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i . N

. Let L be a reducible continuous geometry, and £ the set of all maximal neutral ldéa;!s
-J in L. Kawada-Matsushima-Higuchi [1)® has proved that L is isomorphic to a sublattice -

¢ of [[(L/J Jef)), where L/J are irreducible continuous geometries. In this paper, I apply
this result to a reducible continuous regular ring R, the set Rm of all principal right ideals "

~ of R being'a reducible continuous geometry. ~ And I obtain an embedding theorem of H. .
" (Cf. Theorem 3-2, below.) a i

§ 1. Dimension Functions of Reducible Continuous Geometries.

Let L be a contjnuous complemented modular lattice, i.e. a reducible continuous’ geo-
mertry, and 7 the center of L. Then Z is a complete Boolean algebra'l Denote by 2

‘ the set of all mammal ideals £ of Z. For any zeZ, let E(z) be the set of, all maxxmal
B 1deals which do not contain z.  Using (%(z); zeZ) as an additive basis for the open sets
of 9, .!.? isa totally—dlsconnected bxcompact Hausdoff space. T. Iwamura (1) proved -that

for any ael, there is a continuous functions D(a)=0(a,#) defined in £, which has the

following properties; .
\

(19 0<D@)<I, DO)=0, . D )= 1.
. (2°) a>0 implies D(a)>0.
(3°): when zeZ, 6(z, /)=0 or 1, according as zef or not
@°) D(@\/%)+ DaA\b)=Dia)+ D(b). .

(5°) @b are equivalent to D(@)=D(b) respectively. . !
LEMMA 1.1, For any aeL, let a real number m(a) be defined as follows:
@  O=m@<1,  m0)=0,  ml)=1,
® 27 amplies m(z)=0 or 1,
) maVh)+m(aND)=mia)+m(b). .
< Put ? (z; m(2)=0, zeZ), J= (a; m(@)=0). Then § is a ma:{czmal ideal in 7, and Jisa:
”mt;a:mwl neutral ideal in L. And aed when and only when Zn(da,d,)ef (n=l 2. )‘2)
PROOF. Cf Kawada—Matsushlma-nguchl (1.
THFDEEM 1-1. Lét J be a maximal neutral ideal in L, and ? a maximal zdeal wn Z.

Then S . . . B
(1°) FJ)=(z;.2ed, 2¢Z) is a maximal ideal m Z, ' L
(2°) J(F)=(a; 6(e,F)=0) s a maximal neutral zdeul n L, - )

(1) The numbers in squarel bréckets refer to the list given at the enci of this paper. . : Fs
(2). For the definition of r,.(4,4,41). cf. v. Neumann (1] III 30. : e
. N ) 2
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B zF(J(:F)) 7 pTy=a L
"PROOF ® It is ev1dent that F(J ) is an ideal in Z Wthh does not contain 1 If f(J )
1s;* ‘not maxxmal then there ‘exists’ an ideal # such as f(J )<3<Z D‘note by J(z-) the
':iet\oi all aeL such as' a<z for $ome : ze§.  Then I(§) is a neutral ideal 1nL and J<T(§)
: . Thls cont‘radxcts to the fact ‘that J is max1mal Hence ?J) is max1ma1
i) ‘For a fixed ?, o(a, F) has the same propetxes as’ m(a) in Lemma 1.1, hem.e J(?) is
mmnmal netitral ideal in L. » . ,1' T
) #PSep =05 el S ). : B
Henco * #=F((7): S o
N ‘iv) By (i) and (u), J(#(J)) is a maximal neutral 1deal in L. If J¥=J(# ), then by
fama 1-1, there are asJ and n>0 such that ra(da,4 q:?(J) Since
Lk da Ay =nlra(da, A DAG)+Cpn), - (Pn)<Cru(da,d)Na)® :
a.nd Tu(Ada, 4 1)/\aeJ we have r,,(Aa 1)fJ whlch contradxcts to the fact- 7,,(AaA ):}:f(J)
Therefore J=JFJ). , ‘ . C
Theorem 1 1- shows that there is a one to one correspondence between the: maxxmal
dea.}s m Z and the maximal neutral. 1deals in L. Hence_we denote by the same £ the
‘set of all maxuﬂal neutral ideals ‘in L. o : v )

@mote a—~b (J), when a\Vb= (a/\b)\/t teJ Then “*-‘(J)” is a eongruence relauon.
Hence we can define a/J (3 r= a(J L e =1(a/J sael). Now we have the followmg ém-

eﬁdmg theorem of continuous complemented modular lattlces, which has 'been obtained
~‘by Iwamura [lj and modified by Kawada-Matsushtma-Higuchi (13.

