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It is well known that a bounded continuous real valued function defined on a 

closed subset of a space <;an be extended over the_ whole space, as in Tietze's 

theorem. The present paper will be concerned with this function as Euclidean 

distance. Let F be a subset of a ~pace R and p a metric for F. A metric for R 
-satisfying 

a{x,y)=p(x,y) for x, y in F 

is called an extension of p over R. It is said to be bounded if SUPx. _,, e R u(x, y) < + oo. 

We will prove the following two theorems: 

THEOREM 1. Let R be a perfectly separable regular space, F a subset of R which 

is isometric with Euclidean n-cube Qn. Then, there ls a bounded extensz'on of the 

metric over R. 

THEOREM 2. Let R be a locally compact Perfectly separable regular space, F a 

closed subset of R whz'ch is isometric with EucUdean n-space En. Then, there ls an 

extension of the metric over R. 

The method employed in this paper is essentially due to Urysohn* and the 

general plan is to construct a topological mapping of R into the product space· of 

Qn or En by Q"', where Q., is the Hilbert fundamental parallelotope, under which 

the metric for F is preserved invariant. 

It will be denoted by JJi(a), J'i(a). 2i(a), Ji(a) and Xi(a) for a number a, 

that is, the sets of points of En with the l-th coordinate. xi=, >, >, ,< ai;id < a 
respectively. In the proof of Theorem 1, we shall also make use of the same nota

tions as above for the subsets of Qn. Furthermore, since F is isometric with Q• or 

En, it may be assumed that they are all subsets of F. 

R is metrizable, so that we may treate it as a metric space with the distance 

d(x,y) and formulate in terms of metric the topology of R. , 

THE PRooF OF THEOREM 1. We begin by constructing in R n systems of open 

sets qJi={ Ui(m/21); m=l, 2, •··, 21; l=l, 2, ···} U=l, ~. •··, n) having the following 

properties : 

* P. Urysohn, ,, Uber die Metrisation der komPakten toPologischen R4ume ", Math. Ann. vol. 92 

(1924), pp. 275~293. 
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. A. TOMINAGA 

( i ) Ui(m/21) ::J Xi(m/2I) 

(ii) Ui(m/2I) (\ I'i(m/2l)=if, 

(iii) Ui(m/21) (\ I'i(m/2I )=]li(m/21) 

(iv) Ui(m/21) C Ui((m+l)/21). 

We shall carry out the construction by induction on l. Let Vi(l)=R-I'i(l), 

then the conditions (i)~(iii) are satisfied, while the condition (iv) has no meaning 

as yet'. Suppose that this has been done for l=k-1, we then proceed to do it for 

l=k. There is an open set V such that V::::> Ui(m/Jk-1), V (\ I'i((2m+l)/2k)=if, and 

VC: Ui((m+l)/2k-1), 1,:;:;;;m,:;:;;;2k-1_1, because R is normal and F closed. Let 

a;=(2m+1)/2k-l/2k+J(j=O,l,2,···) and SJiJ=Ji(aJ+i)-Xi(aJ). For every j, we 

obtain an open neighborhood W; of Qi J such that WJ C Ui((m+l)/2k-l), 
- = 
W; (\ I'i((2m+l)/2k)=c/> and WJ C the l/2i-neighborhood of Qi;. Let VV CU W;) 

j-1 

=Ui((2m+l)/2k). For Ui(l/2k) we have to neglect to construct Vas above. Then 

the system of open sets Ui(m/2k) satisfies (i)~(iv). 

Now we define fi(x)=inf r for xeR-Ui(r), then it is a continuous function 

defined on R. It is clear that ji(x)=f if xelli(r), hence fi(x)=xi for x=(xt,x2, 

···,X")EF. 

Furthermore, let OJ be the 1/21-neighborhood of F, then there is a continuous 

function hi defined on R such that 

and 

hi(x) = 0 

hi(x) = 1 

o,:;:;;;hi(x)<l 

if 

if 

xeF, 

for xeR. 

