘l’tog $— UO’ Ul’ Uz; '''''' ’ Uk-2'

The integrals (5.9) are obtained starting from the equation (5.2) in which )=, and
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¢=¢1;. If we give to the equation (5.2) various possible values j; and functions ¢,
corresponding to them and perform the same process as above, then, as the integrals of
(5.1), we have the following functions:

1
—x;uog Q— Uo, Ul’ Uz, ...... ) Uk-2,
» ;frflog 0=V Vi oo .. Vi
(5.10) !
——wgo—Wy, Wy, ...... y Woss,
2

Moreover X ( ; log (/J):X(%log 0>=--- =X<%Zog (:)): ....=1, Therefore, besides the
A1 1 2 :
integrals indicated in (5.10), we have the integrals as follows:
1.1
(5.11) 0/, ..., wrzfeir1, .........

The total number of the integrals indicated in (5.10) and (5.11) is (k—1)4I+....+m+..
..=n—1 where n denotes the total number of the variables. Moreover the functions
indicated in (5.10) and (5.11) are independent to each other. For, from (5,5), U, (s=0,1,..
., k—2) is a function of ¢, ¢;, ...... , ¥s+1 and depends actually upon ¢ +;; Vs is a
function of #, 604, ...... , 0s+1 and depends actually upon @,4y; ...., W, is a function
of w, w;, ...., wg+; and depends actually upon wg+;; ..... Therefore, if the functions
indicated in (5.10) and (5.11) are not independent to each other, then ¢, ¢;, ....; 0, 0,
...... 3 ++v+3 @, Wy ..., ...... are not independent to each orher, However, for ux;;
=0, the Jacobian
(P, @1y oy Qs O, 04y cois s @y @y, oo L)

SRy Xah=1y ooy L1153 Xaly Xagats eers cove s Lymy Lymaly covi ovvs)
is 1121 (k—1D!1121 (—1)!....50. This is a contradiction. .
Thus we have n—1 independent integrals of the equation (5.1), which are of the forms
indicated in (5,10) and (5.11).

This research has been carried on under the Scientific Research Fund of the Depart-
ment of Education.

In conclusion, I wish to express my hearty thanks to Prof. Morinaga for his kind
guidance. ’

MATHEMA ICAL INSTITUTE, HIROSHIMA UNIVERSITY.
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