I‘HEORFM 1-2. Ewery LJ/J is an irreducible continuous complemented modular tattzce
ér&d L. is carried into {a part of) the r oduct II LT Je.Q) lattice-isomor phwall Y by tbe
t?ansfmnmtzon a—~{afJ; Ja,Q] ,

7 Now we have the followmg theorem . . : ‘
THEOREM 1-3.9 For every aeL if we defme a real valued functwn fn(f D), such that
0__fa(f)<1 Sfor ali FeO, '

'when 287, =(F) =0 or 1 - w(,cmdmg as nf or not ‘ '

A Fa@ e v B =fa BB, I,
tigen fa(f) 18 umquely determined and fa_.D(a) : N .

‘ PRooF () Since #= .,fz #=0)= (v{,a(z,? 0), by Lemma i 1 fn(?) 0 when and 0n1y

when 8((1,?) =0." ‘ . oo

n) When a——b(J), let d be such that avb (a/\b)@d @ then deJ. ‘Hence by Theorem
:1 ‘l B(d FJ)=0. Therefore by @) fd(f(J)) 0. Consequently fa o{F()= fa,\b(f(J)),
g is, folF)=1 B
m) From (11), we can define m(a/J)=f(F()).~ 'lhen m(O/J) -0, m(l /J).-l Applymg

N .
3

,f’l‘hxs theorem is obtained by. Ixawada-Matsushlma-nguchl {1, where J(#) is detined as

(a,rn(Aa,Al)f:?, n=12...... ), which is equlvalent to (2°) by Lemma 1+1. Using é(0,f) the

.~ 'proof is somewhat simplified. . '

© 42)° v. Neumann (1] III 30. ‘Here (¢] means 4,.

‘. QB)‘ About this theorem, I am much indebted to Mr. U. Sasaki.
@) e=a1®-...... @a,. means c——a1v ...... van and (al,...‘... V) L.

“-—-2—— 
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v. Neumann (1) I 72, Cor. 1 to L/J, we have m(a/J)=0&a,F(])).- Since this _holdé' foral]:
Je@, we have fo(f)=d(a,#), that is, fu=IXa). N ' M
REMARK 1-1. Let a*eL, then L*=1I(0a*) is also a continuous complemented moduiat’

lattice. For aeL , we have two dimensions, that is, D(a) as an element in Z; and. .D*(a)

as an eclerflent in L*. By v. Neumann (1 III Theorem 1. 6 the center Z* of L* is "che

set (z/\a*;ze7). Hence between the maximal ideals # in Z which do not contam e(?z*)

and the maximal 1deals #* in Z*, there is a one to one correspondénce:

‘ FoFr=(Na*zef), - Frf=(zizN\aef) ¥
Let . 0({7,?) o N )
| L= B @R,

then /' o(#*) satisfies («), (y) in Thearem 1.3. For 7*:7/\&*57”‘_

F YN E)_HPNNGF) ~ P
- SaF) = g BRI

Hence fu(#*) satisfies (’7) in Theorem 1-3. Therefore fo(f*)=0*a ? that is, = " 1’
0% (a, )= - A ). GO Y _ ' . R
M0E= Say (k)

§ 2. Rank of Continuous Regular ngs.

“Let % be a contmuous regular ring, that is, the set By of all principal right ideals m
% is a continuous complemented modular lattice. And the set ng of all pnnmpal 'left :
“ideals 'in % is dual lattiue—iso'niorphic to By Then there are unique dimenision functimé‘
I{(w)r) and D'((«); ) in By and Ly respectivly. The center Z of Ry (and Lm) is compqs-t
.ed of all two-sided principal ideals (3),, where 7 are 1dempotents in the centrum 8 qf 3%;.
But the set 8¢ of all idempotents in 8 is a Boolean ring, and it is lattlce-xsomorphxc to