Here we can avail ourselves of the well known method. Let {Rs; s=l, 2, ···} 

be a countable basis of the space R. Order all pairs Rs, Rt such that Rs C Rt, 

R1CR-F into a sequence Pi,P2,···. For each such pair P;=(Rs,Rt), we obtain 

a continuous function ki(x) defined on R such that 

and' 

Now we define 

ki(x) = 0 

ki(x) = 1 

o,:;:;;;ki(x) ,:;:;;;1 

if 

if 

xeRs, 

x$Rt, 

for xeR. 

for each pair of points x,y eR and show that this function u(x, y) is a distance 

function which gives a desired metric. 

Obviously er is a bounded function on RxR. Now if x=y, we have fi(x)=Ji(y) 
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(t'=:=1,2, ···,n), hj(x)=hi(y) and kj(x)=ki(y)(j=l,2, ···) and thus o{x,y)=0. On 

the other hand we will show that if x¾:y, then a:(x,y) > 0. To do this, we have 

to distinguish three cases: 1) x,y $F; in this case there exists a pair Pm=(Rs, R1 ) 

such that xeRs,Y ER-Rt. Whence km(x)=0, km(y)=l and thus u(x,y) > 111/zm 
> 0. 2) xeF, y $ F; in this case, since d(y, F)=t > 0 and there exists an integer 

l such that t > 1/21, y does not belong to 01. Therefore hl(x)=0, lzl(y)=l and thus 

u(x,y) > i/1/21 > 0. 3) x,y eF; then there exists a coordinate such that xi ¾:y•. 
It follows that u(x,y) > lfi(x)-fi(y) I= I x•-yi I> 0. 

Now it is obvious that u(X,y)=u(y,x) and u(x,y)+u(y,z)>u(x,z). 

To complete the proof we have to show that u is topologically equivalent to d, 

that is, P eR is a limit point of a point set M if and only if there are points of M 

distinct from p but arbitrarily near p. Let P b;! a limit point of M and let '1J > 0 

-be arbitrary. Taking N so large that ~ 1/2i < '1JV2. Since Ji, M and ki are con• 
i-N+l 

tinuous functions, we can find a neighborhood U of p throughout which the oscilla-
n N 

tion of ~ (fi(x)-fi(y)) 2+ '8 2-i{(hl(x)-hi(y)")2+(ki(x)-ki(y))2} is less than 1JV2. 
i-1 j-1 

Then if qeU {\ M, we have u(P, q) < 'IJ. 

On the other hand suppose that a point p is not a limit point of a set M. If 

P$F, then there exists a pair Pm=CRs,Rt) such that peRs and Rt{\(FV M)=cf,. 

Thus km(P)=0 and km(q)=l for every q EM. This gives u(P, M) > i/1J2m > 0. 

Furthermore let us show that if P=(Pl,p2, •··,P")EF and P$M, then u(P,M) 

> 0. Let 

f Ui(ai)-Ui((:ji) 

Gi(ai, f3i)= 1 Ui(~_> ~ 

L R- Ui(f3i) . 

if 

if 

if 

0<,_f3i<Pi<ai<_l 

0=f3i=pi<ai<_l 

0 <_ 13; < pi = ai = l , 
n 

then OJ {\ { n Gi( ai, (3i)} for j, ai and (3i forms a complete system of neighborhoods 
i-1 

of p. For if not, then there exists a neighborhood of p, U(p), such that 

for every j, ai and fJi • 

Since U(p) {\ F is open relative to F, we can select a cube Q={ (x1, x2, ···, xn); 
f i <_ xi <_ 'IJ;} where ~i < pi < '1J', which is contained in U(p) {\ F. For each integer 

" j, there exists a point ai such that aj$U(p) and ajEOjf\{nGi(t•,1Ji)}. Since 
i-1 

ajEOJ ~nd d(aj,F)<lf2i, F contains a point bJ such that d(aj,bJ)<l/2i. 