B8y under the correspondence 7<»(3),. Hence we may use the same symbols ﬁ for. the’

ma\umal ideals in- 8. and in Zy.~ - ‘ ‘ : o AT
DrriNiTIoN 2-1.- For at®R, we denote by 7(«) the smallest 1dempotent 77 m %e sgmh,;
that u=7u=75a, : T
. LuMMA 2-1. In Ry, we have :
LN e@n=0),, | | - T
i) (@r~(B)r implies 7la)=7(83), ’ ‘ - £

(111) e fac mr-wmeszmmh'm ¢ between (a)r and (;9)r z'mphfes )= 7(3). - 5
- Similarly for L. \

_Proor. (i) Since («)r=(7), bolds when and only when «=7u=ay, we have e((a) ) (q(a))k
- (i) Since (&) ~(83)r implies e((@)r)=e((3)r), we have Ya)= 7). ' : f'" A
C (i) If @, ¢ are spec1al factors defining the factor-correspondence between (a), and‘
(‘?);, then by v. Neumann {13 II Lemma 152, (a)r=(¢)r, (A)r=(@)r, @e=¢ where s*g)go
Then ()1 =(¢):. Hence by (i) 7(w)=7(c)=7(¢)= 9(5)
LEMMA 2-2. The (*enleo of I{(0), (@)r) ¥s (pa)r;7=Be).
Proor. The center of I ((OW@)r) is (7, /\(0)1 ,4(89), and (r)* Ny =@mayr.
LuMMA 2.3, If there is a factor-c m'respondeme betwéen a and b in Ry, then (a)= D(B
Proor. (i) As in the proof (iii) of Lemma 2- 1, ¢, being the special factors, (@) ——(:)r‘,n

v X B .3
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(ﬁ)r‘#(go)r, Qe=0, Jp==¢. ‘And the given’ factor-correspondence generates a lattice-isomor-
phism of L(0),¢)r) aud L((0)(¢)r). By ‘Lemma 2- 2, any element of the center of L((0),(«)r)
is expressed as (7e)r (p=Be), then the/element of the center of L((O),(go) ) which corresponds
to (ye)r is (@ye)r =(nqe)r = (ng)r.

‘(u) -For aoel*="I((0),a), by Remark 1-1, the dlmenmon of ag in L* 1 0(;?;*)) where #

am the maximal 1deals in Zy which do not contam e(m)= e((s)r) But by Lemrma 2-1. (i)
we may consider £ as the maximal ideals in 8¢ which does not contain 7(e). !

‘ (iii) Let b, be the element of 7*¥= I(0),5), which corresponds to a, by the lattice-
isomorphism of Z* and L**. By (i) the corresponding elements of the centers in L* and

L“* are expressed by the same %8¢, and by Lemma 2-1 (iii), 7 (s) r(go) Hence by (ii)

S 30,9 6, 8) ‘.
Thus there exists a real constant (' such that 0By, £)=Co(ay, £), that is, D(by)=CIlAa,)
for every ag, b, which correspond. ‘ :

- (iv) Suppose now that a;ﬁ;-f‘)‘. Then there exists ay, such that a=(a/\b)Pa,, whence
a¢/\b=a,/\a/\b=(0), a0=‘,=(0) Let b, correspond to a,, then Bby=%=(0), and the factor
correspondence of a, b generates a lattice-isomorphism of ((0), a,), Z((0),5)./ Since
ay /\Boéau Ab=(0), this isomorphism is a perspective isomorphism.® I‘her,eforevao~bo,’
whence D{a,)=D(b,), and C=1. Thus afb implies D{a)=D¥(b). Similarely a$5 implies
D(a)=D(B). s ' : ' ' ’

- ~LEMMA 2-4. (a); =(8); tmplies D{(e)r)=D{(S3)r).
"“/PBO"OF. Since (a); =(8);, there exist ¢, ¢ with B=g¢a, a=¢3, whence a=¢ypa, B=¢Pp,

ao, F)_00o, F) ().

and ¢; ¢ are factors of a factor-correspondence between (@), aud (3),. Hence by Lemma
2-3 we have D((a),)=D(3),). ' ' ‘

'THEOREM 2- 1. D(a),)= D'(e);). @
_ -PROOF. From Lemma 2-4, (a), =(f); implies o((a)r, F=0(3),. %) Hence for any element
(aj,eim,,we can define ‘a function f(a)l(?)_ -f{(@);, #) such that f{(@);, #)=0d(a),, ). Then
OSA@n HSL, A, H=0, A1y, #=1, for all #e, - and when 7:8¢, A(),, #)=0 or 1

accordmg as 7&f or not. “

Next, for any (@);, (8); let ' T »
(a)y =((@) NP B, (B =@ N3 B,

-then (@); V/(8); =((a); NB) @)1 @B(0);-  Therefore there exist idempotents ¢y, ¢, €5,
such that @NAB=E), M=o, @=(es),  €5=0. (%) '
and (VB =i teste), (@r=(atea, | (@r=(iteh.

Now (@ VB> B)=/(er+es+8s)s, F)=0(er+82+E3)r, &)

s =0((&s+ )y F)+0(Er+E5)r, £)—0(E1),, #) '

=f(er+Ea)y, P)+fUer+235)1, f)“f«ex)b 7

=@, £+, H—F@ B, P) A
“Applying Theorem 1-3 to L—,m, we have f{(&);, #)=0"(«);, #). Hence we have D'(a)))=D{),).

%

(1), v. Neumenn (i} II Theorem 15.3.



1949} Embedding Theorem of Oontiauo s &ﬁlar Rings

DEFINITION 2.2. For_every ac® we define the rank of a by R(a)=D(a),)=D'(a))

THOEREM 2-2. The rank Ra)=v(a, f) of a is a continuous fdnction defined on the set
X of all maximal ideals § of Be, and has the following properties:

(1°) 0<Ra)L1 Sfor every aeR; b

29y  R(e)=0 if and only if a=0;

(3°) 12(@):1 tf and only if a is non-singuar;

(4°)  for 7eBe, (), F)=0 or 1, according as yef or not;

(5°) Rla)y=R(8) if and only if a is of the form a=E&RL where E C are non- smgular,

6°)  Rap<R@), R{); \

(1°)  Ra+B=<Ra+R{3); ‘
‘ (8°) if &7 are idempotents and ep=7e=0, th.en R(e—f—y) B(e)+ R(x).

PROOF All properties (1°)— (8 ), except (4°), can be proved as_ in v. Nenmann (11
Iheorem 17-1. (4°) follows from the property of 1)(((1),) (%), ).

§ 3 Embedding Theorem of Continuous Regular Rings.

THEOREM 3-1. Lel a be a maximal two-sided ideal in R, and J ¢ maximal neutral"
ideal in BRy. | Then , e S
(19 J@)=(@ri(a)r=<0) is a mavimal neutrgl ideal in By, i
2°) af) =la(a)ye]) is o mmzmal two-sided ideal in R,
(%) Ja)=J,  a(@)=a. :
Proor. (i) Let a be any two—mde? idgal in %, then it is evident that J(a)= ((a)r,(a),<a)
is an ideal in By. Next when/(a),<a, (2),~(3),, let ¢ be a common complerent of (a),
and (r. Then there exist idempotents ¢, 7 such that
(@), =(&);, e=(1 —6),, =(1—-9), B)r=(7)r.
Now since (I'—¢), =(1—7%),, we have also (&); =(7);. Hence (#)y=a implies ¢, 7ea, and
therefore (3),<a, Consequeutly. J(a) is a neutral ideal in Ey,.. ~ ‘

(i) Let J be a maxmal neutral ideal in Ry, Then from Theorem 1-1, (a),&J if and

only if o((«),, #(J)=0.  Therefore a(J)=(a;na, FJ) ~—0) When «, Bea(J), since
Ha—8, BT )=r(e FT)+r(3 FT)=0,
we have a—p3ea(J), When aca(J), {eR, since -
(e, HINSr(e FY=0, (e, FI)Sra, H)=0,
we have af, £aca(J). That is, a(J) is a two-sided ideal, and a(J)<H.
(i) Let J be a rmaximal neufral ideal in Ry, then since ‘ o
(e TS50 50y ST 220, 0
we have J= J(a(J)) )

(iv) Let a be a maximal two-sided ideal in R, and if we assume that J(a) is not
maximal in Rm’ then there exists a maximal neutral ideal [ in R,R such that J(a)<L
From (ii), a(7) is a two-sided ideal in % and a(Z)<®. Since |

aeo—>(a), So—>(a) el(ay->(1}, & l>aga(l),
we have a<a(/). a being maximal, we have a=a(l). Hence by (iii) J(a) J(a([))—
which contradicts to J{a)</. -Consequently J(aj is a maximal neutral ideal in Rm.