Because of compactness of F we can suppos~ them so chosen that the sequence 

{bi}convergestoapoint'beF and l_imd(aj,bJ)=0. Hence {a1} converges to b 
,➔-

and b $ U(p) because aj $ U(p). Since QC U(P), b $ Q. On the other hand 
n n 

beOGi(fi,1Ji) f\ F=Q, this contradiction proves Oj {\ {0Gi(ai,f3i)} is a complete 
i-1 . 1-l 
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system of neighborhoods of p. Now if p $ M, then there exists an open set 
n - - . 

OJ n(OGi(~i,11i))=Usuch that UnM=<f,. For every qeM, q$0j or q$Gi(~i,'1Ji) 
,=I 

for some i. Hence u(p, M) > min ( ,I lj2j , ryi) > 0, where 
i=I,2, ···,n 

o•={ 
min (I~;_ pi I, I 1i-Pi I) if 0 < ~; < pi < ,,,; < 1 

l~Lpij if O < ~i < pi = r/ = 1 

lr/-pi I if O = ~j = pi < ,,,i <.1 . 

Finally we will show -that u is agreeable with the metric for F. If x=(xI, xz, 

••.·, xn) and y=(y1,y2, ... , .vn) are two elements of F, then fi(x)=xi, fi(y)=yi (i=l, 2, 

: .. , n) and hi(x)=hi(y)=kl(x)=ki(y)=O for all j. Thus u(x,y)=✓i/fiCx)-fi(y))2-

=✓i (xi- yi)2. 
i=l 

THE PRooF oF THEOREM 2. Since R is normal and F closed, we can construct n 

systems of open subsets 1C/.Ji={ Ui(m/21); m=O, -1, -2, , .. ; l=O, 1, 2, ... } (i=l, 2, ... , n): 

(i) 

(ii) 

(iii) 

(iv) 

(v) 

Ui(m/21) :::i Xi(m/21) 

Ui(m/21) n I'i(m/2')=</, 

Ui(m/21) n I'i(m/21)=Jli(m/21) 

Ui(m/2l) C Ui((m+l)/21) 

Ui(m)C the 1/ I m-1 I -neighborhood of Ji(m). 

Similarly we have 'CVi={ Vi(m/21); m=O, 1, 2, ... ; l=O, 1, 2, ... } (i=l, 2, ... , n): 

( i) Vi(m/21) :::i Ii(m/21) 

(ii) Vi(m/21) (\ Ji(m/2')=</> 

(iii) 

(iv) 

(v) 

(vi) 

Vi(m/21) (\ Ji(m/2')=1Ji(m/21) 

Vi((m+l)/2l)C Vi(m/21) 

Vi(m)C the 1/(m+l) •neighborhood of I'i(m) 

Ui(O) fl Vi(O)=Jli(O). 

Before taking up the construction of 11Vi={ Ui(m/21); m=1, 2, ... ; l=O, 1, 2, ... } 
and 11C(Ji={Vi(m/2l); m=-1,-2, ... ; l=0,1,2, .. ,} (i=l,2, ... ,n), we shall show here 

a property of F. L_et K(al, a2, ... , an) be the set of points of which coordinates 

satisfy the condition: ai <xi< ai+2 (i=1, 2, ... , n). It can easily be verified that 

there is an open neighborhoodD V(Qi(k, k+2)) of Qi(k, k+2)=,di(k+2)-Xi(k) 

(k=O, ±1, ±2, ... ) such that 

(§) V(Qi(k, k+2)) fl V(Qi(j,j+2))=</> if ]j-k I> 3. 