5
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nE (v) Let a be a maxxmal tWO—Slded ideal in %, then by (iv) J(a) is a' maximal neutral
:_vxdea.l in Rq\\ ~ Since ‘

SR aea“‘*(a)/ a"‘*(a), eJ(a)"‘*aea(J(u)),
f’iwe have a= a(/ ().

‘A(v1) Let J be a maximal ideal in Rm, dnd assume that a(/) is not maximal in 3,

j}lthen there exists a ‘maximal two-sided ideal b in % such that a(J)<b. By (111) J= J (a())
" <J(b)<Ry: . J being maximal, we have J=J(b). Hence by ) a(J )_a(J(b))—E, which'
o + - . .

%

isn' éon"craﬁictory'to a(J)<b, Consequently a(/) is a maximal two-sided ideal in &.
LEMMA 3-1. % is drreducible if and only if % ’t? stmple.

PROOI‘ (i) If R is a direct sym Of two subrings %,, Ry, then R, and R, are two-sided
1dea1& in ?R @ Hence if R is simple, then RN is irreducible.

' (11) Next assume that % is irreducible.  Since Ry is irreducible, (0) and ?Jt are the’
only elements in 79“.(‘” Since there exists only one maximal ideal £ in Zy, which is com-
posed of only (0),‘ by Theorem 1.1 there ex1sts only one maximal neutral ideal J=.(#) in
Bge, Wthh is composed of only (0). - Hence by Theorem 3-1, there exists only one max-

‘lmal two-51ded ideal a=aqa(J) in %, Wthh is (0). Consequently R is s1mp1e.

LEMMA 3.2. Let o be a mogimal two-sided ideal in R, and éR/a.the" quotient Ting whose
elénwnls are reszdue vlasses afa =(&;& a(mod a). Then Rm/a and Rg/J(a) are lattice-.
'Lsomorphw by the correspondence (a/a),«»(a), /J@). And ER/a is @ simple continuous 78(]uf¢17‘
«rmg. S ‘( ‘

PROOI Let a/a be any element in R/o Sincé R is regular, there exists an element
,E ‘such that g= afa,® . Then a/a=a/a-:5/a-afa, hence Sé/a is a regular ring. . Con-
Sequently By q is a complemented modular latticc. We can easily prove that ?Rm/a and
BQ;/J(a) are lattlce-lsomorphm by the correspondence (u/a),<«»@),/J(a). But since ﬁgé/J(a),
,jis an 1rreduc1ble contmuous complemented modular lattice,® $R/a is a simple continuous
< regular ring.

DEFINIT]ON 3.1. Let (Ry:2¢]) be a system of rings.. By the direct product [{(R;;2el)
.we mean the ring of classes («;;4el) (ale ;) havmg the fo]lowmg opelatlons

' (30 T1+ (37,3260 = Lo 4 B3 0D,
Capsael] - (B3l =Ca By 1. -
THLORFM 3-2. (Ewmbedding theorem). Let £ be the set of all manmal two-sided ideals

m the Conhnumw requier ring R, Then R s isomor plm to. a subring of 1l (R/a;a8)
wlwre 9?/11 are simple continuous regular 1‘2n(1? X p

' PI;OQF By Lemma 3-2, %/a are simple contmuous regular rings. Let %, be the set
“of dll elements of [l[(%/a;acl), expressed in the form [a/a asa), then R, is homomorphic
“to R~ Let a0 - be any element in R, then there exists a mftmmal ideal # of Zy such

tha.t B(a),, #)>0. 'I‘hen by Theorem 1.1, (@),4J(f); hence by Theorem 3-1 afa(/(F))

() Ctow. Neuman’n (111, 12

2, Cf. wv. Neumaun (1] IT Theorem 2.9. : o
3 v Neumann (1] II Theorem 2.2. \ “ ‘
@ Kawada-l\'latsuhlms Higuchi (1] *© ,
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Put aq =a(/(F)), then a/aé,:f:()/c;o. Cbnsequently R, is isomorphic to K.

‘Reference.
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geometries”, Shuo—Sﬁgaku-Danwakal 204 (1944), 134-143. (In Japanese) : .
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