Since R is locally compact by our assumption and K(a1, a2, -.. , an) is compact, 

1) This means an open set which contains Qi(k, k+2). 
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there iS a compact neigliborhood2> of K(a1, a2, ···, an), we denote it W(K(al, a2, ···, an)), 
. n . 
which is contained in nV(Qi(ai,ai+2)). Let Wi(ai)=UW(K(bt,b2, ... ,bn)). Then 

n 

i ~ 1 b[-o •. ±1, ±2, ... (ia\' j) 

b1-a' 

n Wi(ai) is compact, since 
i-1 

n n n Wi(ai)= n { CU W(K(bl, b2, ···, bn))) (\ CU W(K(b1, b2, ... , bn)))} 
i-1 i~l Ja!-1,_i1;;;.3 for some j(.,i) Jai-1/1;;;,2 for each j(.,i) 

a1-b1 a'-b1 

n . = n CU W(K(bl, b2, : .. , bn ))) 
;-1 1ai-1;i152 .for each j(.,i) 

ai-bi 

by (§) 

and UW(K(b1, b2, ... bn)) is a sum of a finite number of compact neighborhoods. It 
Jai -bjl :,;;2 for each j(a\'i) 
ai-bi 

n 
is easily seen that n Wi(ai) contains K(al, a2, ... , a11 ). 

i-1 

Now we obtain the following system of open sets 11C/_Ji={ Ui(m/21); m=l, 2, ... ; 

l=O, 1, 2, •·· _} having the properties: 

( i ) 

( ii) 

(iii) 

(iv) 

( v) 

Ui(m/21) ::::i Xi(m/21) 

Ui(m/21) (\ I'i(m/2')=</, 

Ui(m/21) (\ I'i(m/2l)=Jli(m/2l) 

Ui(m/21) C Ui((m+l)/21) 

Ui(m+l) c Wi(m-1) V (R-Vi(m-1)) 

In order to construct this system, we shall rely on complete induction. For 

1=0 and m > 2, since QiJ=di(aJ+i)-Xi(aJ), where aJ=m-(1/2i-1) (j=l, 2, --· ), is 

closed and contained in Wi(m-2), there exists an open neighborhood of QiJ (we 

denote it by V(Qi;)) such that 

V(.Qi,;)C R-Vi(m) 

(#) V(Qi;)C. Wi(m+2) (\ {the l/2i-neighborhood of Qi;}. and 

Let {UV(.!Jij)} (\ (R- Vi(m-2))=Ui(m). For l=O and m=l there exists an open 
;-1. . -- -- - ~ 

set Vsuchthat Ui(0)CVCVCUi(2)f\(R-{'i(l)). Let Ui(l)=.CUV(QiJ))VV, 
' j-1 

where {V(QiJ)} satisfies the conditions (#). Then {Ui(m).} satisfies (i)~(v). 

Suppose we have demonstrated (i)~(v) for all values of l < k, and let us consider 

the case l = k > 1. If we denote 

-
.{
CJ:!t(Qi;)) V (R- Vi(m/2k-2)) 

Ui(m/2k)= ~ 

- CUV(QiJ))VV 
. ;-1 

:2) That is, an open set of which closure is compact. 
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A. TOMINAGA 

where V(Qij) satisfies the conditions (#) and Vis obtained in such a manner as 

in the case l=0, m=l. Thus we have the desired sets Ui(m/21) for m=l, 2, ... ; 

l =0, 1, 2, ···. 

Similarly, we have "CVi={ Vi(m/21); m=-1, -2, •·· ; l=0, 1, 2, •··}: 

( i) Vi(m/21):::, 2)i(m/21) 

(ii) Vi(m/21) (\ Ji(m/2')=</> 

(iii) Vi(m/21) (\ Ji(m/2')=fli(m/2l) 

(iv) Vi((m+l)/21) C Vi(m/21) 

(v) Vi(m-l)C:: Wi(m-1) V (R-Ui(m+I)). 

Let CZ.Ji=1C/Ji V "Vi and C(Ji=1C(Ji (\ 11C(Ji. These two systems of open sets ~e 

2n continuous functions on R : 

ji;x)=inf r for XER-Ui(r) 

gi(x)=sup r for XER-Vi(r). 

Obviously, for x=(x1, x2, ... , xn) E F we have fi(x)=xi and gi(x)=xi. , Furthermore 

1/i(x) I, I gi(x) I< + oo for every x ER. If x E F and x=(xl, x2, ... , xn ), then Ji(x)=xi 

and gi(x)=xi. If x$ F, then there exists an integer l such that O < 1/l < ~- By 

the condition (v) of 1C/Ji and 1C(Ji, x$ Vi(-l-1) and x$ Vi(l-1). Furthermore, 

since xER-Vi(l-l)CR-Vi(l) and xER-Ui(-l-l)CR-Ui(-1-2), we have 

XE Ui(l+2) and XE Vi(-1-4) (by the condition (v) of ffq_;i and 11C(Ji). Hence 

-l-l<fi(x)<l+2, -l-4<gi(x)<l-1. 

Let 

u(x,y)=j 2-1 t1{(Ji(x)-fi(y))2+(gi(x)-gi(y))2} 

= + ~ 2-i{ (hi(x)-hi(y))2+(ki(x)-kj(y))2} 
j-1 

for each pair of points x,yER, where hi(x) and ki(x) are defined as in Theorem 1. 
n 

By using the condition (v) of 11CUi and "CVi we will verfy that Oj (\ O((Ui(~i) 
;-1 

-- -- n . 
-Ui(1i))(\(Vi(1i)-Vi(~i)))}=Ojf\{n(Ui(~i)-Vi(1ii))} for j, ~; and 'IJ; (~i>pi 

;-1 

>'1Ji) (i=l,2, .. ,,n) is a complete system of neighborhoods of P=(pt,p2, ... ;pn)eF. 

Suppose, on the contrary, that it is not a complete system of neighborhoods of peF. 

Then there exists a neighborhood of p, W(p), such that 

n 
(*) W(p) :::p Di(\ {n(Ui(~i)-Vi(1i))} for every j, }i and 'IJi. 

. i-1 . 

Then we can find an open n-cube Q={ (_xi, x2 • ... , xn): Ti1 < xi < Ti 2, Ti1 < pi < Ti2} 

such that QCW(P)(\F. We may suppose mi<7i1 <Pi<Ti2 <mi+2 where mi is 
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an integer. It is obviouse that 

n n n 
QC n (Vi(Tir) {\ Ui(7i2))C. n (Vi(mi) {\ Ui(mi+2))C n Wi(mi) 

i-1 i-1 i-1 

(by (v) of 11 q;i and "CVi) 

and ()(Vi( ,.i1) (\ Ui(-ri2)) is compact. Since ii is compact and ii(\ (R-W(P))=cf>, 
;-1 

we have d(Q, R-W(P))='J > 0. For each j, there exists a point qJ which belongs 

n 
d(qJ, F) < 1/21. Since n(Vi(,.i1) {\ Ui(Ti2)) is compact, we may suppose that 

i-1 

Iim qJ=q, where q e F, because d(q, F)=O and F is closed. Furthermore d(q, Q) > 'TJ, 
j➔ oo 

- n -thus q $ Q. On the other hand q Ej O{ Vi(,.i1) (\ Ui(Ti2)} (\ F=Q. This contradiction 
1-1 

n 
proves OJ(\ {O (Ui(ti)- Vi('l'Ji))} is a complete system of neighborhoods of p. 

,-1 
By the same argument as given for the proof of Theorem 1 we can show that 

this function <T(X,Y) is a distance function effecting the desired metrization. 

REMARK. We may replace the words "Qn(in Theorem 1) " and "En(in Theorem 

2)U by "a bounded closed subset of En " and "an unbounded closed subset of En", 

r~ively. 
EXAMPLE. Let R be the (x, y)-plane, F the set of points consisting of (0, 0) and 

the curve M, y;:,x sin Cl/ x), 0 < x < 1 in R. The arc F has infinite length for 

Euclidean distance d, while there is a bounded metric for R topologically equivalent 

to d which makes finite the length of F. 

In conclusion, I wish to express my hearty thanks to Professor Kakutaro Mori

naga for his kind guidance. 
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